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3 ．用极限的定义证明
[image: image17.wmf]0

)

(

lim

>

=

¥

®

a

x

f

x

，
[image: image18.wmf]¥

=

¥

®

)

(

lim

x

g

x

，则
[image: image19.wmf]¥

=

¥

®

)

(

)

(

lim

x

g

x

f

x

。
解 由极限保号性推出，存在正数
[image: image20.wmf]1

N

，使得当
[image: image21.wmf]1

|

|

N

x

>

时恒有


[image: image22.wmf]2

)

(

a

x

f

>

                                      (1)

[image: image23.wmf]0

>

"

M

，
[image: image24.wmf]0

2

>

$

N

，使得当
[image: image25.wmf]2

N

x

>

有

[image: image26.wmf]M

a

x

g

2

|

)

(

|

>

　　　　　　　　　　　　　　　　　　(2)    

令
[image: image27.wmf]}

,

max{

2

1

N

N

N

=

．当
[image: image28.wmf]N

x

>

|

|

时，(1)和(2)同时成立，因此只要
[image: image29.wmf]N

x

>

|

|

，就有


[image: image30.wmf]M

x

g

x

f

>

|

)

(

)

(

|

．于是
[image: image31.wmf]¥

=

¥

®

)

(

)

(

lim

x

g

x

f

x

．

4．用夹逼定理求
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于是由夹逼定理得到 
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  6 ．用Bolzano-Weirstrass定理（即列紧性定理）证明定理：若
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7． 直接用一致连续的定义证明：若
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8 ．判断广义积分的敛散性

（1）计算无穷积分
[image: image88.wmf]ò

¥

+

1

2

d

arctan

x

x

x

。

解：
[image: image89.wmf]ò

¥

+

1

2

d

arctan

x

x

x



 EMBED Equation.3  [image: image90.wmf]ò

¥

+

¥

+

+

+

-

1

2

1

)

1

(

d

arctan

x

x

x

x

x



 EMBED Equation.3  [image: image91.wmf]ò

¥

+

+

+

=

1

2

)

1

(

d

4

x

x

x

p

 
其中


[image: image92.wmf]ò

ò

¥

+

¥

+

+

-

=

+

1

2

1

2

d

]

1

1

[

)

1

(

d

x

x

x

x

x

x

x



 EMBED Equation.3  [image: image93.wmf]ò

+

-

=

+¥

®

A

A

x

x

x

x

1

2

d

]

1

1

[

lim

         
[image: image94.wmf]2

ln

]

2

ln

)

1

ln(

2

1

[ln

lim

)

1

ln(

2

1

[ln

lim

2

1

2

=

+

+

-

=

+

-

=

+¥

®

+¥

®

A

A

x

x

A

A

A

   
于是，
[image: image95.wmf]ò

¥

+

1

2

d

arctan

x

x

x



 EMBED Equation.3  [image: image96.wmf]ò

¥

+

+

+

=

1

2

)

1

(

d

4

x

x

x

p



 EMBED Equation.3  [image: image97.wmf]2

ln

4

+

=

p

。

（2）
[image: image98.wmf]dx

x

x

p

ò

¥

+

+

0

)

1

ln(

（
[image: image99.wmf]0

>

p

）
 解 
[image: image100.wmf]ò

ò

ò

¥

+

¥

+

+

=

1

1

0

0


对于
[image: image101.wmf]ò

1

0

，
[image: image102.wmf]0

=

x

是奇点

当
[image: image103.wmf]+

®

0

x

时有
[image: image104.wmf]1

1

~

)

1

ln(

-

+

p

p

x

x

x

，可见仅当
[image: image105.wmf]1

1

<

-

p

即
[image: image106.wmf]2

<

p

时
[image: image107.wmf]ò

1

0

收敛。

对于
[image: image108.wmf]ò

¥

+

1


当
[image: image109.wmf]+¥

®

x

时，若
[image: image110.wmf]1

>

p

，可取
[image: image111.wmf])

1

(

p

<

<

l

l

，则
[image: image112.wmf]0

)

1

ln(

lim

)

1

ln(

lim

=

+

=

+

-

+¥

®

+¥

®

l

l

p

x

p

x

x

x

x

x

x


若
[image: image113.wmf]1

£

p

，取
[image: image114.wmf]p

=

l

，则
[image: image115.wmf]+¥

=

+

+¥

®

p

x

x

x

x

)

1

ln(

lim

l

，

可见仅当
[image: image116.wmf]1

>

p

，
[image: image117.wmf]ò

¥

+

1

收敛。                               ⑤分
结论 当且仅当
[image: image118.wmf]2

1

<

<

p

时收敛。

9．若
[image: image119.wmf])

(

x

f

是区间
[image: image120.wmf])

,

0

[

+¥

上单调递减的连续函数，且
[image: image121.wmf]0

)

(

lim

=

+¥

®

x

f

x

，证明

（1） 
[image: image122.wmf]}

)

(

)

(

{

1

1

1

å

ò

=

+

-

n

k

n

dx

x

f

k

f

为单调递增数列；    （２）
[image: image123.wmf]å

ò

=

+

¥

®

-

n

k

n

n

dx

x

f

k

f

1

1

1

]

)

(

)

(

[

lim

存在。

证 令
[image: image124.wmf]å

ò

=

+

-

=

n

k

n

n

dx

x

f

k

f

a

1

1

1

)

(

)

(

．下证
[image: image125.wmf]}

{

n

a

单调有界，从而收敛。

由于
[image: image126.wmf])

(

x

f

单调减少，所以


[image: image127.wmf]ò

+

+

+

-

+

=

-

2

1

1

)

(

)

1

(

n

n

n

n

dx

x

f

n

f

a

a



 EMBED Equation.3  [image: image128.wmf]0

)

(

)

1

(

1

³

-

+

=

+

n

f

n

f

x

（
[image: image129.wmf]2

1

1

+

<

<

+

+

n

n

n

x

）

另一方面，


[image: image130.wmf]).

1

(

)

1

(

)

1

(

)]

1

(

)

(

[

]

)

(

)

(

[

)

(

)

(

0

1

1

1

1

1

1

f

n

f

f

k

f

k

f

dx

x

f

k

f

dx

x

f

k

f

a

n

k

n

k

k

k

n

k

n

n

£

+

-

=

+

-

£

-

=

-

=

£

å

å

ò

å

ò

=

=

+

=

+


因此
[image: image131.wmf]}

)

(

)

(

{

1

1

1

å

ò

=

+

-

n

k

n

dx

x

f

k

f

单调有界，从而收敛。

PAGE  
4

_1191415562.unknown

_1193332286.unknown

_1193332889.unknown

_1193333081.unknown

_1193333586.unknown

_1193333738.unknown

_1193333784.unknown

_1193333906.unknown

_1193333616.unknown

_1193333142.unknown

_1193333577.unknown

_1193333127.unknown

_1193332934.unknown

_1193333049.unknown

_1193332901.unknown

_1193332557.unknown

_1193332823.unknown

_1193332847.unknown

_1193332580.unknown

_1193332792.unknown

_1193332473.unknown

_1193332534.unknown

_1193332377.unknown

_1191416142.unknown

_1191416941.unknown

_1193332234.unknown

_1193332263.unknown

_1191417156.unknown

_1192021059.unknown

_1193332213.unknown

_1191417222.unknown

_1191417046.unknown

_1191416805.unknown

_1191416852.unknown

_1191416199.unknown

_1191416335.unknown

_1191415983.unknown

_1191416079.unknown

_1191415800.unknown

_1191415877.unknown

_1191415620.unknown

_1191412029.unknown

_1191414780.unknown

_1191415121.unknown

_1191415186.unknown

_1191415008.unknown

_1191413025.unknown

_1191413423.unknown

_1191412933.unknown

_1191412948.unknown

_1191412217.unknown

_1191239539.unknown

_1191239775.unknown

_1191410161.unknown

_1191411947.unknown

_1191411980.unknown

_1191410246.unknown

_1191410829.unknown

_1191411776.unknown

_1191411010.unknown

_1191410253.unknown

_1191410203.unknown

_1191240358.unknown

_1191240578.unknown

_1191240644.unknown

_1191240773.unknown

_1191240621.unknown

_1191240455.unknown

_1191240343.unknown

_1191239679.unknown

_1191239722.unknown

_1191239577.unknown

_1179767173.unknown

_1191239325.unknown

_1191239469.unknown

_1191239499.unknown

_1191239399.unknown

_1191225417.unknown

_1191239315.unknown

_1191239220.unknown

_1179767174.unknown

_1191219709.unknown

_1179677666.unknown

_1179677796.unknown

_1179678027.unknown

_1179767123.unknown

_1179767143.unknown

_1179678158.unknown

_1179679163.unknown

_1179678102.unknown

_1179677967.unknown

_1179678003.unknown

_1179677841.unknown

_1179677745.unknown

_1179677773.unknown

_1179677720.unknown

_1179677190.unknown

_1179677560.unknown

_1179677644.unknown

_1179677522.unknown

_1179677086.unknown

_1179677164.unknown

_1179637181.unknown

_1179676989.unknown

_1179674014.unknown

_1179637160.unknown

