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�. W�K

1. 4� limx→+∞

(√
x2 + x− x

)
= .

�: ¤¦4�� 1
2
.

):
√
x2 + x− x =

(√
x2 + x− x

)
(
√
x2 + x+ x

)
√
x2 + x+ x

=
x√

x2 + x+ x
→ 1

2
.

2. ¼ê f(x) = x
1−x2 3: x = 0 ?� 2023 ��ê�� f (2023)(0) = .

�: f (2023)(0) = 2023!.

){�: ¼ê f(x) ���

f(x) =
1

2(1− x)
− 1

2(1 + x)
.

dd��¼ê f(x) � n ��ê�

f (n)(x) =
n!

2(1− x)n+1
− n!(−1)n

2(1 + x)n+1
.

� n = 2023 � x = 0 � f (2023)(0) = 2023!.

){�: é¼ê f(x) = x
1−x2 3 x = 0 ?�Xe Taylor Ðm

x

1− x2
= x

(
1 + x2 + x4 + · · ·+ x2n + o(x2n)

)
= x+ x3 + x5 + · · ·+ x2n+1 + o(x2n+1).

� n = 1011 �
x

1− x2
= x+ x3 + x5 + · · ·+ x2023 + o(x2023).

dd�� f (2023)(0) = 2023!.



3. � a1 =
√
2, an+1 = (

√
2)an , ∀n ≥ 1, Kê� {an} (W”Âñ”½”uÑ”).

�: Âñ.

): ky {an} î�üNþ,. a2 = (
√
2)a1 = (

√
2)
√
2 >
√
2 = a1. b� an > an−1, K

an+1 = (
√
2)an > (

√
2)an−1 = an. d8B{� {an} î�üNþ,. 2yê� {an} kþ

. 2. a1 =
√
2 < 2. b� an < 2, K an+1 = (

√
2)an < (

√
2)2 = 2. d8B{� {an} kþ

.. Ïdê� {an} Âñ.

4. 4� limx→0

(
1

(sinx)2
− 1

sin(x2)

)
= .

�: ¤¦4�� 1
3
.

): d Taylor Ðª�

1

(sinx)2
− 1

sin(x2)
=

sin(x2)− (sinx)2

(sinx)2 sin(x2)
=
x2 −

(
x− 1

6
x3
)2

+ o(x4)

x4 + o(x4)

=
x2 − x2 + 1

3
x4 + o(x4)

x4 + o(x4)
→ 1

3
.

5. 4�

lim
n→+∞

(
1

n+
√
1
+

1

n+
√
2
+ · · ·+ 1

n+
√
n

)
= .

�: ¤¦4�� 1.

): P

an =
1

n+
√
1
+

1

n+
√
2
+ · · ·+ 1

n+
√
n
,

K
n

n+
√
n
≤ an ≤

n

n+
√
1
.

duþãØ�ª�àÚmàþk4�, �4�þ� 1. ��ân²£½n(=@Y�n)�

4� limn→+∞ an = 1.



6. b�� x→ 0 �, ¼ê
√
1 + x− 1 �¼ê k ln(1+x)

1+x
´�dÃ¡�, K k = .

�: k = 1
2
.

): du
√
1 + x− 1 =

1

2
x+ o(x),

k ln(1 + x)

1 + x
= kx+ o(x),

�ùü�¼ê´�dÃ¡�, � k = 1
2
.

7. b� f(x) 3 x = 0 ?��, � limx→0
f(x)−f(x

4
)

x
= 3

4
, K f ′(0) = .

�: f ′(0) = 1.

): db� f(x) 3 x = 0 ?��, �

f(x)− f(x
4
)

x
=
f(x)− f(0)

x
−
f(x

4
)− f(0)
4 · x

4

→ f ′(0)− 1

4
f ′(0) =

3

4
f ′(0).

d,�b� limx→0
f(x)−f(x

4
)

x
= 3

4
� 3

4
= 3

4
f ′(0). Ïd f ′(0) = 1.

8. � x = g(y) ´¼ê y = x tan(x − 2) 3: x = 2 NC��¼ê, K g(y) 3: y = 0

?��©� dg
∣∣
y=0

= .

�: dg
∣∣
y=0

= 1
2
dy.

): é¼ê f(x) = x tan(x− 2) ¦��

f ′(x) = tan(x− 2) +
x

cos2(x− 2)
.

Ïd f ′(2) = 2. �â�¼ê�ê½n��¼ê x = g(y) 3: y = 0 ?��ê�

g′(0) =
1

f ′(2)
=

1

2
.

�¤¦�©� dg
∣∣
y=0

= g′(0)dy = 1
2
dy.

9. � y = f(x) ´dëê�§ x = t+ t3, y = t+ t2 ¤(½���¼ê, K­� y = f(x)

3: (x, y) = (2, 2) ?����Ç� .



�: ¤¦����Ç� 3
4
.

): ­� y = f(x) 3?¿:
(
x(t), y(t)

)
= (t+ t3, t+ t2) ?��Ç�

f ′(x) =
y′(t)

x′(t)
=

1 + 2t

1 + 3t2
.

­� y = f(x) þ� (x, y) = (2, 2) ¤éA�ëê� t = 1. Ïd­� y = f(x) 3:

(x, y) = (2, 2) ?����Ç� f ′(2) = 3
4
.

10. ¼ê f(x) = x
x2−2x+2

3: x = 1 ?� Peano {� o
(
(x − 1)3

)
� Taylor Ðª�

f(x) = .

�: ¤¦ Taylor Ðª� f(x) = 1 + (x− 1)− (x− 1)2 − (x− 1)3 + o
(
(x− 1)3

)
.

):

f(x) =
x

x2 − 2x+ 2
=

(x− 1) + 1

1 + (x− 1)2
=

x− 1

1 + (x− 1)2
+

1

1 + (x− 1)2

= (x− 1)
[
1− (x− 1)2

]
+
[
1− (x− 1)2

]
+ o
(
(x− 1)3

)
= 1 + (x− 1)− (x− 1)2 − (x− 1)3 + o

(
(x− 1)3

)
.

�. )�K

11. b�� x→ 0 �, ¼ê f(x) = ex +A+B sinx ´��Ã¡�þ, ¦~ê A Ú B, ¿

O�4� limx→0
f(x)
x2

.

): é¼ê f(x) = ex + A + B sinx ¦�� f ′(x) = ex + B cosx. db�� x → 0 �,

f(x) ´��Ã¡�þ, � f(0) = 0 � f ′(0) = 0. u´

f(0) = 1 + A = 0, f ′(0) = 1 +B = 0.

dd� A = −1, B = −1. � f(x) = ex − 1 − sinx. d� f(x) � Peano {� o(x2) �

Maclaurin Ðm�

f(x) = ex − 1− sinx = x+
1

2
x2 − x+ o(x2) =

1

2
x2 + o(x2).



dd�

lim
x→0

f(x)

x2
=

1

2
.

)��..

12. Á(½~ê a Ú b, ¦�¼ê

f(x) =

{
cosx, x ≥ 0,

x2+ax+b
1+x

, x < 0,

3: x = 0 ?��.

): (i) ¼ê f(x) 3: x = 0 ?��m4�©O�

f(0−) = lim
x→0+

x2 + ax+ b

1 + x
= b, f(0+) = lim

x→0+
cosx = 1.

du f(x) 3 x = 0 ?ëY, � f(0−) = f(0) = f(0+). dd� b = 1.

(ii) ¼ê f(x) 3: x = 0 ?��m�ê©O�

f ′−(0) = lim
x→0−

f(x)− f(0)
x

lim
x→0+

x2+ax+1
1+x

− 1

x
= lim

x→0+

x(x+ a− 1)

x(1 + x)
= a− 1.

f ′+(0) = lim
x→0+

f(x)− f(0)
x

= lim
x→0+

cosx− 1

x
= 0.

du f(x) 3 x = 0 ?��, � f ′−(0) = f ′+(0). dd� a− 1 = 0, = a = 1. �¤¦~ê

� a = 1, b = 1. )��..

13. �

f(x) =

{
sinx, x �knê,

0, x �Ãnê.

¯¼ê f(x) 3 x = 0 ?´ÄëY, ¿`²nd.

): ¼ê f(x) 3 x = 0 ?ëY. ndXe. �½Â f(0) = 0. é?¿ ε > 0, � δ = ε, �

|x| < δ �, ÃØ x ´knê, �´Ãnê,

|f(x)− f(0)| = |f(x)| ≤ | sinx| ≤ |x| < δ = ε.



ù`² f(x) 3: x = 0 ?ëY. )��..

14. ¦4�

lim
n→+∞

(
1

n+ 1
+

1

n+ 2
+

1

n+ 3
+ · · ·+ 1

4n

)
.

): £ÁeãÚª(NÚ?êÜ©Ú)

Hn =
1

1
+

1

2
+

1

3
+ · · ·+ 1

n

k��ìCL�ª Hn = lnn+ γ + εn, Ù¥ γ ' 0.577 ¡� Euler ~ê, ê� {εn} ´�

�Ã¡�þ, = εn → 0. P

an =
1

n+ 1
+

1

n+ 2
+

1

n+ 3
+ · · ·+ 1

4n
,

K

an = H4n −Hn =
(
ln(4n) + γ + ε4n

)
−
(
lnn+ γ + εn

)
= ln 4 + ε4n − εn → ln 4.

�¤¦4�� limn→+∞ an = ln 4. )��..

15. � 0 < x1 < 1, ½Â xn+1 = xn(1− xn), ∀n ≥ 1. (i) y²ê� {xn} Âñ, � xn → 0.

(ii) ?Øê� {nxn} �Âñ5, ¿`²nd; � {nxn} Âñ�, ¦4� limn→+∞ nxn.

): (i)ky xn ∈ (0, 1), ∀n ≥ 1. db� x1 ∈ (0, 1). b� xn ∈ (0, 1),K xn+1 = xn(1−xn)

∈ (0, 1). Ïd xn ∈ (0, 1), ∀n ≥ 1. 2yê� {xn} î�üNeü, �k4�". ù´Ï�

xn+1 = xn(1 − xn) = xn − x2n < xn, ∀n ≥ 1, �S� {xn} ke.". �ê� {xn} Âñ.

� xn → x∗. u'Xª xn+1 = xn(1− xn) ¥, - n→ +∞ � x∗ = x∗ − x2∗. � x∗ = 0.

(ii) ê� {nxn} Âñ. ·�^ Stolz ½n5¦ê� {nxn} �4�. ò��� nxn ��

nxn = n
1
xn

. �Ä

n+ 1− n
1

xn+1
− 1

xn

=
1

xn−xn+1

xn+1xn

=
xn+1xn
xn − xn+1

=
xn+1xn
x2n

=
x2n(1− xn)

x2n
= 1− xn → 1.



Ïd nxn → 1, n→ +∞. )��..

16. �¼ê f(x)34«m [a, b]þëY,3m«m (a, b)þ��. XJ�3�: c ∈ (a, b),

¦�
[
f(c)− f(a)

][
f(b)− f(c)

]
< 0, y²�3�: ξ ∈ (a, b), ¦� f ′(ξ) = 0.

y{�. d^�
[
f(c)− f(a)

][
f(b)− f(c)

]
< 0 �� f(c)− f(a) � f(b)− f(c) ÉÒ, =

f(a)− f(c) � f(b)− f(c) ÓÒ.

�/�: f(a)− f(c) � f(b)− f(c) Ñ�u", d= f(a) Ú f(b) þ�u f(c). d� f(a)

Ú f(b) þØ�U´ëY¼ê f(x) 34«m [a, b] þ����. Ïd f(x) 34«m [a, b]

þ����: ξ ∈ (a, b). d Fermat ½n� f ′(ξ) = 0.

�/�: f(a)− f(c) � f(b)− f(c) Ñ�u", d= f(a) Ú f(b) þ�u f(c). d� f(a)

Ú f(b) þØ�U´ëY¼ê f(x) 34«m [a, b] þ����. Ïd f(x) 34«m [a, b]

þ����: ξ ∈ (a, b). d Fermat ½n� f ′(η) = 0. ·K�y.

y{�: é¼ê f(x) 3«m [a, c] Ú [c, b] þ©OA^ Lagrange ¥�½n�

f(c)− f(a) = f ′(ξ1)(c− a), f(b)− f(c) = f ′(ξ2)(b− c),

Ù¥ ξ1 ∈ (a, c), ξ2 ∈ (c, b). db�
[
f(c)− f(a)

][
f(b)− f(c)

]
< 0 �

f ′(ξ1)(c− a)f ′(ξ2)(b− c) < 0, = f ′(ξ1)f
′(ξ2) < 0.

ù`² f ′(ξ1) Ú f ′(ξ2) ÉÒ. �â Darboux ½n��3 ξ ∈ (ξ1, ξ2) ⊂ (a, b), ¦�

f ′(ξ) = 0. y..

17. � f(x) 3«m [a,+∞) þëY. b�4� limx→+∞ f(x) �3(k�), y² f(x) 3

«m [a,+∞) þ½ök���, ½ök���.

y{�: P A = limx→+∞ f(x). XJ f(x) ´~ê¼ê, K f(x) ≡ A, K A Ò´ f(x) 3

«m [a,+∞) þ����(�´���). ·K�y. b� f(x) Ø´~ê¼ê, K�3:

x0 ∈ [a,+∞), ¦� f(x0) 6= A. Ø�� f(x0) > A. ·�5y f(x) 3«m [a,+∞) þ�



3���. db� limx→+∞ f(x) = A ��, éu f(x0) > A, �3¿©�� L > a (��

L > x0), ¦�é?¿ x > L �, f(x) < f(x0). �âëY¼ê��5½n�, f(x) 3k.

4«m [a, L] þ�3��� M . du M ≥ f(x0) > f(x), ∀x > L, � M �´ f(x) 3«

m [a,+∞) þ����. y..

y{�: XJ f(x) 3«m [a,+∞) þ´~ê¼ê, K(Øw,¤á. ±e� f(x) 3«

m [a,+∞) þØ´~ê¼ê. �C� x = tan t, P t0 = arctan a, KC� x = tan t ò«

m [t0,
π
2
) C��«m [a,+∞). 2P g(t) = f(tan t), t ∈ [t0,

π
2
), K g(t) 3 [t0,

π
2
) þëY.

db�4� limx→+∞ f(x) �3(k�), P� A, �4�

lim
t→π

2
−
g(t) = lim

x→+∞
f(x) = A.

½Â g(π
2
) = A, K g(t) Ò*¿�4«m [t0,

π
2
] þ�ëY¼ê. �â4«mþëY¼ê�

��5½n�, �3 ξ, η ∈ [t0,
π
2
], ¦�

g(ξ) = min
{
g(t), t ∈

[
t0,

π

2

]}
, g(η) = max

{
g(t), t ∈

[
t0,

π

2

]}
.

du f(x) Ø´~ê¼ê, � g(t) �Ø´~ê¼ê. Ïd g(η) > g(ξ). u´ü���: ξ

Ú η �Ù¥��, '�` ξ 6= π
2
. ù� f(x) Ò3 x0 = tan ξ ?�����. ·K�y.


