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1. d­�
√
x +
√
y =

√
6, ±9�� x = 0, y = 0 �¤�k.²¡ã/�¡È�

.

�: 6.

�): ¤¦¡È�

S =

∫ 6

0

(
√
6−
√
x)2dx =

∫ 6

0

(6 + x− 2
√
6x)dx

= 36 + 18− 2
√
6 · 2

3
· 63/2 = 6.

2. 4�

lim
x→0

∫ x
0
(esin t − cos t)dt

(1 + x2)
1
2 − 1

=

�: 1.

�): ò�¦4��¼ê��∫ x
0
(esin t − cos t)dt

(1 + x2)
1
2 − 1

=
x2

(1 + x2)
1
2 − 1

·
∫ x
0
(esin t − cos t)dt

x2
.

1��Ïf�4�N´¦�:

x2

(1 + x2)
1
2 − 1

=
x2

1 + 1
2
x2 + o(x2)− 1

=
x2

1
2
x2 + o(x2)

→ 2.

1��Ïf�4��üg¦^ L’Hospital {K��:[∫ x
0
(esin t − cos t)dt

]′
[x2]′

=
esinx − cosx

2x
;
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[
esinx − cosx

]′
[2x]′

=
esinx cosx+ sinx

2
→ 1

2
.

Ïd4�

lim
x→0

∫ x
0
(esin t − cos t)dt

(1 + x2)
1
2 − 1

= 1.

3. ­�ã y = 2
3
x

3
2 (0 ≤ x ≤ 15) �l�� .

�: 42.

�): ¤¦l��∫ 15

0

√
1 + y′(x)2dx =

∫ 15

0

√
1 + xdx =

2

3
(1 + x)

3
2

∣∣∣∣∣
x=15

x=0

=
2

3
(64− 1) = 42.

4. 4�

lim
n→+∞

e
∑n
k=1

1
n+k = .

� 2.

�): du
n∑
k=1

1

n+ k
=

1

n

n∑
k=1

1

1 + k
n

→
∫ 1

0

dx

1 + x
= ln 2,

�¤¦4��

lim
n→+∞

e
∑n
k=1

1
n+k = elimn→+∞

∑n
k=1

1
n+k = eln 2 = 2.

5. P y = y(x) ´~�©�§ y′ + y = e−x ÷v y(0) = 0 �), K¼ê y = y(x) $:

�î�I� x = .

� x = 2.

�): �â���5~�©�§�¦)úª, ���§ y′ + y = e−x ���)�

y(x) = e−x

(
c+

∫ x

0

e−sesds

)
= e−x(c+ x) = xe−x + ce−x.

- y(0) = 0 � c = 0. Ïd�§ y′ + y = e−x ÷vÐ�^� y(0) = 0 �)�

y = xe−x. ±e¦ y(x)�$:. {üO�� y′(x) = e−x−xe−x, y′′(x) = (x−2)e−x.
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��¼ê y′′(x) k�=k���": x = 2. du y′′(x) 3": x = 2 NCUC


ÎÒ, �¼ê y = y(x) k���$: (x, y) = (2, 2e−2), Ùî�I� x = 2. )��

..

6. � F (x) =
∫ x2
0

sin(πt
2

2
)dt, K F ′(1) = .

� F ′(1) = 2.

�): du

F ′(x) = sin(
πx4

2
) · 2x,

�

F ′(1) = sin(
π

2
) · 2 = 2.

7. È©
∫ 2

0
|(x− 1)(x− 2)|dx = .

� 1.

�): ∫ 2

0

|(x− 1)(x− 2)|dx =

∫ 1

0

(1− x)(2− x)dx+
∫ 2

1

(x− 1)(2− x)dx

=

∫ 1

0

(2−3x+x2)dx+
∫ 2

1

(−x2+3x−2)dx = 2− 3

2
+
1

3
− 1

3
(23−1)+ 3

2
(22−1)−2 = 1.

8. � f(x)�ëY��¼ê,÷v�§ 2
∫ x
1
f(t)dt = xf(x)− x2,K f ′(1) = .

� f ′(1) = 3.

�):3�§ 2
∫ x
1
f(t)dt = xf(x)− x2¥,- x = 1� 0 = f(1)−1. dd� f(1) = 1.

2é�§ 2
∫ x
1
f(t)dt = xf(x)− x2 ü>¦�� 2f(x) = f(x) + xf ′(x)− 2x. z{�

f(x) = xf ′(x)− 2x. - x = 1 � 1 = f ′(1)− 2. dd� f ′(1) = 3.

9. � y(x)´~�©�§ y′ = 2x+2xy2 ÷vÐ�^� y(0) = 0�),K arctan y(1) =

.

�: arctan y(1) = 1.
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�): �§ y′ = 2x + 2xy2 ��� y′ = 2x(1 + y2). ù´Cþ©l.�§. ©l

Cþ¿ü>È©� arctan y = x2 + C. �âÐ�^� y(0) = 0 � C = 0. Ïd

arctan y = x2. � arctan y(1) = 1.

10. � y(x) ´~�©�§ y′′ − 2y′ + y = 2 ÷vÐ�^� y(0) = 2, y′(0) = 0 �), K

y(1) = .

�: y(1) = 2.

): *	�~ê¼ê y = 2 ´�§�), �÷vÐ�^� y(0) = 2, y′(0) = 0. �â

Ð�¯K)���5� y(x) ≡ 2. Ïd y(1) = 2. (��±k¦àg�§�Ï), ,

�¦�àg�§���A). ù�Ò���àg�§�Ï). 2�âÐ�^�(½

Ï)¥�ü�~ê. ù�Ò�� Cauchy ¯K�). l
(½ y(1) ��)

���!!!ÀÀÀJJJKKK (10�K, zK3©, �30©)

1. È©

∫ 1

−1

[
x2 sin(x5) +

√
1− x2

]
dx =

A. 0;

B. π
2
;

C. π;

D. 1.

À B.

�):du x2 sin(x5)´Û¼ê,�È©
∫ 1

−1 x
2 sin(x5)dx = 0. ¢Sþ¼ê x2 sin(x5)

�´å�¾�^. È©

∫ 1

−1

√
1− x2dx ÏLn�¼ê��éN´O�:

∫ 1

−1

√
1− x2dx = 2

∫ 1

0

√
1− x2dx = 2

∫ π
2

0

√
1− sin2 t[sin t]′dt

= 2

∫ π
2

0

cos2 tdt = 2 · 1
2
· π
2
=
π

2
.
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2. 2ÂÈ©

∫ +∞

0

1− cosx

xp
dx Âñ, ��=�

A. p > 1;

B. p < 3;

C. 1 < p < 3;

D. 1 ≤ p ≤ 3.

À C.

�): P

J1 =

∫ 1

0

1− cosx

xp
dx, J2 =

∫ +∞

1

1− cosx

xp
dx,

KÈ©

∫ +∞

0

1− cosx

xp
dx Âñ, ��=�È© J1 Ú J2 þÂñ.

�ÄÈ© J1. w, x = 0 ´È© J1 ���×:, �È© J1 Âñ, ��=�È©∫ 1

0
1

xp−2dx Âñ. 
�öÂñ, ��=� p− 2 < 1, = p < 3.

2�ÄÈ© J2. È© J2 q�±�� J2 = J3 − J4, Ù¥

J3 =

∫ +∞

1

1

xp
dx, J4 =

∫ +∞

1

cosx

xp
dx.

w, J3 Âñ, ��=� p > 1; J4 Âñ, ��=� p > 0 (Dirichlet �O{). 
È

© J2 Âñ, ��=� J3 Ú J4 þÂñ. ÏdÈ© J2 Âñ, ��=� p > 1.

nþ��, 2ÂÈ©

∫ +∞

0

1− cosx

xp
dx Âñ, ��=� 1 < p < 3.

3.
d

dx

∫ x3

x2

sin t

t
dt =

A. 3 sin(x3)− 2 sin(x2);

B. 3 sin(x3)−2 sin(x2)
x

;

C. 3 sin(x3)−2 sin(x2)
x2

;

D. 3 sin(x3)−2 sin(x2)
x3

.

À B.

5



�):
d

dx

∫ x3

x2

sin t

t
dt =

sin(x3)

x3
(x3)′ − sin(x2)

x2
(x2)′

=
sin(x3)

x3
3x2 − sin(x2)

x2
2x =

3 sin(x3)− 2 sin(x2)

x
.

4. ¼ê y = x ln(e+ 1
x2
) ��ìC��

A. y = x;

B. y = x+ 1;

C. y = 2x;

D. y = 2x+ 1.

À A.

�): du
y(x)

x
=
x ln(e+ 1

x2
)

x
= ln(e+

1

x2
)→ ln e = 1,

�

y(x)− x = x ln(e+
1

x2
)− x = x

(
ln(e+

1

x2
)− 1

)

= x ln
(
1 +

1

ex2

)
= x

(
1

ex2
+ o(

1

x2
)

)
=

1

ex
+ o(

1

x
)→ 0, x→ +∞.

Ïd¼ê y = x ln(e+ 1
x2
) k�ìC� y = x. )��..

5. È©
∫ +∞
0

dx
1+ex

=

A. 1;

B. ln 2;

C. 2;

D. 2 ln 2.

À B.

�): ∫ +∞

0

dx

1 + ex
=

∫ +∞

0

e−xdx

e−x + 1
= − ln(e−x + 1)

∣∣∣+∞
0

= ln 2.
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6. È©
∫ π

2

0
sinx cos3 x
1+cos2 x

dx =

A. 1
2
;

B. 1
2
ln 2;

C. ln 2;

D. 1
2

(
1− ln 2

)
.

À D.

�): ∫ π
2

0

sinx cos3 x

1 + cos2 x
dx =

∫ π
2

0

− cos3 xd cosx

1 + cos2 x
= −1

2

∫ π
2

0

cos2 xd cos2 x

1 + cos2 x

= −1

2

∫ π
2

0

(
1− 1

1 + cos2 x

)
d cos2 x = −1

2

[
cos2 x− ln(1 + cos2 x)

]π
2

0
=

1

2
(1− ln 2).

7. d­�ã y =
√
x− 1 (1 ≤ x ≤ 3) 7 x ¶^=�±¤�^=NNÈ�

A. π;

B. 3π;

C. 2π;

D. 4π.

À C.

�): d^=NNÈúª�¤¦NÈ�

V =

∫ 3

1

πy2dx = π

∫ 3

1

(x− 1)dx = π

∫ 2

0

tdt = 2π.

8. �Ô���ã y =
√
2x (0 ≤ x ≤ 1) 7 x ¶^=�±¤�^=¡�ý¡È�

A. 2
√
3π;

B. 2π
3
(3
√
3− 1);

C. 2π;

D. π.

À B.
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�): �â^=¡�ý¡Èúª�

S =

∫ 1

0

2πy(x)
√

1 + y′(x)2dx =

∫ 1

0

2π
√
2x

√
1 +

1

2x
dx

= 2π

∫ 1

0

√
1 + 2xdx = 2π(

√
3− 1

3
) =

2π

3
(3
√
3− 1).

9. ^Ó� x = t− sin t, y = 1− cos t (0 ≤ t ≤ 2π) �ÿ� x ¶¤�²¡k.ã/�¡

È�

A. π;

B. 2π;

C. 3π;

D. 4π.

À C.

�): eò^Ó��±w�¼ê y = f(x) �¼êã�, K y(t) = f(x(t)). u´¤¦

¡È�

S =

∫ 2π

0

f(x)dx =

∫ 2π

0

f(x(t))x′(t)dt =

∫ 2π

0

y(t)x′(t)dt

=

∫ 2π

0

(1− cos t)(1− cos t)dt =

∫ 2π

0

(1− 2 cos t+ cos2 t)dt = 3π.

10. 4� limn→+∞
∫ 1

0
1+xn

1+x
dx �u

A. 0;

B. 1;

C. 2;

D. ln 2.

À D.

�): du ∫ 1

0

1 + xn

1 + x
dx =

∫ 1

0

dx

1 + x
+

∫ 1

0

xn

1 + x
dx = ln 2 +

∫ 1

0

xn

1 + x
dx,
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�

0 <

∫ 1

0

xn

1 + x
dx <

∫ 1

0

xndx =
1

n+ 1
→ 0, n→ +∞,

�

lim
n→+∞

∫ 1

0

1 + xn

1 + x
dx = ln 2.

nnn. )))���KKK (5�K, �O40©)

1. (10©)�

f(x) =

{
e

1
x , x 6= 0,

0, x = 0.

?Ø¼ê f(x) �ëY5, ¿¦ f(x) �üN«m, 4�:�4�, à5«m, $:Ú

ìC�.

): w, f(x) k��mä: x = 0. éu x 6= 0, f(x) Ã¡g��. O��

f ′(x) =
−e 1

x

x2
, f ′′(x) =

e
1
x (1 + 2x)

x4
.

dd��

(i) ¼ê3«m (−∞, 0) Ú (0,+∞) þþüNeü;

(ii) x = 0 ´î�4��:, 4��� f(0) = 0;

(iii) ¼êu«m (−∞,−1
2
) þà, u«m (−1

2
, 0) Ú (0,+∞) þeà.

(iv) ¼êk��$: x = −1
2
;

(v) ¼êk�^R�ìC� x = 0, ±9�^Y²ìC� y = 1. Ï� limx→−∞ e
1
x =

1. )��..

2. (10©) ?Ø2ÂÈ© ∫ +∞

1

(
arcsin

1

x
− 1

x

)
dx (∗)

�Âñ5. eÂñ, �¦ÑÈ©�; euÑ, �`²nd.
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): d¼ê sinu � Taylor Ðª sinu = u − 1
6
u3 + o(u3) �Ù�¼ê arcsinu �

Taylor Ðª� arcsinu = u+ 1
6
u3 + o(u3). Ïd� x ¿©��,

arcsin
1

x
− 1

x
=

1

6

(1
x

)3
+ o
(1
x

)3
.

�â2ÂÈ©'��O{�4�/ª�, 2ÂÈ©(*)Âñ. �O�È©(*), ·��

Cþ�� u = 1
x
½ x = 1

u
. PÈ©(*)� J , K

J =

∫ 0

1

(arcsinu− u)−du
u2

=

∫ 1

0

(arcsinu− u)d
(−1
u

)
=
u− arcsinu

u

∣∣∣1
0
+

∫ 1

0

1

u

( 1√
1− u2

− 1
)
du = 1− π

2
+

∫ 1

0

1

u

( 1√
1− u2

− 1
)
du.

5¿È©
∫ 1

0
1
u

(
1√

1−u2 − 1
)
du Âñ, u = 0 Ø´×:, u = 1 ´a:. éÈ©�Cþ

C� u = sin t �∫ 1

0

1

u

( 1√
1− u2

− 1
)
du =

∫ π
2

0

1

sin t

( 1√
1− sin2 t

− 1
)
cos tdt

=

∫ π
2

0

1

sin t
(1− cos t)dt =

∫ π
2

0

2 sin2(t/2)

2 sin(t/2) cos(t/2)
dt

=

∫ π
2

0

sin(t/2)

cos(t/2)
dt = −2 ln cos(t/2)

∣∣∣π/2
0

= ln 2.

u´�2ÂÈ© ∫ +∞

1

(
arcsin

1

x
− 1

x

)
dx = 1− π

2
+ ln 2.

3. (10©) ¦) Euler �§ x2y′′ + 2xy′ − 2y = 2 ln x− 3 (x > 0) �Ï).

): �Cþ�� x = et ½ t = lnx, ¿P z(t) = y(et), K

z′(t) = y′(et)et = xy′, z′′(t) = y′′(et)etet + y′(et)et = x2y′′ + xy′.

u´ xy′(x) = z′(t), x2y′′(x) = z′′(t) − xy′(x) = z′′(t) − z′(t), ��§ÒC¤


z′′− z′+2z′− 2z = 2t− 3,= z′′+ z′− 2z = 2t− 3. ù´~Xê�5�§,´�éA

�àg�§ z′′ + z′ − 2z = 0 �Ï)� z = c1e
t + c2e

−2t. d ODE �5�§�nØ
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�,�àg�§ z′′+z′−2z = 2t−3kA) zp = at+ b,Ù¥ a, b��½~ê. òA

) zp �\�àg�§� a− 2(at+ b) = 2t− 3. '�Xê� −2a = 1, 1− 2b = −3.

)�� a = −1, b = 1. =�àg�§ z′′ + z′ − 2z = 2t− 3 kA) zp = −t+ 1, l


kÏ) z = c1e
t + c2e

−2t− t+1. u´� Euler �§ x2y′′ +2xy′− 2y = 2 ln x− 3

(x > 0) �Ï)� y = c1x+
c2
x2
− lnx+ 1. )��..

4. (5©)�¼ê f(x)3 [0, 1]þ�KëY,�÷v [f(x)]2 ≤ 1+2
∫ x
0
f(t)dt, ∀x ∈ [0, 1].

y² f(x) ≤ 1 + x, ∀x ∈ [0, 1].

y²: P g(x) =
∫ x
0
f(t)dt, K g(x) u [0, 1] þëY, u (0, 1) þëY��, �

g′(x) = f(x) ≤
√

1 + 2g(x), ∀x ∈ (0, 1). dd� g′(x)√
1+2g(x)

≤ 1. éù�Ø�ªü>

l 0 � x È©�
∫ x
0

g′(t)dt√
1+2g(t)

≤ x. �È©Cþ�� u = g(t) �
∫ g(x)
0

du√
1+2u

≤ x. �

>�È©N´O�Ñ5�
√
1 + 2g(x)− 1 ≤ x. u´ f(x) ≤

√
1 + 2g(x) ≤ 1 + x,

∀x ∈ [0, 1]. y..

5. (5 ©) � p(x) = xn + an−1x
n−1 + · · · + a1x + a0 �¢Xêõ�ª. e p(x) ≥ 0,

∀x ∈ R, y² p(x) + p′(x) + p′′(x) + · · · + p(n)(x) ≥ 0, ∀x ∈ R, Ù¥ p′(x), p′′(x),

· · · , p(n)(x) ©OL« p(x) ���, ��, · · · , ±9 n ��ê.

y²: du p(x) � n gõ�ª, �§� n + 1 ��êð�", = p(n+1)(x) ≡ 0. Ï

deP H(x) = p(x)+ p′(x)+ p′′(x)+ · · ·+ p(n)(x), K H ′(x) = p′(x)+ p′′(x)+ · · ·+

p(n)(x) = H(x)−p(x). u´ H ′(x)−H(x) = −p(x). 3ù��ªü>Ó¦±È©Ï

f e−x � e−x[H ′(x)−H(x)] = −e−xp(x). d= [e−xH(x)]′ = e−x[H ′(x)−H(x)] =

−e−xp(x) ≤ 0, ∀x ∈ R. ùL²¼ê e−xH(x) 3��¢¶ R þüNeü. du

e−xH(x) = H(x)
ex
→ 0, x→ +∞, � e−xH(x) ≥ 0, ∀x ∈ R. l
 H(x) ≥ 0, ∀x ∈ R.

y..
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