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1. (.

(1) ��¢ê8 A ���þ. (e�3) �� A �þ(., P� supA; §���e.

(e�3) �� A �e(., P� inf A.

(2) þ(.��x: ξ = supA��=� ξ� A�þ.� ∀ε > 0, ∃x ∈ A¦� x > ξ−ε.
Ä½/ª: ξ 6= supA ��=� ξ Ø´ A �þ.½ ∃ε > 0 ¦� ∀x ∈ A, x 6 ξ− ε.

(3) þ(.�e(.�'X: supA = − inf(−A).

(4) (.½n: kþ.���ê87kþ(.; ke.���ê87ke(..

2. ê�4��½Â

(1) 4��½Â: ¡ê� {an} k4� A ∈ R, XJ ∀ε > 0, ∃N > 0 ¦� ∀n > N , ·�

þk |an−A| < ε. �¡Tê�Âñu A,P� an → A (n→∞)½ö lim
n→∞

an = A.

ê�k4��¡�Âñ, ÄK¡�uÑ.

(2) Ä½/ª: ê� {an} ØÂñ� A ∈ R ��=� ∃ε0 > 0 ¦� ∀N > 0, ∃nN > N

÷v |anN −A| > ε0.

3. ê�4��5�

(1) lim
n→∞

an = A ��=� lim
n→∞

|an −A| = 0.

(2) l,�m©�~ê�ê�Âñ�T~ê, ��Øé.

(3) e lim
n→∞

an = 0 
ê� {bn} k., K lim
n→∞

anbn = 0.

(4) ��5: eê�Âñ, KÙ4���.

(5) k�>5: UCê��k��ØUCÙñÑ5.

(6) þ!5: ê�Âñ��=�§�?¿f�þÂñ�Ó��¢ê. T(Ø~^5y²

ê�ØÂñ.

(7) k.5: Âñ�ê�k..

(8) ÛÜ�S: � lim
n→∞

an = A, lim
n→∞

bn = B.

(a) e A > B, K ∃N > 0 ¦� ∀n > N , þk an > bn.

(b) e ∃N > 0 ¦� ∀n > N , þk an > bn, K A > B.

(9) ÛÜ�Ò: � lim
n→∞

an = A.

(a) e A > 0, K ∃N > 0 ¦� ∀n > N , þk an > 0.

(b) e ∃N > 0 ¦� ∀n > N , þk an > 0, K A > 0.

(c) e A 6= 0, K ∃N > 0 ¦� ∀n > N , þk an 6= 0.

1



2

(10) oK$�{K: e lim
n→∞

an = A, lim
n→∞

bn = B, K

(a) ∀α, β ∈ R, lim
n→∞

(αan + βbn) = αA+ βB;

(b) lim
n→∞

anbn = ( lim
n→∞

an)( lim
n→∞

bn) = AB;

(c) lim
n→∞

an
bn

=
lim
n→∞

an

lim
n→∞

bn
= A

B
(e B 6= 0).

(11) Y%�n: b�ê� {an}, {bn}, {xn} ÷ve�^�:

(a) ∃n0 > 0 ¦� ∀n > n0, þk an 6 xn 6 bn;

(b) lim
n→∞

an = lim
n→∞

bn = A.

Kê� {xn} Âñ� lim
n→∞

xn = A.

(12) eê� {an} �K�Âñu A, K lim
n→∞

√
an =

√
A.

4. ;.~K

(1) lim
n→∞

1
n
= 0;

(2) lim
n→∞

qn = 0 (0 < |q| < 1);

(3) lim
n→∞

n
√
n = 1;

(3) lim
n→∞

n
√
a = 1 (a > 0);

(4) lim
n→∞

( m∑
k=1

ank
) 1
n = max

16k6m
ak, Ù¥ ak > 0;

(5) e = lim
n→∞

(1 + 1
n
)n = lim

n→∞
(1 + 1

n
)n+1.

5. ;.ê��O��Ý'�

(1) éê¼ê'~êO���¯: lim
n→∞

1
logn

= 0;

(2) �¼ê'éê¼êO���¯: lim
n→∞

logn
nα

= 0 (Ù¥ α > 0);

(3) �ê¼ê'�¼êO���¯: lim
n→∞

nα

an
= 0 (Ù¥ α ∈ R, a > 1);

(4) ë¦È'�ê¼êO���¯: lim
n→∞

an

n!
= 0 (a ∈ R);

(5) lim
n→∞

n!
nn

= 0, lim
n→∞

1
n√

n!
= 0.

(6) ²þ5: e lim
n→∞

an = A, K lim
n→∞

a1+a2+···+an
n

= A.

6. üNk.½n

(1) üNk.½n: üNk.ê�Âñ; üNÃ.ê�k4�.

(2) A^üNk.½n�;.~f:

(a) e = lim
n→∞

(1 + 1
n
)n = lim

n→∞
(1 + 1

n
)n+1, ¿� ∀n > 1, ·�k

(
1 +

1

n

)n
< e <

(
1 +

1

n

)n+1
,

1

n+ 1
< log

(
1 +

1

n

)
<

1

n
.

(b) ê� {
n∑

k=1

1
k2 } Âñ.

(c) ~^uO�d48'X½Â�ê��4�:
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(i) � c > 0, a1 =
√
c � ∀n > 1, an+1 =

√
c+ an. K

lim
n→∞

an =
1

2
(1 +

√
1 + 4c).

(ii) � b1 > a1 > 0. ∀n > 1, 8B½Â an+1 =
√
anbn, bn+1 = 1

2
(an + bn).

Kê� {an} Ú {bn} Âñ�Ó��4�.

7. Stolz ½n9ÙA^

(1) Stolz ½n: � A ∈ R ∪ {±∞}.

(a) e {bn} î�Oªu +∞ � lim
n→∞

an−an−1

bn−bn−1
= A, K lim

n→∞
an
bn

= A.

(b) e {bn} î�üNªu 0 � lim
n→∞

an = 0, lim
n→∞

an−an−1

bn−bn−1
= A, K lim

n→∞
an
bn

= A.

(2) Stolz ½n�;.A^:

(a) e lim
n→∞

xn = A, K lim
n→∞

x1+x2+···+xn
n

= A.

(b) lim
n→∞

1+
√
2+ 3√3+···+ n√n

n
= 1.

(c) lim
n→∞

1+2k+3k+···+nk

nk+1 = 1
k+1

(k ∈ N).

8. 'u¢êX�Ä�½n

eã½n�d:

(1) (.½n: kþ.���8Ükþ(., ke.���8Üke(..

(2) üNk.½n: üNk.ê�Âñ.

(3) «m@½n: «m�Ýªu 0 �4«m@���ü:8.

(4) Cauchy �OOK: ê� {xn} Âñ��=�§� Cauchy ê�.

(a) Cauchy ê��½Â:

(i) ∀ε > 0, ∃N > 0 ¦� ∀m,n > N , þk |xm − xn| < ε;

(ii) ∀ε > 0, ∃N > 0 ¦� ∀n > N ±9 ∀p > 1, þk |xn+p − xn| < ε;

(b) Cauchy ê�½Â�Ä½Lã:

(i) ∃ε0 > 0 ¦� ∀N > 0, ∃m,n > N ÷v |xm − xn| > ε0.

(ii) ∃ε0 > 0 ¦� ∀N > 0, ∃n > N � ∃p > 0 ÷v |xn+p − xn| > ε0.

(5) Cauchy �OOK�;.A^:

(a) � a > 0, 0 < q < 1 � ∀n > 1, þk |xn+1 − xn| 6 aqn. Kê� {xn} Âñ.

(b) ê�
{ n∑

k=1

(−1)k

k2

}
Âñ.

(c) ∀n > 1, - xn =
n∏

k=1

(
1 + 1

2k

)
. Kê� {xn} Âñ.

(d) e ∃C > 0 ¦� ∀n > 1, yn :=
n∑

k=1

|xk+1 − xk| < C, Kê� {xn} Âñ.

(e) � 0 6 α 6 1, � ∀n > 1, xn+1 > xn + 1
nα

. Kê� {xn} uÑ.
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1 2 Ü© SK�K8)�

1. ¦y: äkÂñf��üNê�Âñ.

y²: � {an} �üNê�. Ø���5, ·��b�Tê�4O, ÄK·�

��Ä {−an}. �Ùf� {akn} Âñ� A. K ∀ε > 0, ∃K > 0 ¦� ∀n > K,

þk |akn−A| < ε, �= A−ε < akn < A+ε. - N = kK+1 > K. K ∀n > N ,

du kK+1 6 n 6 kn, KdüN4O5��

A− ε < akK+1
6 an 6 akn < A+ ε,

� |an −A| < ε. Ïdê� {an} �Âñ� A.

2. O�e�4�:

(1) lim
n→∞

(
√
2n2 + 2n− 3−

√
2n2 + n),

(2) lim
n→∞

√
n(
√
n+ 1−

√
n),

(3) lim
n→∞

sin2
(
π
√
n2 +

√
n
)
,

(4) lim
n→∞

(1 + x)(1 + x2)(1 + x4) · · · (1 + x2
n−1

) (|x| < 1),

(5) lim
n→∞

3n+(−2)n
3n+1+(−2)n+1 ,

(6) lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
(x ∈ R).

): (1) doK$�{K��

lim
n→∞

(
√
2n2 + 2n− 3−

√
2n2 + n) = lim

n→∞

(2n2 + 2n− 3)− (2n2 + n)√
2n2 + 2n− 3 +

√
2n2 + n

= lim
n→∞

1− 3
n√

2 + 2
n −

3
n2 +

√
2 + 1

n

=
1

2
√
2
.

(2) lim
n→∞

√
n(
√
n+ 1−

√
n) = lim

n→∞

√
n√

n+1+
√
n
= lim
n→∞

1√
1+ 1

n+1
= 1

2 .

(3) ∀n > 1, ·�k

0 6 sin2(π

√
n2 +

√
n) = sin2(π

√
n2 +

√
n− πn)

=
(
sin
( π

√
n√

n2 +
√
n+ n

))2
6

( π
√
n√

n2 +
√
n+ n

)2
6
π2

n
.

u´dY%�n�� lim
n→∞

sin2(π
√
n2 +

√
n) = 0.

(4) du |x| < 1, K lim
n→∞

xn = 0, �

lim
n→∞

(1 + x)(1 + x2)(1 + x4) · · · (1 + x2
n−1

)

= lim
n→∞

n−1∏
k=0

1− x2k+1

1− x2k
= lim
n→∞

1− x2n

1− x
=

1

1− x
.
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(5) lim
n→∞

3n+(−2)n
3n+1+(−2)n+1 = lim

n→∞
1
3 ·

1+(− 2
3 )
n

1+(− 2
3 )
n+1 = 1

3 .

(6) e x ∈ Q, K ∃p, q ∈ Z (q > 1) ¦� p, q p�� x = p
q . � ∀m > q,

m!x ∈ Z, l
 cos(2πm!x) = 1, u´ ∀m > q, þk lim
n→∞

(
cos(2πm!x)

)n
= 1,

l
·�k lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
= 1.

e x 6∈ Q, K ∀m > 1, | cos(2πm!x)| < 1, u´ lim
n→∞

(
cos(2πm!x)

)n
= 0,

?
�� lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
= 0.

nþ¤ã��

lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
=

{
1 e x ∈ Q,
0 e x 6∈ Q.

3. O�e�4�:

(1) lim
n→∞

(( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n

)
, Ù¥ ak > 0 (1 6 k 6 m).

(2) lim
n→∞

n∑
k=1

(
(nk + 1)−

1
k + (nk − 1)−

1
k

)
.

(3) lim
n→∞

(
√
2 4
√
2 8
√
2 · · · 2n

√
2).

(4) lim
n→∞

(1− 1
n )
n.

(5) lim
n→∞

(1− 1
n√2

) cos(n10!).

(6) lim
n→∞

(
(sinn!)( n−1n2+1 )

10 −
(

1
1·2 + 1

2·3 + · · ·+ 1
(n−1)·n

)
2n2+1
n2−1

)
.

(7) lim
n→∞

(1 + 2n + 3n)
1
n .

(8) lim
n→∞

sin sin · · · sin︸ ︷︷ ︸
n

x (x ∈ R).

(9) lim
n→∞

n∑
k=1

k
n2+k .

(10) lim
n→∞

10∑
k=1

n
√
k.

): (1) - a = min
16k6m

ak, A = max
16k6m

ak, K ∀n > 1, ·�k

A+
1

a
6
( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n 6 (A+

1

a
) n
√
m.

q lim
n→∞

n
√
m = 1, KdY%�n� lim

n→∞

(( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n

)
= A+ 1

a .

(2) ∀n > 1, nk 6 nk + 1 6 (n+ 1)k, � 1
n+1 6 (nk + 1)−

1
k 6 1

n , u´

1

1 + 1
n

=
n

n+ 1
6

n∑
k=1

(nk + 1)−
1
k 6 1,

?
dY%�n�� lim
n→∞

n∑
k=1

(nk + 1)−
1
k = 1.
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Ó�/, ∀n > 2, (n− 1)k 6 nk − 1 6 nk, � 1
n 6 (nk − 1)−

1
k 6 1

n−1 , u´

1 6
n∑
k=1

(nk − 1)−
1
k 6

n

n− 1
=

1

1− 1
n

l
dY%�n�� lim
n→∞

n∑
k=1

(nk − 1)−
1
k = 1.

��doK$�{K�� lim
n→∞

n∑
k=1

(
(nk + 1)−

1
k + (nk − 1)−

1
k

)
= 2.

(3) ∀n > 1, ·�k
√
2 4
√
2 8
√
2 · · · 2n

√
2 = 2

n∑
k=1

1

2k = 21−
1

2n+1 . 5¿�

lim
n→∞

2
1

2n+1 = lim
n→∞

2
1
n = 1,

u´ lim
n→∞

√
2 4
√
2 8
√
2 · · · 2n

√
2 = 2.

(4) doK$�{K��

lim
n→∞

(1− 1

n
)n = lim

n→∞

1

(1 + 1
n−1 )

n
= lim
n→∞

1

(1 + 1
n )
n+1

=
1

e
.

(5) ∀n > 1, ·�k |(1 − 1
n√2

) cos(n10!)| 6 |1 − 1
n√2
|. du lim

n→∞
n
√
2 = 1,

u´dY%�n�� lim
n→∞

(1− 1
n√2

) cos(n10!) = 0.

(6) ∀n > 1, ·�k |(sinn!)( n−1n2+1 )
10| 6 1

n10 . u´dY%�n��

lim
n→∞

(
(sinn!)

( n− 1

n2 + 1

)10
−
( 1

1 · 2
+

1

2 · 3
+ · · ·+ 1

(n− 1) · n

)2n2 + 1

n2 − 1

)
= lim

n→∞
−
( n−1∑
k=1

1

k(k + 1)

)
·
2 + 1

n2

1− 1
n2

= lim
n→∞

−
( n−1∑
k=1

(1
k
− 1

k + 1

))
·
2 + 1

n2

1− 1
n2

= lim
n→∞

−
(
1− 1

n

)2 + 1
n2

1− 1
n2

= −2.

(7) ∀n > 1, ·�k 3 6 (1 + 2n + 3n)
1
n 6 3 n

√
3. 25¿� lim

n→∞
n
√
3 = 1,

u´dY%�n�� lim
n→∞

(1 + 2n + 3n)
1
n = 3.

(8) ∀x ∈ R ±9 ∀n > 1, - xn = sin sin · · · sin︸ ︷︷ ︸
n

x, K xn+1 = sinxn.

e sinx > 0, K x2 = sin sinx ∈ [0, sin 1), l
 ∀n > 2, þk xn > 0, ¿�

xn+1 = sinxn 6 xn. düNk.½n�ê� {xn} Âñ. �Ù4�� a. du

∀n > 1, þk xn+1 = sinxn. � a = sin a. d�S5� 0 6 a 6 1, K a = 0.

e sinx < 0, K sin(−x) > 0, ?
��

lim
n→∞

sin sin · · · sin︸ ︷︷ ︸
n

x = − lim
n→∞

sin sin · · · sin︸ ︷︷ ︸
n

(−x) = 0.

l
 ∀x ∈ R, þk lim
n→∞

sin sin · · · sin︸ ︷︷ ︸
n

x = 0.
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(9) ∀n > 1, ·�k

1

2
=

n∑
k=1

k

n2 + n
6

n∑
k=1

k

n2 + k
6

n∑
k=1

k

n2
=

1

2n
(n+ 1) =

1

2
· (1 + 1

n
),

u´dY%�n�� lim
n→∞

n∑
k=1

k
n2+k = 1

2 .

(10) lim
n→∞

10∑
k=1

n
√
k =

10∑
k=1

lim
n→∞

n
√
k = 10.

4. �äe�ê� {xn} �Âñ5:

(1) xn = (−1)nn
n+1 , (2) xn = n(−1)

n

.

): (1) du lim
n→∞

x2n = lim
n→∞

2n
2n+1 = 1, � lim

n→∞
x2n+1 = − lim

n→∞
2n+1
2n+2 = −1,

�ê� {xn} uÑ.

(2) ∀n > 1, ·�k x2n = 2n, dd��ê� {xn} Ã., ÏduÑ.

5. b� ∀n > 1, þk xn > 0 � lim
n→∞

xn = a. ¦y: lim
n→∞

n
√
x1x2 · · ·xn = a.

y²: ∀n > 1, ·�þk

n
1
x1

+ 1
x2

+ · · ·+ 1
xn

6 n
√
x1x2 · · ·xn 6

x1 + x2 + · · ·+ xn
n

.

e a = 0, K 0 6 n
√
x1x2 · · ·xn 6 x1+x2+···+xn

n . d Stolz ½n�Y%�n��

lim
n→∞

n
√
x1x2 · · ·xn = 0 = a.

e a 6= 0, K lim
n→∞

1
xn

= 1
a , l
d Stolz ½n��

lim
n→∞

x1 + x2 + · · ·+ xn
n

= a, lim
n→∞

1
x1

+ 1
x2

+ · · ·+ 1
xn

n
=

1

a
,

?
dY%�n�� lim
n→∞

n
√
x1x2 · · ·xn = a.

6. b� ∀n > 1, þk xn > 0 � lim
n→∞

xn+1

xn
= a. ¦y: lim

n→∞
n
√
xn = a.

y²: - y1 = x1, yn = xn
xn−1

(n > 2). K lim
n→∞

yn = a. dd��

lim
n→∞

n
√
xn = lim

n→∞
n
√
y1y2 · · · yn = lim

n→∞
yn = a.

7. ¦y:

(1) lim
n→∞

n
n√
n!

= e.

(2) lim
n→∞

(
1p+2p+···+np

np − n
p+1

)
= 1

2 (Ù¥ p > 1 ��ê).
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y²: (1) ∀n > 1, - xn = nn

n! > 0. K·�k

lim
n→∞

xn+1

xn
= lim
n→∞

(n+ 1)n+1

(n+ 1)!
· n!
nn

= lim
n→∞

(
1 +

1

n

)n
= e.

u´ lim
n→∞

n
n√
n!

= lim
n→∞

n
√
xn = lim

n→∞
xn+1

xn
= e.

(2) ∀n > 1, - xn = (p+1)(1p +2p + · · ·+ np)− np+1, yn = (p+1)np, K

xn+1 − xn
yn+1 − yn

=
(p+ 1)(n+ 1)p − (n+ 1)p+1 + np+1

(p+ 1)
(
(n+ 1)p − np

)
=

(p+ 1)
p∑
k=0

(
p
k

)
nk −

p∑
k=0

(
p+1
k

)
nk

p(p+ 1)np−1 + (p+ 1)
p−2∑
k=0

(
p
k

)
nk

=

1
2p(p+ 1)np−1 +

p−2∑
k=0

(
p
k

)
nk −

p−2∑
k=0

(
p+1
k

)
nk

p(p+ 1)np−1 + (p+ 1)
p−2∑
k=0

(
p
k

)
nk

=

1
2p(p+ 1) +

p−2∑
k=0

(
p
k

)
nk−p+1 −

p−2∑
k=0

(
p+1
k

)
nk−p+1

p(p+ 1) + (p+ 1)
p−2∑
k=0

(
p
k

)
nk−p+1

.

u´d Stolz ½n±9oK$�{K��

lim
n→∞

(1p + 2p + · · ·+ np

np
− n

p+ 1

)
= lim
n→∞

xn+1 − xn
yn+1 − yn

=
1

2
.

8. �ê� {xn} ÷v x1 = 1, xn+1 = 1
1+xn

. ¦ lim
n→∞

xn.

y²: �{ 1. dK�á��� ∀n > 1, þk xn > 0.

ey lim
n→∞

xn = a :=
√
5−1
2 . 5¿� a = 1

1+a , K ∀n > 1, ·�k

|xn+1 − a| =
∣∣∣∣ 1

1 + xn
− 1

1 + a

∣∣∣∣ = |xn − a|
(1 + xn)(1 + a)

6
1

1 + a
|xn − a|,

u´ |xn − a| 6
(

1
1+a

)n−1|x1 − a|, ?
dY%�ná���¤y(Ø¤á.

5: e¤¦4� lim
n→∞

xn �3��u a, KdoK$�{Ká��� a = 1
1+a .

2d4���Ò5� a > 0, � a =
√
5−1
2 .

�{ 2. ∀n > 1, ½Â an = x2n, bn = x2n−1. ·�òé n > 1 A^êÆ

8B{y² 0 < an 6 an+1 6 1, 0 < bn+1 6 bn.

� n = 1 �, b1 = x1 = 1, a1 = 1
1+b1

= 1
2 , b2 = 1

1+a1
= 2

3 , a2 = 1
1+b2

= 3
5 .

�d�¤y(Ø¤á.
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b�¤y(Øé n > 1 ¤á, K·�k

0 < bn+2 =
1

1 + an+1
6

1

1 + an
= bn+1,

0 < an+1 =
1

1 + bn+1
6

1

1 + bn+2
= an+2 6 1.

u´dêÆ8B{�¤y(Øé?¿ n > 1 þ¤á. düNk.½n� {an}
� {bn} Âñ, �Ù4�©O� A,B. q ∀n > 1, an = 1

1+bn
, bn+1 = 1

1+an
, K

doK$�{K�� A = 1
1+B , B = 1

1+A , �= A+AB = 1, B +AB = 1, �

A = B. d�S5�� 0 6 A 6 1, K A =
√
5−1
2 . du {xn} �Ûê�f��

óê�f�þÂñ�
√
5−1
2 , Ïd lim

n→∞
xn =

√
5−1
2 .

9. � α > 2 �~ê. ∀n > 1, - xn =
n∑
k=1

1
kα . ¦y: ê� {xn} Âñ.

y²: �{ 1. duê� {xn} üN4O� ∀n > 1, þk

xn 6
n∑
k=1

1

k2
6 1 +

n∑
k=2

1

k(k − 1)

= 1 +

n∑
k=2

( 1

k − 1
− 1

k

)
= 2− 1

n
< 2.

u´düNk.½n��ê� {xn} Âñ.

�{ 2. ∀ε > 0, - N = [ 1ε ] + 1, K ∀n > N ±9 ∀p > 0, ·�k

|xn+p − xn| =

n+p∑
k=n+1

1

kα
6

n+p∑
k=n+1

1

k2
6

n+p∑
k=n+1

1

k(k − 1)

=

n+p∑
k=n+1

( 1

k − 1
− 1

k

)
=

1

n
− 1

n+ p
<

1

n
< ε,

� {xn} � Cauchy ê�, l
Âñ.

10. �{an−1}k.� ∀n > 1, bn =
n∑
k=0

akq
k (|q| < 1). ¦y: ê� {bn} Âñ.

y²: dK���, ∃M > 0 ¦� ∀n > 0, þk |an| < M . ∀ε > 0, -

N =
∣∣∣[ log ε(1−|q|)

M

log |q|

]∣∣∣+ 1,

K ∀n > N ±9 ∀p > 0, ·�k

|bn+p − bn| =
∣∣ n+p∑
k=n+1

akq
k
∣∣ 6 n+p∑

k=n+1

|ak||q|k 6M

n+p∑
k=n+1

|q|k

= M
|q|n+1(1− |q|p)

1− |q|
6M

|q|n+1

1− |q|
< ε,

K {bn} � Cauchy ê�, ÏdÂñ.
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11. e ∀n > 1, |an+1 − an| 6 bn, 

{ n∑
k=1

bk
}
Âñ, ¦y: ê� {an} Âñ.

y²: du
{ n∑
k=1

bk
}
Âñ, �Tê�� Cauchy ê�, l
 ∀ε > 0, ∃N > 0

¦� ∀n > N ±9 ∀p > 0, þk
n+p−1∑
k=n

bk =
∣∣∣ n+p−1∑
k=1

bk −
n−1∑
k=1

bk

∣∣∣ < ε, u´

|an+p − an| =
∣∣∣ n+p−1∑
k=n

(ak+1 − ak)
∣∣∣ 6 n+p−1∑

k=n

|ak+1 − ak| 6
n+p−1∑
k=n

bk < ε.

� {an} � Cauchy ê�, l
Âñ.

12. � 0 < c 6 1, x1 = c
2 � ∀n > 1, xn+1 =

c+x2
n

2 , ¦ê� {xn} �4�.

): Äké n > 1 ^êÆ8B{y² 0 < xn 6 xn+1 6 1.

dK�� 0 < x1 < 1, x1 = c
2 6 c+x2

1

2 = x2 6 1. �¤yé n = 1 ¤á.

yb�¤y(Øé n > 1 ¤á, K·�k

xn+2 − xn+1 = 1
2 (x

2
n+1 − x2n) > 0,

0 < xn+2 = 1
2 (c+ x2n+1) 6

1
2 (c+ 1) 6 1.

�=¤y(Øé n+ 1 �¤á.

u´dêÆ8B{��¤y(Øé?¿�ê n > 1 þ¤á. Kê� {xn}
üN4O�kþ.. �Ù4�� a. d�S5� a 6 1, 
d4í'Xª±9

4��oK$�{K�� a = 1
2 (c+ a2). � a = 1−

√
1− c.

13. ∀n > 1, - an =
n∑
k=1

(−1)k−1

k . ¦y: ê� {an} Âñ.

y²: �{ 1. ∀n > 1, - bn = a2n−1. K·�k

bn =

2n−1∑
k=1

(−1)k−1

k
=

n−1∑
k=1

( 1

2k − 1
− 1

2k

)
+

1

2n− 1
> 0,

bn+1 − bn = − 1

2n
+

1

2n+ 1
< 0.

Ïd {bn} üN4~�± 0 �e., l
Âñ, �= {a2n−1} Âñ. q ∀n > 1,

a2n − a2n−1 = − 1

2n
,

Kê� {a2n} �ê� {a2n−1} Âñ�Ó��4�, dd��ê� {an} Âñ.
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�{ 2. ∀ε > 0, - N = [ 3ε ] + 1. K ∀n > N ±9 ∀p > 0, ·�k

|an+p − an| =
∣∣∣ n+p∑
k=n+1

(−1)k−1

k

∣∣∣ = ∣∣∣ p∑
k=1

(−1)n+k−1

n+ k

∣∣∣ = ∣∣∣ p∑
k=1

(−1)k−1

n+ k

∣∣∣
6

[ p2 ]∑
k=1

( 1

n+ 2k − 1
− 1

n+ 2k

)
+

1

n+ p

6
1

n+ 1
+

[ p2 ]−1∑
k=1

( 1

n+ 2k + 1
− 1

n+ 2k

)
+

1

n+ 2[p2 ]
+

1

n+ p

6
3

n
< ε.

Ïd {an} � Cauchy ê�, l
Âñ.

14. � b1 > a1 > 0. ∀n > 1, 48/½Â an+1 = 2anbn
an+bn

, bn+1 = an+bn
2 . y²:

ê� {an}, {bn} þÂñ�k�Ó4�.

y²: d½Âá��� ∀n > 1, ·�k an > 0, bn > 0. qd²;Ø�ª�

an+1 =
2anbn
an + bn

6
an + bn

2
= bn+1.

u´ ∀n > 1, þk an+1 = 2anbn
an+bn

> an, bn+1 = an+bn
2 6 bn. �=ê� {an}

üNþ,, 
ê� {bn} üNeü. AO/, ∀n > 1, þk a1 6 an 6 bn 6 b1.

KdüNk.½n��þãüê�þÂñ, �Ù4�©O� a, b. q ∀n > 1,

·�k bn+1 = 1
2 (an + bn). ddá��� b = 1

2 (a+ b), � a = b.

15. � x1 > x2 > 0 � ∀n > 1, þk xn+2 =
√
xn+1xn, ¦ê� {xn} �4�.

): �{ 1. dK��� ∀n > 1, xn > 0,u´ log xn+2 = 1
2 (log xn+1+log xn),

dd�� log xn+2 − log xn+1 = − 1
2 (log xn+1 − log xn), �

log xn =

n∑
k=2

(log xk − xk−1) + log x1

=

n∑
k=2

(−1

2
)k−2(log x2 − log x1) + log x1

=
2

3
·
(
1− (−1

2
)n−1

)
(log x2 − log x1) + log x1.

K ∀n > 1, þk x2n = 3
√
x22x1 ·

((
x2

x1

) 2
3
) 1

22n−1 , x2n−1 = 3
√
x22x1 ·

((
x1

x2
)

2
3

) 1

22n−2 .

du lim
n→∞

((
x2

x1

) 2
3
) 1
n = lim

n→∞

((
x1

x2

) 2
3
) 1
n = 1, u´·�k

lim
n→∞

x2n = lim
n→∞

x2n−1 = 3

√
x22x1,

?
�� lim
n→∞

xn = 3
√
x22x1.
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�{ 2. ∀n > 1, - an = x2n, bn = x2n−1.

Äké n > 1 A^êÆ8B{y²: an 6 bn, an 6 bn+1.

� n = 1 �, a1 = x2 < x1 = b1, K b2 = x3 =
√
x1x2 > x1 = a1, �y.

b�¤y(Øé n > 1 ¤á, K

an+1 = x2n+2 =
√
x2n+1x2n =

√
bn+1an 6 bn+1,

bn+2 = x2n+3 =
√
x2n+2x2n+1 =

√
an+1bn+1 > an+1,

�=¤y(Øé n+ 1 �¤á.

dêÆ8B{��¤y(Øé¤k n > 1 ¤á. ?
�� ∀n > 1, þk

bn+1 = x2n+1 =
√
x2nx2n−1 =

√
anbn 6 bn,

an+1 = x2n+2 =
√
x2n+1x2n =

√
bn+1an > an,

�ê� {an} üN4O�ê� {bn} üN4~, � ∀n > 1, ·�k an 6 bn, K

ê� {an} üN4O�± b1 �þ., 
ê� {bn} üN4~�± a1 �e.,

u´þãüê�þÂñ, �Ù4�©O� a, b. du ∀n > 1, ·�k

x2n+2 =
√
x2n+1x2n, x2n+1 =

√
x2nx2n−1,

�= a2n+1 = bn+1an, b
2
n+1 = anbn. doK$�{K�� a2 = ab, b2 = ab,

Ïd a = b, Kê� {xn} Âñ, �Ù4�� A. q ∀n > 1, x2n+2 = xn+1xn,

� x2n+2xn+1 = x2n+1xn, �= {x2n+1xn} �~�ê�, doK$�{K��

A3 = x22x1, � A = 3
√
x22x1.

Ö¿K:

16. eãA«`{, =�«�±��ê� {xn} Âñ�¿©7�^�:

(1) ∀ε > 0, ∀p > 0, ∃N > 0 ¦� ∀n > N , þk |xn+p − xn| < ε.

(2) ∀ε > 0, ∃p,N > 0 ¦� ∀n > N , þk |xn+p − xn| < ε.

(3) ∀ε > 0, ∀p > 0 ±9 ∀N > 0 ¦� ∀n > N , þk |xn+p − xn| < ε.

(4) ∀p > 1, þk lim
n→∞

(xn+p − xn) = 0.

(5) ∀ε > 0, ∃N > 0, �� n > N , Òk |xn − xN | < ε.

(6) ∀ε > 0, ∃Nε > 0 � ∃Aε ∈ R, �� n > Nε, Òk |xn −Aε| < ε.

): 1 (5), (6) «`{���ê� {xn} Âñ�¿©7�^�, Ù{�Ø1.

(1) 3 Cauchy OK¥, ��ê N =� ε k', ����ê p Ã', Ïd

Lã (1) ØU��ê� {xn} Âñ�¿©7�^�.

e¡5Þ~`². ∀n > 1, ½Â xn =
n∑
k=1

1
k . d Cauchy OK�ê� {xn}

uÑ. � ∀n, p > 1, ·�þk |xn+p − xn| 6 p
n+1 . u´ ∀ε > 0 ±9 ∀p > 0,

e- N =
[
p
ε

]
+ 1, K ∀n > N , þk |xn+p − xn| < ε, = {xn} ÷v (1).
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(2) ∀n > 1, ½Â xn = (−1)n. Kê� {xn} uÑ. � ∀ε > 0, e� p = 2,

N = 1, K ∀n > N , þk |xn+p − xn| = 0 < ε.

(3)=~ê�U÷v (3). ^�y{. b� ∃k, ` > 0¦� k > `� xk 6= x`.

- ε = 1
2 |xk − x`|. � p = k − `, N = 1, 
 n = `, K |xk − x`| < ε. gñ.

(4) Lã (4) ¢SþÒ´Lã (1).

e¡5y²1 (5), (6) «`{þ� Cauchy OK�d.

Cauchy OK ⇒ (5): e {xn} � Cauchy ê�, @o ∀ε > 0, ∃N1 > 0

¦� ∀n,m > N1, þk |xn − xm| < ε. e- N = N1 + 1, @o ∀n > N , ·�

þk |xn − xN | < ε, � (5) ¤á.

(5)⇒ (6): d (5)��, ∀ε > 0, ∃N > 0,�� n > N ,Òk |xn−xN | < ε.

u´e- Nε = N , Aε = xN , K�� n > Nε, Òk |xn −Aε| < ε.

(6) ⇒ Cauchy OK: d (6) á���Ñ, ∀ε > 0, ∃N ε
2
> 0 � ∃A ε

2
∈ R,

�� n > N ε
2
, Òk |xn −A ε

2
| < ε

2 . - N = N ε
2
, K ∀n,m > N , ·�k

|xn − xm| 6 |xn −A ε
2
|+ |xm −A ε

2
| < ε.

17. � {bn} î�Oªu +∞. e lim
n→∞

an−an−1

bn−bn−1
= A ∈ R ∪ {±∞}, ¦y:

lim
n→∞

an
bn

= A.

y²: Äk�Ä A ∈ R ��/. K ∀ε > 0, ∃N1 > 0 ¦� ∀n > N1, þk∣∣∣∣an − an−1bn − bn−1
−A

∣∣∣∣ < 1

2
ε,

�= (A− ε
2 )(bn − bn−1) < an − an−1 < (A− ε

2 )(bn − bn−1). dd��

(A− ε

2
)(bn − bN1

) = (A− ε

2
)

n∑
k=N1+1

(bk − bk−1)

<

n∑
k=N1+1

(ak − ak−1) = an − aN1

< (A+
ε

2
)

n∑
k=N1+1

(bk − bk−1) = (A+
ε

2
)(bn − bN1

),

l

∣∣an−aN1

bn−bN1
−A

∣∣ < ε
2 . q

an
bn
−A =

aN1
−AbN1

bn
+
(
1− bN1

bn

)(an−aN1

bn−bN1
−A

)
, �∣∣∣∣anbn −A

∣∣∣∣ 6 ∣∣∣∣aN1
−AbN1

bn

∣∣∣∣+ ∣∣∣∣an − aN1

bn − bN1

−A
∣∣∣∣ < ∣∣∣∣aN1

−AbN1

bn

∣∣∣∣+ ε

2
.

� (bn)n>0 Âñu+∞,l
 ∃N2 > 0¦� ∀n > N2,þk bn >
2
ε |aN1

−AbN1
|.

-N = max(N1, N2), K ∀n > N , ·�k
∣∣an
bn
−A

∣∣ < ε
2 + ε

2 = ε. �y.

e¡b� A = +∞. �u A = −∞ ��/, �ÏL�Äê� (−an)n>0

ò¯K=z¤ A = +∞ ��/.
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∀M > 0, dK�^��, ∃N1 > 0 ¦� ∀n > N1, þk
an−an−1

bn−bn−1
> 2M , =

an − an−1 > 2M(bn − bn−1),

ddá��� an − aN1
> 2M(bn − bN1

), ?
·�k

an
bn

> 2M +
aN1 − 2MbN1

bn
.

� (bn)n>0 ªCu +∞, Ïd ∃N2 > 0 ¦� ∀n > N2, ·�k

bn >
1

M
|aN1

− 2MbN1
|.

2-N = max(N1, N2), @o ∀n > N , ·�k an
bn
> 2M −M =M . �y.

18. � {bn}î�üNªu 0. e lim
n→∞

an = 0, lim
n→∞

an−an−1

bn−bn−1
= A ∈ R∪{±∞},

¦y: lim
n→∞

an
bn

= A.

y²: Ø���5, ·��b� {bn} î�4~, ÄK^ {−bn} 5O� {bn}.
du {bn} î�üN4~ªu 0, K ∀n > 0, þk bn > 0.

Äkb� A ∈ R. K ∀ε > 0, ∃N > 0 ¦� ∀n > N , þk∣∣∣∣an − an−1bn − bn−1
−A

∣∣∣∣ < 1

2
ε,

�=·�k (A− ε
2 )(bn − bn−1) < an − an−1 < (A− ε

2 )(bn − bn−1). dd��,

∀m > n > N , ·�þk

(A− ε

2
)(bn − bm) = (A− ε

2
)

m∑
k=n+1

(bk−1 − bk)

<

m∑
k=n+1

(ak−1 − ak) = an − am

< (A+
ε

2
)

m∑
k=n+1

(bk−1 − bk) = (A+
ε

2
)(bn − bm).

3þª¥- m→∞ ¿|^ê� {am}, {bm} þªu 0 ��

(A− ε

2
)bn 6 an 6 (A+

ε

2
)bn,

�= |anbn −A| 6
ε
2 < ε. dd��¤y(Ød�¤á.

e¡b� A = +∞. �u A = −∞ ��/, �ÏL�Äê� (−an)n>0

ò¯K=z¤ A = +∞ ��/.

∀M > 0, dK�^��, ∃N > 0 ¦� ∀n > N , þkan−an−1

bn−bn−1
> 2M , =

an−1 − an > 2M(bn−1 − bn).

K ∀m > n > N , þk an − am > 2M(bn − bm). 3þª¥- m → ∞ ¿|^
ê� {am}, {bm} þÂñu 0 � an > 2Mbn, ?
�

an
bn

> 2M > M . �¤y

(Ød��¤á.
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19. e lim
n→∞

n∑
k=1

ak = a ∈ R, ¦y: lim
n→∞

1
n

n∑
k=1

kak = 0.

y²: ∀n > 1, - bn =
n∑
k=1

kak, cn =
n−1∑
k=1

ak. K an = cn+1 − cn � c1 = 0, �

bn =

n∑
k=1

k(ck+1 − ck) =
n∑
k=1

kck+1 −
n∑
k=1

kck

=

n+1∑
k=1

(k − 1)ck −
n∑
k=1

kck = ncn+1 −
n∑
k=1

ck.

Ï lim
n→∞

cn = a, 
d Stolz ½n�� lim
n→∞

1
n

n∑
k=1

ck = a, KdoK$�{K�

lim
n→∞

a1 + 2a2 + · · ·+ nan
n

= lim
n→∞

bn
n

= lim
n→∞

1

n

(
ncn+1 −

n∑
k=1

ck
)

= lim
n→∞

cn+1 − lim
n→∞

1

n

n∑
k=1

ck = 0.

20. e lim
n→∞

an = a, ¦y: lim
n→∞

1
2n

n∑
k=1

(
n
k

)
ak = a.

y²: ∀ε > 0, d4��½Â�� ∃N1 > 0 ¦� ∀n > N , þk |an − a| < ε
3 .

5¿� ∀k ∈ N (1 6 k 6 N1), ·�þk

lim
n→∞

1

2n

(
n

k

)
|ak − a| = 0,

K ∃N2 > 0 ¦� ∀n > N2, þk 1
2n

(
n
k

)
|ak − a| < ε

3N1
. dd-

N = max
(
N1, N2,

[
log2

3|a|+ 1

ε

])
.

@o ∀n > N , ·�k∣∣∣ 1
2n

n∑
k=1

(
n

k

)
ak − a

∣∣∣ = 1

2n

∣∣∣ n∑
k=1

(
n

k

)
ak − 2na

∣∣∣
=

1

2n

∣∣∣ n∑
k=1

(
n

k

)
(ak − a)− a

∣∣∣ 6 |a|
2n

+
1

2n

n∑
k=1

(
n

k

)
|ak − a|

6
ε

3
+

N1∑
k=1

1

2n

(
n

k

)
|ak − a|+

1

2n

n∑
k=N1+1

(
n

k

)
|ak − a|

<
ε

3
+

ε

3N1
·N1 +

ε

3
· 1

2n

n∑
k=N1+1

(
n

k

)

6
2

3
ε+

ε

3
· 1

2n

n∑
k=0

(
n

k

)
= ε.

�¤y(Ø¤á.

5: TKv{/Ï Stolz ½n.


