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1 RiemannÈÈÈ©©©VVVggg999RiemannÈÈÈ©©©���333^̂̂���

~1 �k�K¼êf(x), x ∈ [a, b]. ¦±y = f(x), y = 0, x = a, x = b�>�­>F/D �¡ÈA.

)µxã"
1. ©�«m[a, b]. 3«m[a, b]¥±?¿�ª�\�|:

a = x0 < x1 < · · · < xn−1 < xn = b,

ò«m[a, b]©��eZ�f«m[xi−1, xi] (i = 1, 2, · · · , n). d���x = xi (i = 0, 1, 2, · · · , n)ò­>F
/D©¤n�[^Di (i = 1, 2, · · · , n).

2. ÛÜCq. 3f«m[xi−1, xi]þ?��:ξi§K[^Di�¡ÈAiCq�u±f(ξi)�p!±xi − xi−1�
.�Ý/¡È§=

Ai ≈ f(ξi)(xi − xi−1),

l
­>F/D�¡ÈACq/L«�

A =

n∑
i=1

Ai ≈
n∑
i=1

f(ξi)(xi − xi−1).

3. �4�. � max
1≤i≤n

{xi − xi−1}�5���§
n∑
i=1

f(ξi)(xi − xi−1)�5�CuA.

~2 �ÔN�C���$Ä§Ù�Ýv´�mt�¼ê
v = f(t).

·�5O�ùÔNl��a���b²L�´§"

)µ
1. ©�«m[a, b]. 3«m[a, b]¥±?¿�ª�\�|:

a = t0 < t1 < · · · < tn−1 < tn = b,

ò«m[a, b]©��eZ�f«m[ti−1, ti] (i = 1, 2, · · · , n).

2. ÛÜCq.31iã�m¥ÔNÏL�´§�±@�Cq�u

f(ξi)(ti − ti−1),

ùpξi´[ti−1, ti]¥?¿��"u´§l��a���bÔN²L�´§Cq�u

n∑
i=1

f(ξi)(ti − ti−1).
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3. �4�. � max
1≤i≤n

{ti− ti−1}�5���§
n∑
i=1

f(ξi)(ti− ti−1)�5�CuÔNl��a���b²L�´§"

~3 �ÔNÉ���÷OX¶���åF��^§§÷ù¶la:$Ä�b:"XJåF�x
UC§
=

F = f(x).

·�5¦FéùÔN¤��õ"

)µ
1. ©�«m[a, b]. 3«m[a, b]¥±?¿�ª�\�|:

a = x0 < x1 < · · · < xn−1 < xn = b,

ò«m[a, b]©��eZ�f«m[xi−1, xi] (i = 1, 2, · · · , n).

2. ÛÜCq. �ξi´[xi−1, xi]þ?¿�:§3´§[xi−1, xi]þråF = f(x) Cq/w¤~åf(ξi)§K3
ùãþåF¤��õCq/�u

f(ξi)(xi − xi−1).

u´§CåF = f(x)3�ã´§[a, b]¤��õCq/�u

n∑
i=1

f(ξi)(xi − xi−1).

3. �4�. � max
1≤i≤n

{xi − xi−1}�5���§
n∑
i=1

f(ξi)(xi − xi−1)�5�CuCåF = f(x)3�ã´§[a, b]¤

��õ"

½Â1£©�¤ e«m[a, b]¥k��:8T = {x0, x1, · · · , xn−1, xn}÷v

a = x0 < x1 < · · · < xn−1 < xn = b,

K¡T�«m[a, b]���©�§{P

T : a = x0 < x1 < · · · < xn−1 < xn = b;

z��«m[xi−1, xi] (i = 1, 2, · · · , n)¡�©�T�f«m¶¡

|T | =: max
1≤i≤n

{xi − xi−1}

�©�T����Ý"

½Â2£½È©¤ �f´½Â3«m[a, b]þ�¼ê§A´��¢ê"e∀ε > 0§∃δ > 0§�
«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−A

∣∣∣∣∣ < ε,

2



K¡¼êf3«m[a, b]þ´Riemann�È§P�f ∈ R[a, b]§¡A�¼êf3«m[a, b]þ�RiemannÈ©"

51 ef ∈ R[a, b]§KÙÈ©���§Ï
PÙÈ©��

∫ b

a

f(x)dx§¡f(x)��È¼ê§¡x�È©

Cþ§¡a�b�È©e��È©þ�. ÏÈ©�=�¼ê�È¼êf(x) ÚÈ©«m[a, b] k'§
�È©C
þxÃ'§= ∫ b

a

f(x)dx =

∫ b

a

f(t)dt =

∫ b

a

f(u)du.

½n1(k.5) e¼êf3[a, b]þ�È§Kf3[a, b]k."

yµ�f Riemann �È§PA =:

∫ b

a

f(x)dx§K∃δ0 > 0§�«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ0�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−A

∣∣∣∣∣ < 1.

�N0 ∈ Z+§¦�
b−a
N0

< δ0, ¿�«m[a, b]�N0�©©�T0§

T0 : a = x∗0 < x∗1 < · · · < x∗n−1 < x∗N0
= b,

Ké∀ξi ∈ [x∗i−1, x
∗
i ] (i = 1, 2, · · · , N0)Ñk∣∣∣∣∣

N0∑
i=1

f(ξi)
b− a
N0

−A

∣∣∣∣∣ < 1.

u´é∀ξ1i , ξ2i ∈ [x∗i−1, x
∗
i ] (i = 1, 2, · · · , N0)Ñk∣∣∣∣∣

N0∑
i=1

f(ξ1i )
b− a
N0

−
N0∑
i=1

f(ξ2i )
b− a
N0

∣∣∣∣∣ ≤
∣∣∣∣∣
N0∑
i=1

f(ξ1i )
b− a
N0

−A

∣∣∣∣∣+

∣∣∣∣∣A−
N0∑
i=1

f(ξ2i )
b− a
N0

∣∣∣∣∣
< 2,

� ∣∣∣∣f(ξ1k)
b− a
N0

− f(x∗k)
b− a
N0

∣∣∣∣ < 2, ∀ξ1k ∈ [x∗k−1, x
∗
k] (k = 1, 2, · · · , N0),

Ïd

|f(ξ1k)| < |f(x∗k)|+ 2N0

b− a
, ∀ξ1k ∈ [x∗k−1, x

∗
k] (k = 1, 2, · · · , N0),

¤±∀x ∈ [a, b]§k

|f(x)| < max
1≤k≤N0

|f(x∗k)|+ 2N0

b− a
.

y."
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�f(x)3[a, b]k.§P§3[a, b]�þ(.�M§e(.�m. é[a, b]���©�

T : a = x0 < x1 < · · · < xn−1 < xn = b,

?�ξi ∈ [xi−1, xi]§q©OPMi�mi�f(x) 3[xi− 1, xi]�þ!e(.§i = 1, 2, · · · , n. -

U(f, T ) =

n∑
i=1

Mi(xi − xi−1);

L(f, T ) =

n∑
i=1

mi(xi − xi−1);

σ(f, T ; ξi) =

n∑
i=1

f(ξi)(xi − xi−1).

©O¡U(f, T ), L(f, T )�σ(f, T ; ξi)�¼êf£3[a, b]¤'u©�T��Ú!�Ú�RiemannÚ"

w,
m(b− a) ≤ L(f, T ) ≤ σ(f, T ; ξi) ≤ U(f, T ) ≤M(b− a).

·K1 �f(x)3[a, b]k.§�©O±M§m�þ!e(.§T�[a, b]?�©�§Tk´3T�©:|¥
2\\k�#©:¤���[a, b]©�§K

0 ≤ U(f, T )− U(f, Tk) ≤ k|T |(M −m);

0 ≤ L(f, Tk)− L(f, T ) ≤ k|T |(M −m).

yµ=y1�ª"éuk = 1§=T1�©:|´3T�©:|{x0, x1, · · · , xn} ¥\\��#©:t : xi−1 <
t < xi§u´

U(f, T )− U(f, T1) = Mi(xi − xi−1)− sup
x∈[xi−1,t]

f(x)(t− xi−1)− sup
x∈[t,xi]

f(x)(xi − t)

=

(
Mi − sup

x∈[xi−1,t]

f(x)

)
(t− xi−1) +

(
Mi − sup

x∈[t,xi]
f(x)

)
(xi − t)

≥ 0;

U(f, T )− U(f, T1) ≤ M(xi − xi−1)−m(xi − xi−1) = (M −m)(xi − xi−1)

≤ (M −m)|T |.

éuk > 1��/§òT\\��#©:P�T1§T1\\��#©:P�T2§· · ·§Tk−1\\��#©:
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P�Tk. 5¿�|T | ≥ |T1| ≥ |T2| ≥ · · · ≥ |Tk−1| ≥ |Tk|§dk = 1�(Ø=�

U(f, T )− U(f, Tk) = [U(f, T )− U(f, T1)] + [U(f, T1)− U(f, T2)] + · · ·+ [U(f, Tk−1)− U(f, Tk)]

≥ 0;

U(f, T )− U(f, Tk) = [U(f, T )− U(f, T1)] + [U(f, T1)− U(f, T2)] + · · ·+ [U(f, Tk−1)− U(f, Tk)]

≤ (M −m)|T |+ (M −m)|T1|+ · · ·+ (M −m)|Tk−1|

≤ k(M −m)|T |.

·K2 �f(x)3[a, b]k.§T1, T2�[a, b]?¿ü�©�§K

L(f, T1) ≤ U(f, T2).

yµòTuT2�©:Ü¿����#�©�T§Kd·K1§

L(f, T1) ≤ L(f, T ) ≤ U(f, T ) ≤ U(f, T2).

½Â3 �f(x)´[a, b]þk.¼ê§©O¡∫̄ b

a

f(x)dx = inf{ U(f, T ) | T�[a, b]�©�},

∫ b

a

f(x)dx = sup{ L(f, T ) | T�[a, b]�©�}

�f3[a, b]þ�þÈ©�eÈ©"

d·K2ØJy�µéu[a, b]�?�©�T§

L(f, T ) ≤
∫ b

a

f(x)dx ≤
∫̄ b

a

f(x)dx ≤ U(f, T ).

½n2. �f´[a, b]þ�k.¼ê§Ke�ã�dµ

(1). f ∈ R[a, b];

(2). ∀ε > 0§∃δ > 0§�«m[a, b]�©�T ÷v|T | < δ�§Òk

U(f, T )− L(f, T ) < ε;

(3)∀ε > 0§�3[a, b] �©�T§¦�
U(f, T )− L(f, T ) < ε;
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(3). ∫ b

a

f(x)dx =

∫̄ b

a

f(x)dx.

yµ(1)⇒ (2) �f ∈ R[a, b]§PI =

∫ b

a

f(x)dx§Kd½Â�§∀ε > 0§∃δ > 0§�«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v
|T | < δ

�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)− I

∣∣∣∣∣ < ε

4
,

AÏ/§�ξ1i , ξ
2
i ∈ [xi−1, xi] (i = 1, 2, · · · , n) ÷v

sup
ξ∈[xi−1,xi]

f(ξ)− ε

4(b− a)
< f(ξ1i ), f(ξ2i ) < inf

η∈[xi−1,xi]
f(η) +

ε

4(b− a)
,

u´

U(f, T )− L(f, T ) =

n∑
i=1

[
sup

ξ∈[xi−1,xi]

f(ξ)− inf
η∈[xi−1,xi]

f(η)

]
(xi − xi−1)

≤
n∑
i=1

[
f(ξ1i )− f(ξ2i ) +

ε

2(b− a)

]
(xi − xi−1)

=

n∑
i=1

f(ξ1i )(xi − xi−1)−
n∑
i=1

f(ξ2i )(xi − xi−1) +
ε

2

≤

∣∣∣∣∣
n∑
i=1

f(ξ1i )(xi − xi−1)− I

∣∣∣∣∣+

∣∣∣∣∣I −
n∑
i=1

f(ξ2i )(xi − xi−1)

∣∣∣∣∣+
ε

2

<
ε

4
+
ε

4
+
ε

2

= ε.

(2)⇒ (3) w,"

(3)⇒ (4) d(3)§∀ε > 0,

0 ≤
∫̄ b

a

f(x)dx−
∫ b

a

f(x)dx ≤ U(f, T )− L(f, T ) < ε.
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¤±£4¤¤á"

(4)⇒ (1) PI =

∫̄ b

a

f(x)dx =

∫ b

a

f(x)dx. dþÈ©½Â§∀ε > 0§�3[a, b]©�

T0 : a = t0 < t1 < · · · < tk = b,

¦�

0 ≤ U(f, T0)− I < ε

2
.

�δ1 =
ε

2k(M −m)
§Ù¥M�m©O�f3[a, b]þ�þ(.�e(."éu[a, b]�?�÷v|T | < δ1�©

�T§òT�T0�©:Ü¿
���[a, b]�©�P�T ′§d·K1��

U(f, T )− I ≤ U(f, T ′) + k|T |(M −m)− I ≤ U(f, T0)− I + k|T |(M −m) < ε.

Ón§∃δ2 > 0§éu[a, b]�?�÷v|T | < δ2�©�T§

I − L(f, T ) < ε.

u´§éu[a, b]�?�÷v|T | < δ = min{δ1, δ2}�©�T§

I − ε < L(f, T ) ≤ σ(f, T ; ξi) ≤ U(f, T ) < I + ε,

�
|σ(f, T ; ξi)− I| < ε,

¤±f ∈ R[a, b]§�

∫ b

a

f(x)dx = I.

52 �f : D → R´k.¼ê§K

sup
ξ∈D

f(ξ)− inf
η∈D

f(η) = sup
ξ,η∈D

|f(ξ)− f(η)|,

�

U(f, T )− L(f, T ) =

n∑
i=1

sup
ξ,η∈[xi−1,xi]

|f(ξ)− f(η)|(xi − xi−1).

ÙAÛ¿Âº

~4 �
f(x) =

 1, x ∈ [0, 1]
⋂
Q,

0, x ∈ [0, 1]
⋂

(R \Q),

K¼êfØ´Riemann �È"Ï�é«m[0, 1]�?�©�T§K

U(f, T )− L(f, T ) = 1− 0 = 1.
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½n3.
1. �f ∈ C[a, b]§Kf ∈ R[a, b].

2. �f´½Â3[a, b]þ�üN¼ê§Kf ∈ R[a, b].

3. �f´½Â3[a, b]þ�k.���3k��mä:¼ê§Kf ∈ R[a, b].

y²µ
1. ∀ε > 0, Ï�¼êf3[a, b]ëY§�f3[a, b]��ëY§u´∃δ > 0, �u, v ∈ [a, b]�|u− v| < δ�§Òk

|f(u)− f(v)| < ε

b− a+ 1
.

Ïd§�«m[a, b]�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ �§Bk

U(f, T )− L(f, T ) =

n∑
i=1

sup
ξ,η∈[xi−1,xi]

|f(ξ)− f(η)|(xi − xi−1)

≤
n∑
i=1

ε

b− a+ 1
(xi − xi−1)

< ε.

d½n2�¿©5�f ∈ R[a, b].

2. Ø��f3[a, b]þüNØ~"∀ε > 0, �δ =
ε

f(b)− f(a) + 1
, �«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ�§Bk

U(f, T )− L(f, T ) =

n∑
i=1

sup
ξ,η∈[xi−1,xi]

|f(ξ)− f(η)|(xi − xi−1)

=

n∑
i=1

[f(xi)− f(xi−1)](xi − xi−1)

≤ ε

f(b)− f(a) + 1

n∑
i=1

[f(xi)− f(xi−1)]

=
ε

f(b)− f(a) + 1
[f(b)− f(a)]

< ε,

d½n2�¿©5�f ∈ R[a, b].

3. Ø��f3[a, b]þ�k��mä:b. kK�§f3[a, b]k.µ|f(x)| ≤ M (a ≤ x ≤ b). ∀ε > 0,

�c ∈ (a, b)¦�b − c <
ε

4M + 1
. 
f ∈ C[a, c]§�â½n31��(Ø�f ∈ R[a, c]§Ïdd½n2 �

7�5�§�3«m[a, c]�©�

T1 : a = x0 < x1 < · · · < xn−1 < xn = c
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¦�

U(f, T1)− L(f, T1) <
ε

2
.

y3�Ä«m[a, b]�©�
T : a = x0 < x1 < · · · < xn−1 < xn = c < b.

K

0 ≤ U(f, T )− L(f, T ) = U(f, T1)− L(f, T1) + sup
x∈[c,b]

f(x)(b− c)− inf
x∈[c,b]

f(x)(b− c)

≤ U(f, T1)− L(f, T1) + 2M(b− c)

<
ε

2
+ 2M

ε

4M + 1

< ε,

d½n2�¿©5�f ∈ R[a, b]§y."

2 RiemannÈÈÈ©©©���555���

5�1£�55¤ ef, g ∈ R[a, b]§α, β�~ê§Kαf + βg ∈ R[a, b]§�∫ b

a

[αf(x) + βg(x)]dx = α

∫ b

a

f(x)dx+ β

∫ b

a

g(x)dx.

yµ∀ε > 0§∃δ1 > 0§�«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ1�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−
∫ b

a

f(x)dx

∣∣∣∣∣ < ε

2|α|+ 1
;

∃δ2 > 0§�«m[a, b]�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ1�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

g(ξi)(xi − xi−1)−
∫ b

a

g(x)dx

∣∣∣∣∣ < ε

2|β|+ 1
.

�«m[a, b]���©�
T : a = x0 < x1 < · · · < xn−1 < xn = b
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÷v|T | < min{δ1, δ2}�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∣∣∣∣∣
n∑
i=1

[αf(ξi) + βg(ξi)](xi − xi−1)−

[
α

∫ b

a

f(x)dx+ β

∫ b

a

g(x)dx

]∣∣∣∣∣
=

∣∣∣∣∣α
[

n∑
i=1

f(ξi)(xi − xi−1)−
∫ b

a

f(x)dx

]
+ β

[
n∑
i=1

g(ξi)(xi − xi−1)−
∫ b

a

g(x)dx

]∣∣∣∣∣
≤ |α|

∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−
∫ b

a

f(x)dx

∣∣∣∣∣+ |β|

∣∣∣∣∣
n∑
i=1

g(ξi)(xi − xi−1)−
∫ b

a

g(x)dx

∣∣∣∣∣
≤ |α|ε

2|α|+ 1
+
|β|ε

2|β|+ 1
< ε,

u´d½Â�§αf + βg ∈ R[a, b]§�∫ b

a

[αf(x) + βg(x)]dx = α

∫ b

a

f(x)dx+ β

∫ b

a

g(x)dx.

5�2£«��\5¤ �c ∈ (a, b)§Kf ∈ R[a, b]¿©7�^�f ∈ R[a, c], f ∈
R[c, b]§� ∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.

yµ¿©5. ∀ε > 0§df ∈ R[a, c], f ∈ R[c, b]Ú½n2�7�5�§�3[a, c] �[c, b] �©�T1�T2¦�

U(f, T1)− L(f, T1) <
ε

2
, U(f, T2)− L(f, T2) <

ε

2
.

-T ∗´òT1�T2©:Ü¿�¤«m[a, b]�©�§K

U(f, T ∗)− L(f, T ∗) = U(f, T1)− L(f, T1) + U(f, T2)− L(f, T2) < ε,

�d½n2�¿©5�f ∈ R[a, b].

7�5. ∀ε > 0§df ∈ R[a, b]Ú½n2 �7�5�§∃δ > 0§�«m[a, b]�©�T ÷v|T | < δ�§Òk

U(f, T )− L(f, T ) < ε.

eT1ÚT2©O´«m[a, c]Ú«m[c, b]�©�÷v|T1| < δ, |T2| < δ§-T ∗´òT1�T2©:Ü¿�¤«
m[a, b]�©�§K|T ∗| < δ§u´

U(f, T ∗)− L(f, T ∗) < ε,

=
U(f, T1)− L(f, T1) + U(f, T2)− L(f, T2) < ε,

�d½n2�¿©5�f ∈ R[a, c], f ∈ R[c, b].

|^½È©�½ÂN´y² ∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.
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5�3£�S5¤ ef, g ∈ R[a, b]§�f(x) ≤ g(x) (∀x ∈ [a, b])§K∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx.

AO
1. ef ∈ R[a, b]§�f(x) ≥ 0 (∀x ∈ [a, b])§K ∫ b

a

f(x)dx ≥ 0.

2. ef ∈ R[a, b]§�m ≤ f(x) ≤M (∀x ∈ [a, b])§K

m(b− a) ≤
∫ b

a

f(x)dx ≤M(b− a).

3. ef ∈ R[a, b]§K|f | ∈ R[a, b]� ∣∣∣∣∣
∫ b

a

f(x)dx

∣∣∣∣∣ ≤
∫ b

a

|f(x)|dx.

yµ∀ε > 0§∃δ1 > 0§�«m[a, b]�©�

T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ1�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∫ b

a

f(x)dx− ε <
n∑
i=1

f(ξi)(xi − xi−1) <

∫ b

a

f(x)dx+ ε;

∃δ2 > 0§�«m[a, b]�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < δ2�§é∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk∫ b

a

g(x)dx− ε <
n∑
i=1

g(ξi)(xi − xi−1) <

∫ b

a

g(x)dx+ ε.

?�«m[a, b]���©�
T : a = x0 < x1 < · · · < xn−1 < xn = b

÷v|T | < min{δ1, δ2}, ?�ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)§K∫ b

a

f(x)dx− ε <

n∑
i=1

f(ξi)(xi − xi−1) ≤
n∑
i=1

g(ξi)(xi − xi−1) <

∫ b

a

g(x)dx+ ε,

u´� ∫ b

a

f(x)dx− ε <
∫ b

a

g(x)dx+ ε,

dε > 0�?¿5�§ ∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx.
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é«m[a, b]�?�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b,

k
U(|f |, T )− L(|f |, T ) =

∑n
i=1 supξ,η∈[xi−1,xi] ||f(ξ)| − |f(η)|| (xi − xi−1)

≤ sup
ξ,η∈[xi−1,xi]

|f(ξ)− f(η)| (xi − xi−1)

= U(f, T )− L(f, T ),

�df ∈ R[a, b]9½n2�|f | ∈ R[a, b].

5�4£È©¥�úª¤ �f, g ∈ R[a, b]§�

m ≤ f(x) ≤M, g(x) ≥ 0 (∀x ∈ [a, b]),

K∃µ ∈ [m,M ]§¦� ∫ b

a

f(x)g(x)dx = µ

∫ b

a

g(x)dx,

AO�f ∈ C[a, b]�§K∃ξ ∈ [a, b]§¦�∫ b

a

f(x)g(x)dx = f(ξ)

∫ b

a

g(x)dx.

yµ∀x ∈ [a, b]§K
mg(x) ≤ f(x)g(x) ≤Mg(x),

�d½È©��S5�

m

∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤M
∫ b

a

g(x)dx.

e

∫ b

a

g(x)dx = 0§Kdþª�

∫ b

a

f(x)g(x)dx = 0§l
é∀µ ∈ [m,M ]§Ñk

∫ b

a

f(x)g(x)dx = µ

∫ b

a

g(x)dx;

e

∫ b

a

g(x)dx > 0§K

m ≤

∫ b

a

f(x)g(x)dx∫ b

a

g(x)dx

≤M,

�µ :=

∫ b

a

f(x)g(x)dx∫ b

a

g(x)dx

§=�µ ∈ [m,M ]§�

∫ b

a

f(x)g(x)dx = µ

∫ b

a

g(x)dx.

5�5
ef, g ∈ R[a, b]§Kf · g,

√
f2 + g2 ∈ R[a, b]; ��|g(x)| ≥M > 0 (∀x ∈ [a, b])�§K

1

g
∈ R[a, b].
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yµ
P

M∗ =: sup
ξ∈[a,b]

|f(ξ)|+ sup
η∈[a,b]

|g(η)|.

é«m[a, b]�?�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b,

K

U(fg, T )− L(fg, T ) =

n∑
i=1

sup
ξ,η∈[xi−1,xi]

|f(ξ)g(ξ)− f(η)g(η)| (xi − xi−1)

≤
n∑
i=1

sup
ξ,η∈[xi−1,xi]

[|f(ξ)| · |g(ξ)− g(η)|+ |f(ξ)− f(η)| · |g(η)|] (xi − xi−1)

≤ M∗
n∑
i=1

[
sup

ξ,η∈[xi−1,xi]

|g(ξ)− g(η)|+ sup
ξ,η∈[xi−1,xi]

|f(ξ)− f(η)|

]
(xi − xi−1)

= M∗ · [U(g, T )− L(g, T ) + U(f, T )− L(f, T )] ,

U(
√
f2 + g2, T )− L(

√
f2 + g2, T ) =

n∑
i=1

sup
ξ,η∈[xi−1,xi]

∣∣∣√f2(ξ) + g2(ξ)−
√
f2(η) + g2(η)

∣∣∣ (xi − xi−1)

≤
n∑
i=1

sup
ξ,η∈[xi−1,xi]

√
[f(ξ)− f(η)]2 + [g(ξ)− g(η)]2(xi − xi−1) £| |−→a | − |

−→
b | | ≤ |−→a −

−→
b |¤

≤
n∑
i=1

sup
ξ,η∈[xi−1,xi]

[ |f(ξ)− f(η)|+ |g(ξ)− g(η)| ] (xi − xi−1)

≤
n∑
i=1

[
sup

ξ,η∈[xi−1,xi]

|f(ξ)− f(η)|+ sup
ξ,η∈[xi−1,xi]

|g(ξ)− g(η)|

]
(xi − xi−1)

= U(g, T )− L(g, T ) + U(f, T )− L(f, T ),

U

(
1

g
, T

)
− L

(
1

g
, T

)
=

∑n
i=1 supξ,η∈[xi−1,xi]

∣∣∣ 1
g(ξ) −

1
g(η)

∣∣∣ (xi − xi−1)

=

n∑
i=1

sup
ξ,η∈[xi−1,xi]

∣∣∣∣g(ξ)− g(η)

g(ξ) · g(η)

∣∣∣∣ (xi − xi−1)

≤ 1

M2

n∑
i=1

sup
ξ,η∈[xi−1,xi]

|g(ξ)− g(η)|(xi − xi−1)

=
1

M2
· [U(g, T ), L(g, T )],

�d½n2�¿©5�f · g,
√
f2 + g2,

1

g
∈ R[a, b].

½Â1 �I´�«m§f´½Â3Iþ�¼ê. ek¼êF : I → R¦�

F ′(x) = f(x), ∀x ∈ I,
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K¡3«mIþF´f����¼ê"

~1 �f(x) = [x]§¯fk�¼êíº

)µfvk�¼ê"�y{§eF´f����¼ê§K

F ′(x) = f(x) = [x],

ÏdF ′k1�amä:§�ù�/�¼êQÃ��mä:§�Ã1�amä:0�(Øgñ"Ïdfvk�
¼ê"

½n3£Newton-Leibnitzúª!�È©Ä�úª¤
�f ∈ R[a, b]§��3[a, b]þ¼êF÷vF ′(x) = f(x)£¡F´f3[a, b]þ����¼ê¤§K∫ b

a

f(x)dx = F (b)− F (a).

yµé«m[a, b]�?�©�
T : a = x0 < x1 < · · · < xn−1 < xn = b,

∀ξi ∈ [xi−1, xi] (i = 1, 2, · · · , n)Ñk

|σ(f, T ; ξi)− [F (b)− F (a)]| =====

∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−
n∑
i=1

[F (xi)− F (xi−1)]

∣∣∣∣∣
=====
∃ξ∗i (xi−1,xi)

∣∣∣∣∣
n∑
i=1

f(ξi)(xi − xi−1)−
n∑
i=1

f(ξ∗i )(xi − xi−1)

∣∣∣∣∣
=====

∣∣∣∣∣
n∑
i=1

[f(ξi)− f(ξ∗i )](xi − xi−1)

∣∣∣∣∣
≤ U(f, T )− L(f, T ),

df ∈ R[a, b]9½n2�d½Â� ∫ b

a

f(x)dx = F (b)− F (a).

y."

~2 ¦1.

∫ 1

0

1

1 + x2
dx¶2.

∫ b

a

exdx¶3.

∫ π

0

sinxdx.

)µ

1.
1

1 + x2
3[0, 1]ëY§�

1

1 + x2
3[0, 1]k�¼êarctanx§¤±dNewton-Leibnitz úª�

∫ 1

0

1

1 + x2
dx = arctanx|10 =

π

4
.

2. ∫ b

a

exdx = ex|π0 = eb − ea.
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3. ∫ π

0

sinxdx = − cosx|π0 = 2.

~3 ¦I = lim
n→+∞

1

n

[√
1 + cos

π

n
+

√
1 + cos

2π

n
+ · · ·+

√
1 + cos

nπ

n

]
)µ

I == lim
n→+∞

n∑
i=1

√
1 + cos

iπ

n

1

n
£[0, 1]n�©§ξi��«m�mà:¤

⇐=

∫ 1

0

√
1 + cosπxdx

==

∫ 1

0

√
2 cos

πx

2
dx

==
2
√

2

π
sin

πx

2

∣∣∣∣∣
1

0

==
2
√

2

π
.

~4 �f(x) = max{1, x2}§¦
∫ 2

0

f(x)dx.

)µ

f(x) =

 1, 0 ≤ x ≤ 1,

x2, x ≥ 1.

�f ∈ C[0, 2]§l
d½n3�f ∈ R[0, 2]§u´∫ 2

0

f(x)dx =====

∫ 1

0

f(x)dx+

∫ 2

1

f(x)dx £È©�«��\5¤

=====

∫ 1

0

dx+

∫ 2

1

x2dx

===== x|10 +
x3

3

∣∣∣∣2
1

=
10

3
£Newton-Leibnitzúª¤.

~5 �f ∈ C[a, b]§�f(x) ≥ 0 (∀x ∈ [a, b])§

∫ b

a

f(x)dx = 0§Kf(x) ≡ 0.

)µ�y{"e∃x0 ∈ (a, b)§¦�f(x0) > 0§KdëY¼ê�ÛÜ�Ò5§∃δ0 > 0§¦�

f(x) >
f(x0)

2
(∀x ∈ [x0 − δ0, x0 + δ0]),
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u´ ∫ b

a

f(x)dx =====

∫ x0−δ0

a

f(x)dx+

∫ x0+δ0

x0−δ0
f(x)dx+

∫ b

x0+δ0

f(x)dx £È©�«��\5¤

≥
∫ x0+δ0

x0−δ0

f(x0)

2
dx £È©��S5¤ = f(x0)δ0 > 0,

�ù�

∫ b

a

f(x)dx = 0gñ"¤±f(x) ≡ 0.

~6 ¦y
lim

p→+∞

∫ π
2

0

sinp xdx = 0.

yµ∀ε ∈ (0, π)§�p >
ln
[

ε
π−ε

]
ln cos ε2

�§

∫ π
2

0

sinp xdx =

∫ π
2−

ε
2

0

sinp xdx+

∫ π
2

π
2−

ε
2

sinp xdx £È©�«��\5¤

≤
[
sin
(π

2
− ε

2

)]p (π
2
− ε

2

)
+
ε

2
£È©��S5¤

=
π − ε

2
cosp

(ε
2

)
+
ε

2

<
ε

2
+
ε

2
= ε,

�

lim
p→+∞

∫ π
2

0

sinp xdx = 0.

~7 �f ∈ R[0, 1]§�f30?ëY§¦y

lim
h→0+

∫ 1

0

h

h2 + x2
f(x)dx =

π

2
f(0).

yµÏ

lim
h→0+

∫ 1

0

h

h2 + x2
f(0)dx = lim

h→0+
f(0) arctan

x

h

∣∣∣x=1

x=0
= lim
h→0+

f(0) arctan
1

h
=
π

2
f(0),

��Iy

lim
h→0+

∫ 1

0

h

h2 + x2
[f(x)− f(0)]dx = 0.

∀ε > 0§df30?ëY�§∃δ > 0§¦�

|f(x)− f(0)| < ε

π
(∀x ∈ [0, δ]).
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u´�0 < h <
εδ2

2

∫ 1

0

|f(x)− f(0)| dx+ 1

�§K

∣∣∣∣∫ 1

0

h

h2 + x2
[f(x)− f(0)]dx

∣∣∣∣ ≤ ∫ 1

0

h

h2 + x2
|f(x)− f(0)| dx,

=

∫ δ

0

h

h2 + x2
|f(x)− f(0)| dx+

∫ 1

δ

h

h2 + x2
|f(x)− f(0)| dx,

≤
∫ δ

0

h

h2 + x2
ε

π
dx+

∫ 1

δ

h

δ2
|f(x)− f(0)| dx,

=
ε

π
arctan

δ

h
+
h

δ2

∫ 1

δ

|f(x)− f(0)| dx,

<
ε

2
+
ε

2
= ε,

�

lim
h→0+

∫ 1

0

h

h2 + x2
[f(x)− f(0)]dx = 0.
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