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���. WWW���KKK (�10K, zK3©)

1. 4� lim
(x,y)→(0,0)

x2+y2+xy2

x2+y2+y4
= .

�: lim
(x,y)→(0,0)

x2+y2+xy2

x2+y2+y4
= 1.

): �â�ª
x2 + y2 + xy2

x2 + y2 + y4
= 1 +

xy2 − y4

x2 + y2 + y4

±9�O
|xy2 − y4|
x2 + y2 + y4

≤ |x|y
2 + y4

x2 + y2
≤ |x|+ y2

·�á���¤¦4�� 1.

2. � f(x, y) = ex+y
2 sinx + (x3 − 1) tan y

x
, K ∂2f

∂x2
(1, 0) = .

�: ∂2f
∂x2

(1, 0) = e.

): du f(x, 0) = ex, � ∂f
∂x

(x, 0) = ex, ?
 ∂2f
∂x2

(x, 0) = ex. Ïd ∂2f
∂x2

(1, 0) = e.

3. ­¡ z = arctan y
x
3: (1, 1, π

4
)?�{�P� `. e: (2, 0, a) ∈ `,K a = .

�: a = π
4

+ 2.

): O��

z′x =
1

( y
x
)2
· −y
x2

=
−y

x2 + y2
, z′y =

1

( y
x
)2
· 1

x
=

x

x2 + y2
.

u´­¡3: (1, 1, π
4
) ?�{�þ�

(−z′x,−z′y, 1)
∣∣∣
(1,1)

=
(1

2
,−1

2
, 1
)
‖ (1,−1, 2).



�¤¦{��ëê�§� 
x = 1 + t,

y = 1− t, −∞ < t < +∞,

z = π
4

+ 2t.

�: (2, 0, a) ∈ ` �, ´� t = 1, � a = π
4

+ 2.

4. �­¡ S dëê�§�Ñ (u, v) 7→ r(u, v) = (u cos v, u sin v, v), K­¡ S þéAëê

(u, v) = (0, 0) �:?��²¡�§� .

�: y = 0.

): ­¡éAëê (u, v) = (0, 0) �:� r(0, 0) = (0, 0, 0). �¦­¡3: (0, 0, 0) ?�

�²¡�§, ·�O� �ê

r′u = (cos v, sin v, 0), r′u(0, 0) = (1, 0, 0),

r′v = (−u sin v, u cos v, 1), r′v(0, 0) = (0, 0, 1)

dd��²¡�{�þ� r′u(0, 0) × r′v(0, 0) = (1, 0, 0) × (0, 0, 1) = (0,−1, 0). Ïd¤¦

�²¡�§� y = 0.

5. ¼ê x2 + y2 3: (1, 1) ?, ÷�������ê����� .

�: ���� 2
√

2.

): Ù����ê÷XFÝ�������, ����Ò´FÝ��. �¤¦����

‖∇(x2 + y2)‖(1,1) = ‖(2, 2)‖ = 2
√

2.

6. ¼ê z = 1
x

+ 4x+ x
y
3: (1, 1) ?��©� dz

∣∣∣
(1,1)

= .

�: ¤¦�©� dz
∣∣∣
(1,1)

= 4dx− dy.



): é¼ê z = 1
x

+ 4x + x
y
¦ �� z′x = −1

x2
+ 4 + 1

y
, z′y = −x

y2
, dd� z′x(1, 1) = 4,

z′y(1, 1) = −1. �¤¦�©� dz
∣∣∣
(1,1)

= z′x(1, 1)dx+ z′y(1, 1)dy = 4dx− dy.

7. �

f(y) =

∫ y2

0

sin(xy)

x
dx,

K f ′(1) = .

�: f ′(1) = 3 sin 1.

): �âCþ�¦�5K�

f ′(y) =
sin(y3)

y2
(2y) +

∫ y2

0

[sin(xy)

x

]′
y
dx =

2 sin(y3)

y
+

∫ y2

0

cos(xy)dx.

�

f ′(1) = 2 sin 1 +

∫ 1

0

cosxdx = 3 sin 1.

8. P z = z(x, y) �d�§ zx = yz 3: (x, y, z) = (2, 2, 2) NC¤(½�Û¼ê, K 

�ê z′x(2, 2) = .

�: z′x(2, 2) = ln 2
ln 2−1 .

): é�§ zx = yz �éê�

x ln z = z ln y.

éþª'u x ¦ �� ln z + x
z
z′x = z′x ln y. - (x, y) = (2, 2), ¿5¿� z(2, 2) = 2, ·

���

ln 2 + z′x(2, 2) = z′x(2, 2) ln 2.

dd�

z′x(2, 2) =
ln 2

ln 2− 1
.



9. �¼ê f(x, y) 3: (1, 1) ?��, � f(1, 1) = 1, f ′x(1, 1) = 2, f ′y(1, 1) = 3. ½Â

g(x) = f(f(x, x), f(x, x)), K g′(1) = .

�: g′(1) = 25.

): �â¦ �ê�£ó5K�

g′(x) = f ′x(f
′
x + f ′y) + f ′y(f

′
x + f ′y)

- x = 1 � g′(1) = 2(2 + 3) + 3(2 + 3) = 25.

10. È©
∫ 1

0
x2−x
lnx

dx = .

�: È©�� ln 3− ln 2.

): 5¿�È¼ê�±L�
x2 − x

lnx
=

∫ 2

1

xydy,

� ∫ 1

0

x2 − x
lnx

dx =

∫ 1

0

dx

∫ 2

1

xydy.

du¼ê xy 34Ý/ [0, 1]× [1, 2] þëY, ��±��þãÈ©gS, =∫ 1

0

x2 − x
lnx

dx =

∫ 1

0

dx

∫ 2

1

xydy =

∫ 2

1

dy

∫ 1

0

xydx

=

∫ 2

1

(
x1+y

1 + y

∣∣∣∣x=1

x=0

)
dy =

∫ 2

1

dy

1 + y
= ln(1 + y)

∣∣∣2
1

= ln 3− ln 2.

)��..

���. )))���KKK (�7K)

11. (10©) ?Ø¼ê 3
√
x3 + y3 3�: (x, y) = (0, 0) ?�ëY5,  �ê��35, ±

9��5.



): (i) P f(x, y) = 3
√
x3 + y3, K f(x, y) ´�²¡þk½Â�Ð�¼ê. � f(x, y) 3�

: (0, 0) ?ëY. ����dXe�O

|f(x, y)− f(0, 0)| =
∣∣ 3
√
x3 + y3

∣∣ ≤ |x|+ |y|
� f(x, y) 3�: (0, 0) ?ëY.

(ii) du
f(x, 0)− f(0, 0)

x
=
x

x
= 1→ 1, x→ 0,

� �ê f ′x(0, 0) �3, � f ′x(0, 0) = 1. Ón�� �ê f ′y(0, 0) �3, � f ′y(0, 0) = 1.

(iii) b� f(x, y) 3�: (0, 0) ?��, K�½Âk

f(x, y)− f(0, 0) = f ′x(0, 0)x+ f ′y(0, 0)y + o(
√
x2 + y2), (x, y)→ (0, 0),

= 3
√
x3 + y3 − (x+ y) = o(

√
x2 + y2), (x, y)→ (0, 0). d=

lim
x2+y2→0

3
√
x3 + y3 − (x+ y)√

x2 + y2
= 0. (∗)

´�þã4�ªØ¤á, Ï��Ä: (x, y) 3m�²¡ (x > 0) ÷X�� y = x ªu

(0, 0) �,
3
√
x3 + y3 − (x+ y)√

x2 + y2
=

( 3
√

2− 2)x√
2x

=
3
√

2− 2√
2
→

3
√

2− 2√
2

.

dd��4�ª (*) Ø¤á. Ïd f(x, y) 3 (0, 0) ?Ø��. )��..

12. (10©) � f(x, y) 3�: (0, 0) ���S��ëY��, ¦4�

lim
h→0

f(2h, 2h)− 2f(h, h) + f(0, 0)

h2
.

){�: �Ä f(2h, 2h) 3�: (0, 0) ?� Peano {���� Taylor Ðm

f(2h, 2h) = f(0, 0) + f ′x(0, 0)2h+ f ′y(0, 0)2h

+
1

2

(
f ′′xx(0, 0)(2h)2 + 2f ′′xy(0, 0)(2h)2 + f ′′yy(0, 0)(2h)2

)
+ o(h2) (h→ 0)



= f(0, 0) + 2
(
f ′x(0, 0) + f ′y(0, 0)

)
h+

(
2f ′′xx(0, 0) + 4f ′′xy(0, 0) + 2f ′′yy(0, 0)

)
h2

+o(h2) (h→ 0).

Ó�Ðm f(h, h) �

f(h, h) = f(0, 0) + (f ′x(0, 0) + f ′x(0, 0))h

+
1

2

(
f ′′xx(0, 0) + 2f ′′xy(0, 0) + f ′′yy(0, 0)

)
h2 + o(h2) (h→ 0).

u´

f(2h, 2h)− 2f(h, h) + f(0, 0) =
(
f ′′xx(0, 0) + 2f ′′xy(0, 0) + f ′′yy(0, 0)

)
h2 + o(h2) (h→ 0).

Ïd

lim
h→0

f(2h, 2h)− 2f(h, h) + f(0, 0)

h2
= f ′′xx(0, 0) + 2f ′′xy(0, 0) + f ′′yy(0, 0).

){�: üg¦^ L’Hospital {K�

lim
h→0

f(2h, 2h)− 2f(h, h) + f(0, 0)

h2

= lim
h→0

2f ′x(2h, 2h) + 2f ′y(2h, 2h)− 2f ′x(h, h)− 2f ′y(h, h)

2h

= lim
h→0

4f ′′xx(2h, 2h) + 8f ′′xy(2h, 2h) + 4f ′′yy(2h, 2h)− 2f ′′xx(h, h)− 4f ′′xy(h, h)− 2f ′′yy(h, h)

2

=
1

2

(
4f ′′xx(0, 0) + 8f ′′xy(0, 0) + 4f ′′yy(0, 0)− 2f ′′xx(0, 0)− 4f ′′xy(0, 0)− 2f ′′yy(0, 0)

)
= f ′′xx(0, 0) + 2f ′′xy(0, 0) + f ′′yy(0, 0).

)��..

13. (12©) �¼ê f(x, y) 3 R2 þ�gëY��. é ∀θ ∈ R, - gθ(t) = f(t cos θ, t sin θ).

b�
dgθ(t)

dt

∣∣∣
t=0

= 0 �
d2gθ(t)

dt2

∣∣∣
t=0

> 0, ∀θ ∈ R.

y²¼ê f(x, y) 3: (0, 0) ?��4��.



y: - x = t cos θ, y = t sin θ, K�âEÜ¼ê¦ �ê�£ó{K�

dgθ(t)

dt
= f ′x(x, y) cos θ + f ′y(x, y) sin θ.

db�é?¿ θ ∈ R

0 =
dgθ(t)

dt

∣∣∣
t=0

= f ′x(0, 0) cos θ + f ′y(0, 0) sin θ

�� f ′x(0, 0) = 0, f ′y(0, 0) = 0. � (0, 0) ´¼ê f(x, y) �7:. ?�Ú

d2gθ(t)

dt2
=

d

dt

[
f ′x(x, y) cos θ + f ′y(x, y) sin θ

]
= f ′′xx(x, y)(cos θ)2 + f ′′xy(x, y) cos θ sin θ + f ′′yx(x, y) sin θ cos θ + f ′′yy(x, y)(sin θ)2

= [cos θ, sin θ]H(x, y)

[
cos θ

sin θ

]
,

Ù¥

H(x, y) =

[
f ′′xx(x, y) f ′′xy(x, y)

f ′′yx(x, y) f ′′yy(x, y)

]
.

�âb�é?¿ θ ∈ R

d2gθ(t)

dt2

∣∣∣
t=0

= [cos θ, sin θ]H(0, 0)

[
cos θ

sin θ

]
> 0.

ù`² Hesse Ý
 H(0, 0) �½. Ïd: (0, 0) ´¼ê f(x, y) �4��:. y..

14. (10©)®�ý¥¡ x2

8
+ y2

4
+ z2

2
= 1�²¡ x+ 2y+ 2z = 0���´ý�, Ù3 Oxy

²¡þ�ÝK­� Γ �´ý�. ¦ Γ �o�º:�I.

): ·�k¦Ñý� Γ ��§. d²¡�§ x+ 2y + 2z = 0 )� z = −x
2
− y. òÙ�\

ý¥¡�§ x2

8
+ y2

4
+ z2

2
= 1 =�ý� Γ ��§{

x2 + 2xy + 3y2 = 4,

z = 0.



duý� Γ 'u�I�:é¡, Ù¥%� (0, 0), �ý� Γ �o�º:Ò´ Γ þ�:

(x, y) �¥% (0, 0) �ål��:Ú�C:. Ïd¦ Γ þo�º:�I�¯K, 8(�

¦8I¼ê x2 + y2 3�å^� x2 + 2xy + 3y2 = 4 e�4�¯K. � Lagrange ¼ê

L = x2 + y2 − λ(x2 + 2xy + 3y2 − 4), ¿�Ä¼ê L �7:�§|
2x− 2λ(x+ y) = 0,

2y − 2λ(x+ 3y) = 0,

x2 + 2xy + 3y2 = 4.

1���§¦± (x+ 3y), ~�1���§¦± (x+ y) � x2 + 2xy − y2 = 0. ù��§

�1n��§éá� {
x2 + 2xy − y2 = 0,

x2 + 2xy + 3y2 = 4.

dd)� y = 1 ½ y = −1. é y = 1, )� x = −1±
√

2; é y = −1, )� x = 1±
√

2.

� Lagrange ¼ê L �¤ko�7:�

(x, y) = (−1 +
√

2, 1), (−1−
√

2, 1), (1 +
√

2,−1), (1−
√

2,−1).

w,ùo�:Ò´¤¦�ý� Γ �o�º:9Ù�I. )��..

15. (10©) �âÛ¼ê½n, y²�§|

{
x3 + y3 = 2z3

x+ y + z = 3
3: (x, y, z) = (1, 1, 1) NC

(½
ü� C∞ aÛ¼ê y = y(x), z = z(x), ¿y²Û¼ê z(x) 3 x = 1 ?��4�.

): P f(x, y, z) = x3 + y3 − 2z3, g(x, y, z) = x+ y + z − 3, K (x, y, z) = (1, 1, 1) ÷v{
f(1, 1, 1) = 0,

g(1, 1, 1) = 0,

¿�

∂(f, g)

∂(y, z)

∣∣∣∣∣
(1,1,1)

=

[
3y2 −6z2

1 1

]
(1,1,1)

=

[
3 −6

1 1

]



�ÛÉ, ��âÛ¼ê½n��, ∃δ > 0, η > 0, ±9d (1− δ, 1 + δ) �: (1, 1) � η �

��Û�þ�¼ê (y, z) = (y(x), z(x)), ÷v (y(1), z(1)) = (1, 1), ¿�{
f(x, y(x), z(x)) ≡ 0,

g(x, y(x), z(x)) ≡ 0,
=

{
x3 + y(x)3 − 2z(x)3 ≡ 0,

x+ y(x) + z(x)− 3 ≡ 0.
(1)

du¼ê f, g ∈ C∞ Ïd y(·), z(·) ∈ C∞. éð�ª (1) ¦��{
3x2 + 3y(x)2y′(x)− 6z(x)2z′(x) = 0,

1 + y′(x) + z′(x) = 0.
(2)

- x = 1 � {
1 + y′(1)− 2z′(1) = 0,

1 + y′(1) + z′(1) = 0.

)�� y′(1) = −1, z′(1) = 0. dd�� x = 1 ´¼ê z(x) �7:. éð�ª (2) 2g

¦�� {
6x+ 3y(x)2y′′(x) + 6y(x)[y′(x)]2 − 6z(x)2z′′(x)− 12z(x)[z′(x)]2 = 0,

y′′(x) + z′′(x) = 0.

- x = 1, ¿5¿� y(1) = 1, z(1) = 1, y′(1) = −1, z′(1) = 0 =�{
6 + 3y′′(1) + 6− 6z′′(1) = 0,

y′′(1) + z′′(1) = 0.

)�� y′′(1) = −4
3
, z′′(1) = 4

3
. du z′(1) = 0, z′′(1) > 0, �Û¼ê z(x) 3 x = 1 ?�

�î�4��. )��..

16. (10©) O�Xe¹ëCþ�2ÂÈ©, ¿`²7���â

J(y) =

∫ +∞

0

sin(xy)

x
e−xdx, y ∈ R.

): P

f(x, y) =
sin(xy)

x
e−x,



KÏLÖ¿½Â f(0, y) = y �¦ f(x, y) 3 R2 þëY. ?�Ú f ′y(x, y) = cos(xy)e−x �

3 R2 þëY. w,¹ëCþ�2ÂÈ©∫ +∞

0

f ′y(x, y)dx =

∫ +∞

0

cos(xy)e−xdx (∗)

'u y ∈ R ��Âñ. ¯¢þ |fy(x, y)| ≤ e−x, ¿�2ÂÈ©
∫ +∞
0

e−xdx Âñ. �|^

Weierstrass ��Âñ�O{ (½ M-�O{) �È© (*) 'u y ∈ R ��Âñ. u´�â

È©Òe¦�½n�

J ′(y) =

∫ +∞

0

f ′y(x, y)dx =

∫ +∞

0

cos(xy)e−xdx.

éþªmà�È©üg©ÜÈ©=�

J ′(y) =

∫ +∞

0

cos(xy)e−xdx

= −e−x cos(xy)
∣∣∣x=+∞

x=0
− y

∫ +∞

0

e−x sin(xy)dx

= 1 + ye−x sin(xy)
∣∣∣x=+∞

x=0
− y2

∫ +∞

0

cos(xy)e−xdx

= 1− y2
∫ +∞

0

cos(xy)e−xdx = 1− y2J ′(y).

dd)� J ′(y) = 1
1+y2

. ùp��±|^Ø½È©�O�úª∫
cos(ax)ebxdx =

ebx

a2 + b2

(
b cos(ax) + a sin(ax)

)
+ c

�� J ′(y) = 1
1+y2

. u´ J(y) = arctan y + c. d½Â� J(0) = 0, �~ê c = 0. Ïd

J(y) = arctan y. )��..

17. (i) (3©) P F (x, y) = (x2 + y2)2 − 2(x2 − y2), K²¡­� {(x, y) ∈ R2 |F (x, y) = 0}

´Ù��VÝ�, äkÃ¡�ÎÒ ∞ �/G. ¦¼ê F (x, y) �7:(=�.:)��ê;

(ii) (5©) é��3 R2 þëY���¼ê G(x, y), b�­� {(x, y) ∈ R2 |G(x, y) = 0}

äkÃ¡�ÎÒ ∞ �/G. ¯¼ê G(x, y) 3 R2 þ��kõ��7:? ¿y²\�(

Ø.



): (i) - {
F ′x = 4x(x2 + y2)− 4x = 0,

F ′y = 4y(x2 + y2) + 4y = 0,
=

{
x(x2 + y2 − 1) = 0,

y(x2 + y2 + 1) = 0.

dd�)�¼ê F k�=k 3 �7: (x, y) = (0, 0), (−1, 0), (1, 0).

(ii) �¼ê G(x, y) 3 R2 þëY��, b�­� Γ = {(x, y) ∈ R2 |G(x, y) = 0} äkÃ

¡�ÎÒ ∞ �/G, K¼ê G(x, y) 3 R2 þ��k 3 �7:. ndXe.

(1) Äk�äó, ­� Γ �g��:, =Ã¡�ÎÒ ∞ ��:´¼ê G(x, y) ��7:.

eØ,, =�:Ø´7:, ½=FÝ (G′x, G
′
y) 3�:?�", Kü��� �ê G′x Ú

G′y ��k��3�:?�". �âÛ¼ê½n�, ­� Γ 3�:NC�L�¼ê­�

y = f(x) ½ x = g(y), 
Ø´g���­�. �äó¤á.

(2) Ùg·��Ä­� Γ, =Ã¡�ÎÒ ∞ /G�­�¤��ü�k.4«�, �Ò´

 u�:�müý�k.4«�, ©OP� D1 Ú D2. w,¼ê G(x, y) 34«� D1

�SÜ½öð�u", ½öð�u". éucö, G(x, y) 3k.4«� D1 þ����

7�u", ����:7�S:, 
ù�S:7�7:. éu�ö, G(x, y) 3k.4«�

D1 þ����7�u", ����:7�S:, 
ù�S:7� G(x, y) �7:. Ïd

G 34� D1 �SÜ���3��7:. Ón G 34� D2 �SÜ����3��7

:. � G 3 R2 þ���3 3 �7:. )��..


