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习题 4.5

1

(2)

将此积分拆为上下两个半球的积分:
‚
S+

zdx ∧ dy =
˜
S1

zdxdy −
˜
S2

zdxdy

令 
x = R sin θ cosφ

y = R sin θ sinφ, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π

z = R cos θ +R

1



则

∣∣∣∣D(x, y)

D(u, v)

∣∣∣∣ = R2 sin θ |cos θ|

¨

S1

zdxdy =

¨

S′
1

(R cos θ +R)R2 sin θ cos θdθdφ

=

ˆ 2π

0

dφ
ˆ π

2

0

dθR3 sin θ cos θ(cos θ + 1)

=
5

3
πR3

¨

S2

zdxdy =

¨

S′
2

(R cos θ +R)R2 sin θ(− cos θ)dθdφ

= −
ˆ 2π

0

dφ
ˆ π

π
2

dθR3 sin θ cos θ(cos θ + 1)

=
1

3
πR3

故 ‹

S+

zdx ∧ dy =
4

3
πR3

3

(1)

由对称性可知，只需考虑正方体 x = 0 和 x = 1 的两个面

对这两个面而言，cos β = cos γ ≡ π

2
，因此只需考虑 xdy ∧ dz 项

¨

S+
x=0

xdy ∧ dz = 0

¨

S+
x=1

xdy ∧ dz =

¨

S+
x=1

xdydz

=

¨

S+
x=1

dydz

= 1

故 I = 3× (0 + 1) = 3
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(2)

由于 cos γ ≡ π

2
，故

˜
S+

zdx ∧ dy = 0

由对称性可知

I = 2

¨

S+

x2dy ∧ dz

= 2

¨

S+
x≥0

x2dydz − 2

¨

S+
x≤0

x2dydz

注意到 x ≥ 0 和 x ≤ 0 两片区域完全对称，故可知 I = 0

(3)

对于上表面 cosα = cos β ≡ π

2¨

S+
上

(x− y)dx ∧ dy =

ˆ h

−h

dy
ˆ √

h2−y2

−
√

h2−y2
(x− y)dx

= −2

ˆ h

−h

y
√

h2 − y2dy

= 0

故只需考虑侧面，则¨

S+

(x− y)dx ∧ dy =

¨

S+

(y − x)dxdy

=

ˆ h

−h

dx
ˆ √

h2−x2

−
√
h2−x2

dy (y − x)

= −2

ˆ h

−h

x
√
h2 − x2dx

= 0

由对称性可知
˜
S+

(y − z) dy ∧ dz =
˜
S+

(z − x)dz ∧ dx
˜
S+

(y − z)dy ∧ dz 可以拆分为 x ≥ 0 和 x ≤ 0 两部分：

¨

S+

(y − z)dy ∧ dz =

¨

S+
1

(y − z)dydz −
¨

S+
2

(y − z)dydz
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这两部分完全对称，故
˜
S+

(y − z) dy ∧ dz =
˜
S+

(z − x)dz ∧ dx = 0

故 I = 0

(4)

一共五个面

考虑 z = 0：cosα = cos β ≡ π

2
,
˜
S+
1

y2zdx ∧ dy = 0，故 I1 = 0

考虑 x = 0：cosα = cos γ ≡ π

2
,
˜
S+
2

x2ydz ∧ dx = 0，故 I2 = 0

考虑 y = 0：cos β = cos γ ≡ π

2
,
˜
S+
3

z2xdz ∧ dx = 0，故 I3 = 0

考虑抛物面，向上为正方向，故

dS⃗ =
(
−z′x,−z′y, 1

)
dxdy = (−2x,−2y, 1) dxdy

故

I4 =

¨

S+
2

(
z2x, x2y, y2z

)
· (−2x,−2y, 1) dxdy

=

¨

S+
2

(
−2x2z2 − 2x2y2 + y2z

)
dxdy

=

ˆ 1

0

dx
ˆ √

1−x2

0

(
−2x6 − 2x2y4 − 4x4y2 − x2y2 + y4

)
dy

= − 1

15

ˆ 1

0

(
16x6 + 17x2 − 3

)√
1− x2dx

= − π

24

考虑柱面，cos γ =
π

2
¨

S+
3

z2xdy ∧ dz =

ˆ 1

0

z2dz
ˆ 1

0

√
1− y2dy =

π

12

¨

S+
3

x2ydz ∧ dx =

ˆ 1

0

dz
ˆ 1

0

x2
√
1− x2dx =

π

16

故 I5 =
7π

48
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故 I = I1 + I2 + I3 + I4 + I5 =
5π

48

(5)

¨

S+

z2dx ∧ dy =

¨

x2+y2≤Rx

(
R2 − x2 − y2

)
dxdy

=

¨

Drθ

(
R2 − r2

)
rdrdθ

=

ˆ π
2

−π
2

dθ
ˆ R cos θ

0

(
R2 − r2

)
rdr

=
5R4

32
π

4

令 
x = R sin θ cosφ

y = R sin θ sinφ

z = R cos θ, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ 2π

故 dS⃗ = − (A,B,C) dθdφ =

−
(
R2 sin2 θ cosφ,R2 sin2 θ sinφ,R2 sin θ cosφ

)
dθdφ

¨

S+

A⃗ · S⃗ = −
¨

S+

(sin θ cosφ, sin θ sinφ, cos θ) ·

(
R2 sin2 θ cosφ,R2 sin2 θ sinφ,R2 sin θ cosφ

)
dθdφ

= −R2

¨

S+

sin θdθdφ

= −R2

ˆ π
2

0

sin θdθ
ˆ 2π

0

dφ

= −2πR2
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习题 4.6

1

(2)

˛

L+

(x+ y) dx+ (x− y) dy

=

¨

D

(
∂Y

∂x
− ∂X

∂y

)
dxdy

=

¨

D

(1− 1)dxdy

= 0

(3)

˛

L+

(
x2 + y

)
dx−

(
x− y2

)
dy

=

¨

D

(
∂Y

∂x
+

∂X

∂y

)
dxdy

= −2

¨

D

dxdy

= −2πab
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2

(1)

˛

L+

x+ y

x2 + y2
dx− x− y

x2 + y2
dy

=

¨

D

(
∂Y

∂x
+

∂X

∂y

)
dxdy

= 0

(2)

令 x = a cos θ

y = a sin θ, θ ∈ [0, 2π]

故 ˆ

L+

x+ y

x2 + y2
dx− x− y

x2 + y2
dy = −

ˆ 2π

0

dθ = −2π

(3)

考虑 D∗ = {(x, y)|x2 + y2 ≤ ϵ2} ⊂ D，正方向为顺时针

由 Green 公式可知
ˆ

∂(D−D∗)

(x+ y)dx+ (y − x)dy
x2 + y2

= 0

同上一问可知 ˆ

∂D∗

(x+ y)dx+ (y − x)dy
x2 + y2

= 2π

故 ˆ

∂D

(x+ y)dx+ (y − x)dy
x2 + y2

= −2π
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(4)

也考虑 D∗ = {(x, y)|x2 + y2 ≤ ϵ2} ⊂ D，正方向为顺时针，同上一问可求得

ˆ

∂D

(x+ y)dx+ (y − x)dy
x2 + y2

= −2π

(5)

−4 −2 2 4

−4

−2

2

4

x

y

考虑如图所示的区域，外侧方向为顺时针，内侧方向为逆时针

由 Green 公式可知，I∂(D−D∗) = 0

同第 (2) 可知，I∂D∗ = −2π

而对于下面这条直线，有

ˆ

L′

=

ˆ −π

π

(x− π) dx
x2 + π2

=
π

2

故 I =
3π

2
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4

(1)

S = −
˛

L+

ydx = 3a2
ˆ 2π

0

sin4 t cos2 tdt

= −12a2
ˆ π

2

0

(
sin6 t− sin4 t

)
dt

=
3πa2

8

10

(1)
∂u

∂x
= x2 − y

故 u =
´
(x2 − y) dx =

1

3
x3 − yx+ C(y)

故
∂u

∂y
= −x+ C ′(y) = −x− sin2 y

故 C(y) =
´

sin2 ydy =
sin 2y

4
− y

2
+ C ′

故 u =
x3

3
− yx+

sin 2y

4
− y

2
+ C ′

故方程的解为
x3

3
− yx+

sin 2y

4
− y

2
= C

(2)
∂u

∂x
= ey

故 u = xey + C(y)

故
∂u

∂y
= xey + C ′(y) = xey − 2y

故 C(y) =
´
−2ydy = −y2 + C ′

故 u = xey − y2 + C ′

故方程的解为 xey − y2
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(4)

d (x− y) =
d (x+ y)

x+ y
故解为 x− y = ln (x+ y) + C
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