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习题 3.3
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(1)

令 z =
√
R2 − x2 − y2 则可知 x2 + y2 + z2 = R2(z ≥ 0)

曲面为上半球，即：
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由几何意义知，此二重积分的值为球体积的一半，即：∫∫
D

√
R2 − x2 − y2dxdy =

1

2
· 4πR

3

3
=

2πR3

3

(2)

同样令 z =
√
x2 + y2，则有 z2 = x2 + y2(z ≥ 0)

此曲面为上半圆锥面，即：
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因此，由几何意义知，该积分的值为圆柱体积和圆锥体积之差，即：∫∫
D

√
x2 + y2dxdy = πR2 ·R− 1

3
πR2 ·R =

2

3
πR3

(3)

区域 D 由四条曲线围成，分别为

x+ y = 1, x− y = 1,−x+ y = 1,−x− y = 1:
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所求积分为区域 D 的面积，即：∫∫
D

dxdy = (
√
2)2 = 2
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∫∫
I

∂2f

∂x∂y
dxdy =

∫ d

c

dy
∫ b

a

∂2f

∂x∂y
dx =

∫ d

c

dy(f ′
y(b, y)− f ′

y(a, y))

= f(b, d)− f(b, c)− f(a, d) + f(a, c)
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则 D = {(x, y) | 0 ≤ y ≤ 1, y − 1 ≤ x ≤ 1− y}
交换积分次序为 ∫ 1

0

dx
∫ 1−y

y−1

f(x, y)dy

(2)
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则 D =
{
(x, y) | 0 ≤ y ≤ 2, 0 ≤ x ≤ 2

√
1− x

}
交换积分次序为：

∫ 2

0

dy
∫ √

4−y2

1− y2

4

f(x, y)dx

(3)
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则区域 D =
{
(x, y) | 1−

√
1− y2 ≤ x ≤ 2− y, 0 ≤ y ≤ 1

}
交换积分次序为： ∫ 1

0

dy
∫ 2−y

1−
√

1−y2
f(x, y)dx
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(1)

注意到 xy2 关于 y=0 对称，因此可知：∫∫
D

xy2dxdy =

∫ 2

−2

dy
∫ 1

y2

4

xy2dx

= 2

∫ 2

0

y2dy
∫ 1

y2

4

xdx

=

∫ 2

0

(y2 − y6

16
)dy

= (
y3

3
− y7

112
)

∣∣∣∣2
0

=
32

21

(3)

注意到 |xy| 关于 x 轴和 y 轴均对称，因此可知：∫∫
D

|xy| dxdy = 4

∫ R

0

dy
∫ √

R2−y2

0

xydx

= 2

∫ R

0

y(R2 − y2)dy

=
R4

2

(5)

∫∫
D

(x2 + y2)dxdy =

∫ 4

1

dy
∫ y

y−1

(x2 + y2)dx

=

∫ 4

1

(
y3

3
− (y − 1)3

3
+ y2)dy

=
71

2
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(1)

变换到极坐标系下，有 D′ =
{
(ρ, φ) | 2 cos2 φ ≤ ρ ≤ 4 cos2 φ,−π

2
≤ φ ≤ π

2

}
∫∫
D

(x2 + y2)dxdy =

∫∫
D′

ρ3dρdφ

= 2

∫ π
2

0

dφ
∫ 4 cosφ

2 cosφ
ρ3dρ

= 120

∫ π
2

0

cos4 φdφ

= 15

∫ π
2

0

cos 4φ+ 60

∫ π
2

0

cos 2φdφ+ 45

∫ π
2

0

dφ

=
45π

2

(3)
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变换到极坐标系下，有

D′ =
{
(ρ, φ) | 0 ≤ ρ ≤

√
2 cos

(
π
4
− φ

)
= sinφ+ cosφ,−π

4
≤ φ ≤ 3π

4

}
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故 ∫∫
D

(x+ y)dxdy =

∫∫
D′

ρ2(sinφ+ cosφ)dρdφ

=

∫ 3π
4

−π
4

dφ
∫ sinφ+cosφ

0

ρ2(sinφ+ cosφ)dρ

=
1

3

∫ 3π
4

−π
4

(sinφ+ cosφ)4dφ

=
1

2

∫ 3π
4

−π
4

dφ− 1

6

∫ 3π
4

−π
4

cos 2φdφ+
2

3

∫ 3π
4

−π
4

sin 2φdφ

=
π

2

(5)

变换到极坐标下，有 D′ =
{
(ρ, φ) | 0 ≤ ρ ≤ 1, π ≤ φ ≤ 3π

2

}
故 ∫∫

D

arctan y

x
dxdy =

∫∫
D′

ρφdρdφ

=

∫ π
2

0

φdφ
∫ 1

0

ρdρ

=
1

2

∫ π
2

0

φdφ

=
π2
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(1)

令

u = xy, u ∈ [2, 4]

v =
y

x
, v ∈ [1, 3]

∣∣∣D(x,y)
D(u,v)

∣∣∣ = ∣∣∣D(u,v)
D(x,y)

∣∣∣−1

=

∣∣∣∣∣ y x

− y
x2

1
x

∣∣∣∣∣
−1

= x
2y

= 1
2v

̸= 0

故∫∫
D

x2y2dxdy =

∫∫
D′

u2

∣∣∣∣D(x, y)

D(u, v)

∣∣∣∣ dudv =
1

2

∫ 3

1

dv
v

∫ 4

2

u2du =
28

3

∫ 3

1

dv
v

=
28 ln 3

3
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(1)

令

u = a1x+ b1y + c1

v = a2x+ b2y + c2

故
∣∣∣D(x,y)
D(u,v)

∣∣∣ = ∣∣∣D(u,v)
D(x,y)

∣∣∣−1

=

∣∣∣∣∣a1 b1

a2 b2

∣∣∣∣∣
−1

= 1
a1b2−a2b1

故

S =

∣∣∣∣∣∣
∫∫
D

dxdy

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫∫
D′

∣∣∣∣D(x, y)

D(u, v)

∣∣∣∣ dudv

∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1

a1b2 − a2b1

∫∫
D′

dudv

∣∣∣∣∣∣
=

∣∣∣∣ 1

a1b2 − a2b1

∣∣∣∣S ′ =
π

|a1b2 − a2b1|
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