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习题 3.4

3

(1)

此积分等价于底面半径和高均为 H 的圆锥的体积，即:∫∫∫
Ω

1dxdydz =
πH3

3

(2)

此积分相当于整一个三条边两两垂直的四面体的体积，故∫∫∫
Ω

1dxdydz =
1

6

1



5

(1)

Ω = {(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤ x, 0 ≤ z ≤ xy}∫∫∫
Ω

xy2z3dxdydz =

∫ 1

0

dx
∫ x

0

dy
∫ xy

0

xy2z3dz

=
1

4

∫ 1

0

x5dx
∫ x

0

y6dy

=
1

28

∫ 1

0

x12dx

=
1

364

(3)

Ω =
{
(x, y, z) | x ≤ 0 ≤ √

y, 0 ≤ y ≤ π

2
, 0 ≤ z ≤ π

2
− y
}

∫∫∫
Ω

x cos(y + z)dxdydz =

∫ π
2

0

dy
∫ √

y

0

dx
∫ π

2
−y

0

x cos(y + z)dz

=

∫ π
2

0

(1− sin y)dy
∫ √

y

0

xdx

=

∫ π
2

0

(1− sin y)
y

2
dy

=
π2 − 8

16

2



(5)

变换到柱坐标系下，有：

Ω′ = {(r, θ, z) | 0 ≤ r ≤ z, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ 4}∫∫∫
Ω

sin z

z
dxdydz =

∫∫∫
Ω′

sin z

z
rdrdθdz

=

∫ 4

0

dz
∫ 2π

0

dθ
∫ z

0

sin z

z
rdr

= π

∫ 4

0

z sin zdz

= π(sin 4− 4 cos 4)

7

(3)

Ω =
{
(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, 0 ≤ z ≤ x2 + y2

}
∫∫∫
Ω

z

x2 + y2
dxdydz =

∫ 1

0

dx
∫ 1−x

0

dy
∫ x2+y2

0

z

x2 + y2
dz

=
1

2

∫ 1

0

dx
∫ 1−x

0

(x2 + y2)dy

=
1

2

∫ 1

0

(x2(1− x) +
1

3
(1− x)3)dx

=
1

12

3



(4)

变换到球坐标系下，有：

Ω′ =
{
(r, θ, φ) | 0 ≤ r ≤ a, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ π

2

}
∫∫∫
Ω

xe
x2+y2+z2

a2 dxdydz =

∫∫∫
Ω′

r3 sin2 θ cosφe
r2

a2 drdθdφ

=

∫ π
2

0

cosφdφ
∫ π

2

0

sin2 θdθ
∫ a

0

r3e
r2

a2 dr

= sinφ
∣∣∣π2
0
· 1
2

∫ π
2

0

(1− cos 2θ)dθ
∫ a2

0

t
3
2 e

t
a2 d

√
t

=
π

8

∫ a2

0

te
t
a2 dt

=
a2π

8

(
te

t
a2

∣∣∣a2
0
−
∫ a2

0

e
t
a2 dt

)

=
a2π

8

[
a2e− a2(e− 1)

]
=

a4π

8
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(1)

更换到椭球坐标系下，有：

Ω′ = {(r, θ, φ) | 0 ≤ r ≤ 1, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π}∫∫∫
Ω

√
1− x2

a2
− y2

a2
− z2

c2
dxdydz =

∫∫∫
Ω′

√
1− r2abcr2 sin θdrdθdφ

= abc

∫ 1

0

r2
√
1− r2dr

∫ 2π

0

dφ
∫ π

0

sin θdθ

= 4πabc

∫ 1

0

r2
√
1− r2dr

= 4πabc

∫ π
2

0

sin2 θ
√

1− sin2 θ cos θdθ

= 4πabc

∫ π
2

0

sin2 θ cos2 θdθ

= πabc

∫ π
2

0

sin2 2θdθ

=
πabc

2

∫ π

0

sin2 φdφ

=
πabc

4

∫ π

0

(1− cos 2φ)dφ

=
π2abc

4

习题 3.5

1

考虑 z ≥ 0 的部分，即 z =
√
a2 − x2

则
√

1 + (z′x)
2 + (z′y)

2 = a√
a2−x2

5



故

S ′ =

∫∫
x2+y2≤a2

a√
a2 − x2

dxdy

=

∫ a

−a

dx
∫ √

a2−x2

−
√
a2−x2

a√
a2 − x2

dy

= 4a2

故 S = 2S ′ = 8a2

(2)

由于锥面 z =
√

x2 + y2 在 z2 = 2x 内，可知
√

x2 + y2 ≤
√
2x

故锥面向 Oxy 平面的投影为 (x− 1)2 + y2 ≤ 1，是半径为 1 的圆
又有

√
1 + (z′x)

2 + (z′y)
2 =

√
2

故

S =

∫∫
(x−1)2+y2≤1

√
2dxdy

=
√
2(π · 12)

=
√
2π

2

(1)

ρ(x, y, z) = 1

易知 M = 1
8
4πabc

3
= πabc

6

Mxy =
∫∫∫
Ω

zdxdydz =
∫∫∫
Ω′

cr cos θabcr2 sin θdrdθdφ =

abc2
∫ 1

0
r3dr

∫ π
2

0
sin θ cos θdθ

∫ π
2

0
dφ = abc2π

16

故 zc =
Mxy

M
= 3c

8

x, y 坐标同理

故质心坐标为
(
3a
8
, 3b

8
, 3c

8

)
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4

(2)

联立 x2 + y2 + z2 = 2, x2 + y2 = z2, z ≥ 0，可得 z = 1

故平面 z = 1 将物体分为两部分，下方为圆锥，上方为球面的一部分，

J = J1 + J2

J1 =

∫∫∫
x2+y2≤z2,0≤z≤1

(x2 + y2)dxdydz

=

∫∫∫
Ω′

r2 · rdrdθdz

=

∫ 1

0

dz
∫ z

0

r3dr
∫ 2π

0

dθ

=
π

10

J2 =

∫∫∫
x2+y2+z2≤2,z≥1

(x2 + y2)dxdydz

=

∫∫∫
Ω′′

r2 · rdrdθdz

=

∫ √
2

1

dz
∫ √

2−z2

0

r3dr
∫ 2π

0

dθ

=
16
√
2π

15

J = J1 + J2 =
16
√
2π

15
+

π

10
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