Homework 2 Linear Algebra 2

Problem 1

Consider a regular n-gon in C whose vertices v, € C, a = 0,...,n — 1 are given by nth
27i .
roots of unity. In other words, if we define ( = e™» , then v, = (*. Find the product of
the distances |vg — vp| with b = 1,...,n — 1, in other words find the value of the following
expression
1= 1= 1= ¢ (1)

Hint: Use the factorization of ™ — 1.

Problem 2

The dth cyclotomic polynomial is defined by!

Q4(z) = H (:c — e%) (2)

1<k<d
ged(k,d)=1

this means, the roots of ®4(x) are all the primitive dth roots of unity. Prove that?

2" —1 =[] Palx) (3)

dln

Hint: compare the zeroes of both sides of the equation.

Problem 3

Find the value of (}_;_, (Z))2
Hint: Consider (1 + x)*"

Problem 4

Show that for a positive integer n and any even positive integer m satisfying 0 < m < n, we

have (5) () = (D) (") + () (o) £ G (6) = (=15 (o)
Hint: Consider (1 + z)"(x — 1)"

1<k<a means the product over all k that are less or equal than d and relative prime with d.
ged(k,d)=1

T djn M€ANS the product over all d that divides n. For example, if n = 4, the product goes over d = 1,2, 4.
If n = 5, the product goes over d = 1,5, and so on.
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Problem 5

Prove that every polynomial p € R[z] of odd degree has a real root.

Problem 6
Consider the angle |0| < § and x = 1 +itan ¢ (What is Arg(z)?)

1. Consider z" (What is Arg(z™)?) and use it to find an expression of tannf in terms of
tan 6.

Problem 7

Consider a polynomial p(x) of degree n > 1, such that p(k) = kiﬂ for k =0,...,n. Find
p(n+1).

Hint: Consider g(z) = (z + 1)p(x) — x. What is the degree of ¢(z)? what are the roots of
q(z)? then use unique factorization.

Problem 8

Consider the polynomial p = 2* — 42% 4 1022 — 122 + 8. Using the knowledge that p has only
complex roots and one of them has absolute value 2, determine all the roots of p.

Problem 9

1. Show that the roots of ¢ = 22 4+ x + 1 are roots of unity.

2. Show that ¢ divides p = a®"t + 2372+l + 23%3%2 for any ny, no,n3 € N

Problem 10
Counsider the Vandermonde matrix
1z 22 2t
1 2y 22 - 20!
A, = oo : € M, (C) (4)
1z, 22 - !
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we will compute its determinant det(A,) using just properties of polynomials.

1. Consider det(A,) as a polynomial in C[z;] and all the other variables as coefficients.
Find all the roots of det(A,)(z1).

2. Show that

det(A,) = ] (25— 1) (5)

1<i<j<n

by induction in n, using your previous result.?

3The product ngiqgn(x]— —z;) means (T, —Tp-1) - (Tn—21)(Tp—1—Tpn—2) " (Tn_1—21) - (T2 —271).

3



