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Exercise 1.1. #|7 x* —8x3+24x2-32x+21 A Q P R H T %4?
Solution. % x=y+1,l|A:
xt—8x°+24x* —-32x+21=(y+ 1) -8(y+ 1)} +24(y + 1) -32(y +1) + 21
=y —4y* +6)* -8y +4,

B p=2, NI Eisenstein FIH1ERTHI, AR Qlx] HHANAT 2.

Exercise 1.2. ¥ T 0# f(x) € Z[x], A c(f) A TR A ENRRAE T, HA f 9 5E.

(1). X0#ae€Z, iE%A: claf)=lalc(f).

@). £ c(fg) =c(f)c(g).

proof. (1). iC f(x) = anx™ +...+ ao, AEHC ¢ = c(f), WHE LH a|ai, WA lala|lala;, § lale, H |al f ()

ES VGNUNSRD
B Ve, Alala AR, B & H a WAHET B Zle, I coflaley, BFTH lale, A lal f 1

lal

RN B claf) = lale(f).
2). AW f(X) = apx" +...+ ag, gX)=bpx™+...+ by.
[EIHE F(X0) (%) = CynX™ + .o+ o, HH e = X5 aiby_;.
it s=c(f), t=c(g) WA (ay,a,..., ay) = s,(by, by, ..., by) = t, Hl} s|a,~, t|bj,
WA st|aib; = st|cx, B st g e BT
AL e = (sO)Ay, Hrr (st, A0 = 1.
BT H Co,CtyeecConan I RT-. ALA rlew, k=0,1,...m+n, Jl r|Ax(st), Yk=0,1,...,m+n.
HOt K EERERE . AU st
PR r BEEREE AT AL, st B R A A
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Exercise 2.1. £ : Ogyq, Ny, , , N, G ARA.
N; N, N
1

N,

N3 N2
proof. rank(Oyx,) =0, rank (N,) =3, rank N =2, rank =2, rank N, =1,
1

N,

N,
JITLAAT A, Qs Na, N 5 HABSE R B BLAARLL

N
2 3

ﬁﬂﬁﬁﬁ@ﬁ%ﬁﬁ@m%mzmﬁ,ﬁ(M N)ﬂ%M N):a

CHL AR P AN AR B
O

Exercise 2.2. ¥ EEH n o3HFA m AFRBE p GEEHZ o, BoWHFAFEVH—RZ p. L nE)aT,
B (n,m,p) &, SRS H XAE—, 4o (5,3,3) 4T 5=3+1+1.
HAEE B n ALFAE (n,m,p) J&, R 5HFF XA E—.

proof. i n=6Hf, U FI5:
*m=1, (616) 6=6

* m=2, (6,2,3) 6=3+3; (6,2,4) 6=2+4; 6,2.5) 6=145;
Tm=3, (632)  6=242+2  (633)  6=1+243; (634  6=l4l+4

HEH n=7,m=3,p=30f, 7=1+3+3=2+2+3, L5 RME—.
R4 n=7 B}, 255 (n,m, p) J5 . XN 7T SANE—.

Exercise 2.3. % o € L(V), f(x) € Flx]. 3£80: Imf(x),Kerf(x) A o ¢~ % F % .

proof. FXATHGUE Imf(x) S~ o BYANZET-25[8).
W Vaelmf(x), Ipe V, {#i{F @ = f(0)p. \ififg 0@ =o(f(0)p) = f@)o(f) € Imf(x).



H Vad € Imf(x),0 (@) € Imf(x), A[ A Imf(x) Ky o AN 25 ]H].

BT R IATEY] Ker f(x) 2N o HUAEEF23[H].
YT Va eKerf(x), A fo)a=0. \ifif flo)o@ =o(f(o)d) =o(0) =0.
MITTA o(@) € Ker f(x), Bl Ker f(x) 24 o [/RESF-25].

O
Exercise 2.4. X 0,T€L(V), 20 fo 17 T3, Bpor=710.4E8: Im1,Kert ¥ % o 9 R EF =],
proof. 3tF Va elmr, 3 e V, {#if% @ =1(f). MG 0@ =o@(f) =1(0(f) eIm .
W Im T A o [ARAE A3 (A
XFF Ya e Ker 7, W47 7(@) = 0. AT 7(0(@)) = o(x(@)) = 0(0) =0.
WA o(@) € Ker 7, Kl Ker 7 5 o A 72511
O

Exercise 2.5. 0 AV L&MW K%, WEUHHV v o- REFEN, BA
V=WeU.
I RIFEFER G VIW—VIW 5RHA TR oly:U—U Z 48R 5 REZ 4.
Answer. DT /2 A EEH 1R -

- MRZAL: 2R 4EEOEE, B dim V/W =dim U, U VIW 5 U [F#g; 75 FABAIBR G AR e 5 2
IR ARIEI Y LW = 0 [, VIW R U S

- AEZAL: FREBEHNRZRRZE a+ W, AER RG2S R VW FREESAE X 52 5
HaeU fERZRZEANL 7250 U.

Exercise 2.6. X 0 € L(V),A1, Az, ., As, A ESFF09 AR, B A, €U),,i=1,2,...,5.
iJEH)E] : {al) ZiZ)---)ﬁs} %%‘Iii%éﬁ

proof. (JE)

W ay, Gy, ..., G ZMEREC , HEMCRZNETCRAN a1, @y, ..., G, R 1 <7< 51, WA dy, o, ..., Gy, Gr i
AR

WAL NE Ky, Kz, ey Fory Ko, 2115

kld)l + kza_f.g + ...+ krd)r + kr+1a7+1 = 0.
EFBFEEE (0 = Arne)™ Z )5, MA
kl (U - A/rJrlg)mHl dl + kz(a - Ar+1£)mr+1 sz +...+ kr (0‘ — Ar+1£)mr+l d’r — 0

HT (0=Arn8)" @ €Uy, H & € Uy, NTTTH (0= Arne)™| AL

U;Ll.



AIFE]

kldl + kzdz +..+ krdr =0.

MINA kyaara =0.
XEHJJ: 51, 52,---,ﬁr ﬁ*&ﬁ%ﬁ%?&éﬂ, Ulﬂﬁ kl = kz == kr =0.
MHF a7 #0, NI ke =0, BIf

k1=k2=...=kr=kr+1=0.

TJE INTTA {a, Ga, ..., a5} B ERNETC .
O

Exercise 2.7. X o€ L(V) RKIA I FEZH, p A ik 2 r(oP)=r(P™) 8 %N EEY, ;= dimKer(o)),i =
1,2,..,l.iERR: p=1, LA
{ n>r@)>..>re"H>rw@”)=0

O<h<Bh<.<tp <t=n

proof. HT o )BRECH I REL, WA o™ #0, 0! =0.
X T p MR ro?) =r(e?™) i/ NEREEL A ps1.
Ak p<l, WANA r@”)z1, \iffl<sr@?)=rc"=..=rc)=0,7E! FHILHp=L
BT ol'a=o0'a@), AB4NAE Imoit coli=0,1,..., 1 - 1.
X dim(Im o) = (o), BT r(0) = rio™h), i p AL ro”) = rio”") [/ NEBEL A

n>r(@)>..>r(@”H>rP)=0,

B—TJrHE, KNt =n-dimImo?), A

O<h<ph<..<tp <f,=n.

Exercise 2.8. £ F= 1 U W #HRUSW: . Ko FEEMBRW-U 5F= 0 A WeU # X 7).
FHLALFIF 1 69EBA F, At 2 £ W=Kero*oKero" ' i 42, TURSR—AEM L LGS EN

k éé] ‘{'7% él)ﬁZ)-"!ﬁck'

proof. B e A :

W-U={a-blacW, beU},
WeU={c| FHM—1 acW, beU, {§{§ c=a-b}

Sl WeUcW-U.

Aiid Ker oF = W @ Ker o*1.
E:X Ker Uk_l E/\j—‘éﬂ.% Blr BZ} ey Bck—l . 4%‘:/5\:?})43\6% Ker Uk Eg—‘éﬂ.% azl) C_ig, eeey afcw El) 52) eeey Bck,l .
%B/A Hﬂﬁ%ﬂyﬁ%fﬁ)\(@h &2! ceey &Ck j"j w Eq_‘éﬂg > lj\]” al) 6:2) (X3} a?ck éﬂi'lﬁ?ﬁ?é



BT d; ¢ Ker o1, A oF1(@) #0. XHHN @, ¢ Ker oF, NI o (d@;) #0.
ORI LS B —2H e M TC R S N k IR dy, do, ...y G, -

Exercise 2.9. R AR Lt EGRE LG — BRIy, IERAATLERML:
1. J& Step2 ¥ i B8y pd, Ak e1F 55 Step3 L IEG (p— 1)d,po AME e F LR ) B A48 KL X
2. RGBT EREEERING n My EHaBLX.

proof. (1) AYHERAFAEASA 0 1Y kij, (15

d+dp1p2
szljaj D4 Z Zkzjajxpl =0.
i=0 j=0 i=dp+1 j=0

TEWB R ER o7 254 0P 20, kioZ, ™ =0, Bl X5, kip%,? = 0 € Ker 077
NN fp(i) eKero?eKero” !, #n[ fl kip=0, i =1,2,...,d).
TEWAENER 0P Z )58

d, _ dy+dy, '
P2 (Y knox,")+a”*( Y. kipxy ") =0.
i=1 i=dy+1
IFsy
d,  dprdy _
Y knox,"+ Y kioxy ¥ eKeroP?,

i=1 i=dp+1

NIAH Ufp(i) eKeroP 'eKero”?, i x;_l(i) eKero?'eKero??eL(ox,), \INA
kn=0, i=1,2,..,d, k=0, i=d,+1,d,+2,...,d,+d,_,.
WIRAEM o773, 0774, ...,0 Z G A 1%
kij=0, i=1,2,..,d,, j=1,2,..,p.

kij=0, i=d,+1,d,+2,...,d,+dp_,, j=1,2,.,p—1L

FIE!D ITATAE Step2 HE ) pd, PRI LS Step3 FRIEI) (p - Ddp-y DR IAERALSAY )
EMETER.
(2) 20l Step2. Step3. 73 BI1E I 5 AIG i 1E FHE R IEAS 20 n AR B2 TR

Exercise 2.10. A EE G X2 THIT LI B ISR T (DE) N3

3 0 8
Solution. (1) A=]13 -1 6
-2 0 -5

Stepl.  RMFFFALZ I
FHIEZ TN fA) = IAL = Al = A+ D, HURHIEME N A = -1, n=3.



4 0 8 1 0 2 2 0
Step2.  A+I=|3 0 6|—|0 0 O, r(A+D=1, NA+D={k| 0 |+k|1]|| ki, k. eF}.
-2 0 —4 000 -1 0

(A+D)? =0, L=3-r(A+I)=2.

Step3.
d’ =r(A+D°+r(A+D*-2r(A+D' =1,
d’ =r(A+D'+r(A+D*-2r(A+D*=1,
1 4
fEN(A+D?e N(A+ D il £ = [o|, i £ = A+ D5" =5 3 |,
2 -2
0
fEN(A+De L") ikl 5% = 1.
0

Stepd. 4 P = (%Y, 7Y, ©%), NG

-1
Pl'AP=J=|1 -1

3
2
(2) A=
1
0

— N W

2
1
0
0

o o o

Stepl.  RAFFHIEZ T,
FHIEZ N fA) =AML= Al= (A= DY, HURMEE Y A =1, n=4.

0 2 3 4 1
00 2 3 0
Step2. A-I= , r(A-D=3, NA-D={k| [||keF}.
000 2 0
0000 0
0 0 4 12 1 0
, |0 00 4 ) ) 0 1
(A-D?= ,r(A-D?=2, NA-D*={k| |+k| ||k keeF}
000 0 0 0
000 O 0 0
00 0 8 1 0 0
, |00 00 s s 0 1 0
(A-D*= A=D1 =1, NA-D*={k| |+k| |+ks| || ki ko, ks€F}.
0000 0 0 1
0000 0 0 0

(A-D*=0.



Step3.
di=r(A-D°+r(A-D?>-2r(A-D'=0,

dy=r(A-D'+r(A-D*-2r(A-D?*>=0,
dy=r(A-D?*+r(A-D*-2r(A-D*=0,

dy=r(A-D*+r(A-D°-2r(A-D*=1,

0
0
fENA-D*eNA-D® ikl 6,V = |,
0
1
4 12
. . 3| . . . .
MiiF &Y =A-DE"Y = ) B =A-D5" = ,HY =A-D5Y =
0 0
0 4 12 8
R - N N 0 3 4 0
Step4. & P = &Y BY, 50 W)= , A
0 2 0
1 0 0 O
1
o 1
P AP=]=
1 1

Exercise 2.11. A EQIF R FEH T LA FTRIEM L LA ] FoTiHE 44 P.
1. B3 9.10 54|/ 9.12

2. Bl A 9.11 547 9.13

3 0 2 -1

. 0 3 -2 2
Solution. (1) A=

0 0 3 0

0 0 O 3

Stepl.  SRMFFFEZ I
FHIEZ TN fA) = 1AL - Al= (A =3)*, BURHIE[E N A =3, n=4.

00 2 -1

00 -2 2
Step2. A-31= ,

0 0 O 0

0 0 O 0

S ©O o @



r(A-30=2, N(A-3D ={k| [+k| || ki kzeF}.

S o o =
o O = O

(A-30)?%=0.

Step3.
dy=r(A-3D"+r(A-3D?>-2r(A-3D'=0,

dy=r(A-3D'+r(A-3D%-2r(A-3D%*=2,

0
0 0
1E N(A-3D?>e N(A-3D)' ik &Y = X 5% = ol
0 1
2 -1

. . 2| .
M /Y =A-305" = . ,HP =A-3n5% =

0 0
0o 2 0 -1
Ste 4/‘\P—(*(D >1) 22 2@y _ 0 -2 0
P2 <~ =X 7 X, X2, X )— )Mﬁlﬁﬁ
1 0 O
0O 0 1 0
3
1 3
P AP=]=
1 3

N N
N =N
NN

(2) A=

f%fﬁg@jitj\j f(/l) =[AI-Al=(A+ 1)2(1—5)3, E&tﬁfﬂi{ﬁjﬂ A=-1,m=2; A, =5, n,=3.

1 A=-1, n=2.



NN
NN

A+1=

N NN

, r(A+ D=3, NA+ D ={k +k| 0 || ki, ke F}.

o o o~

HIFERS r(A+ D> =r(A+D® =3, NI A

15 N(A+ ) Hgkel 5"

(ll) /12 = 5, ny
-4 2
2 -4

24
-12
(A-50)?=|-12

—144
72
(A-5D3=| 72

1 1
0 -1
= -1],79 =
0
0 0
=3.
2 1 0
2 1 0
—4 , T(A=50)=3, N(A-5D) ={ ki |1|+k|0|| ki, ko€ F}.
0 0
0 1
-12 -12 1 0 0
24 -12 1 0 0
-12 24 , T(A=5D%*=2, N(A-5D*={k; | 1 |+k: | O [+ ks | O | |1, ko, ks € F }.
0 0 0 1
0 0 1 0
72 72
-144 72
72 144 , T(A=5I)3=2.
0
d=r(A-50°+r(A-50)*-2r(A-5D"' =1,
d,=r(A-5D)' +r(A-50)°-2r(A-50)*=1.
0 0
0 0
{EN(A-5D?e N(A-5D" Hhikl % = o], Nl ©° =(A-5D%% =|o].
1 0
0 2

dP=r(A+D°+r(A+D*-2r(A+D' =2,




1EN(A-5D e L(x,?) ikl 6@ =

O O = =

A _ =20 - (2 = (3 = Q) = @) _
/7\P—(x1()» 7% 69 7% 5" =1-1 o

PlAP=7J=

o = O O O

N ©O © O O

S O H = =

» I

10



F=ZF BRZE. BTES5HEETR

Exercise 3.1. A TIAHEEE TR T AR 4= 0,1) B A EREHK GG 2
0 1 0 -1 2 -1
-1 0 -1 1 1 0

Answer. A O

Exercise 3.2. A TN Yi4E M T T AR 4@ 20t © 48 x 4 L6935 %:
1 0 10 0 -1 0 0
-1 0 0 0 0 1 10

Answer. B O

A.

Exercise 3.3. A T A TR L FEME T 402
A RETH B. FHE#H C. xI#REH#H D. #HHE#®

Answer. B O
Exercise 3.4. KT 745 M & # b T He 46 14

1. R? ¥ £ F A %% 3x—4y = 0 xR 69 46 5 T H.

2. R P AT AHL3x+4y =0 E X IH 0945 %5 K .

3. R R eJR B AT AT AR 4 60° 09 4E I T 4.

4. REP £ F o x+2y—22z=0 ERZHHEETH.
Solution. B :

25
4 _ 7
25 25

L. R? AT R 3x — 4y = 0 XPFRAGAT AL ( 5 )

6 12
2. R hETF R4 3x+4y=0fti%§t%ﬁﬁfﬁfﬁi§5?ﬁﬁﬂ( e f)

T 25 25

1 _¥B
3. R? H R RO AT el 60° HOREFEAS N ( Go1 )

1
2

@l

4. R AT x+2y—22 = 0 EACHUM MY | -2
5

Ol ola o
[ [ BT -] | N}

11



0
1
0

Solution. %5%5 €, 77 o) &1 ESS 30°.

Exercise 3.5. R® W 45 4 % 3% B4 A R RAT A2

pi= O N|§

olE o Wb

Exercise 3.6. T T 73t ik 3| W iE 3% :
Lo oS 3P AR % S0 R e
2. AR ERIELEG/TH XA L
3. AL BT IER K.
Answer. 5% 5180
Lox. LU RO HUO BT H ORI FRAZ o Ze A2 #2, A5 A AL
2. x.  ZREPEBIERE AT HIAD -1
3. V.

1

Exercise 3.7. X 7ii=|2|, R, AR P n 9 @A L #H4EME, P i L2 eyt 2.
2
-9 c

LR —9|=|d|. £cdewi.
-9 e

Solution. [ 7= 2|, W1 7w [H FY TH S5 ARG 1

[<=JEN]
|
O

Ok Ok
| ©O =
©lo

-9 -9 1
MIfTRZ3 -9 =R, [-9|=|11|c=1, d=11, e=11.
-9 -9 11

12



Exercise 3.8. i 7i=| 2 |, R, RR Pxtn @AM K#H4EE, AP n2Zriia s, EXEGETN T

1% %
BAENPEIAT
1 c
LR 2 =d]|. Kcde A
3 e
1 1 1
Solution. HT R |2|=1-|2|=|2| Fittc=1, d=2, e=3.
3 3 3

Exercise 3.9. JER: A ANARE I Foly RATARZ B, 5 B A APAR T 49 AR AL 3R B .

R AN A AR T AR B R R A R A

proof. BXFRAL A

A2 NAH

(01 +0) (@), B) = (01(@) + 72(@), f)
= (1@, B) + (0@, )
= (&,0,(B) + (& 0.(B)
= (@ (o, +02)(B),
AT A RIS TR AR He 2 O, A % FR A% .

— i, FA
(Aoy(@), ) =

M R RIS e PR A 1 B A X R AL Hik.
it B I XI RS E G A — A FRAE . BT 145 Hi R Bl

X X X1 + X,
Exercise 3.10. Z R* P H 2 XM T o A Va:( 1) eR?, aa:a( 1) :( 1742 )
X2

X2 X1 + 2X2

JERR: o AT AR T B

13



proof. % T Va = (xl), V= (
N

WAL 0 AR FRAZ L.

X2

23

), A2 A

-. +
wa@n=[* 0 (7]
x1+2y1 2
=X1 X+ X )1+ X1 )2 +2y1y2
T

) (xl) ( xz +y2 )
N Xo+2Y,

= (@,0(p))

14



