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证明. g(A1 + A2, B) =

∑
i,j

(
a
(1)
ij + a

(2)
ij

)
bij =

∑
i,j

a
(1)
ij bij +

∑
i,j

a
(2)
ij bij =

g(A1, B) + g(A2, B)

g(A,B1 +B2) =
∑
i,j

aij

(
b
(1)
ij + b

(2)
ij

)
=

∑
i,j

aijb
(1)
ij +

∑
i,j

aijb
(2)
ij =

g(A,B1) + g(A,B2)

g(kA,B) =
∑
i,j

kaijbij = k
∑
i,j

aijbij = kg(A,B)

g(A, kB) =
∑
i,j

aijkbij = k
∑
i,j

aijbij = kg(A,B)

故 g 为双线性型 ∀A ∈ F, g(A,A) =
∑
i,j

aijaij =
∑
i,j

|aij|2 ≥ 0 且，

g(A,A) = 0 ⇐⇒ ∀i, j, ai,j = 0 ⇐⇒ A = O

故 g 为正定 Hermite 型，即 g 为 Hermite 内积
而考虑 ATB 的对角线位置 cii = aTi bi =

∑
j

aTjibji

故 tr(ATB) =
∑
i

cii =
∑
i,j

aTjibji = g(A,B)

同理 tr(BAT ) = g(A,B)

即有 ⟨A,B⟩ =tr(BAT ) =tr(ATB)
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证明.

⟨f + h, g⟩ =
ˆ 1

0

(
f(t) + h(t)

)
g(t)dt

=

ˆ 1

0

f(t)g(t)dt+
ˆ 1

0

h(t)g(t)dt = ⟨f, g⟩+ ⟨h, g⟩

⟨f, g + h⟩ =
ˆ 1

0

f(t) (g(t) + h(t)) dt

=

ˆ 1

0

f(t)g(t)dt+
ˆ 1

0

f(t)h(t)dt = ⟨f, g⟩+ ⟨f, h⟩

⟨kf, g⟩ =
ˆ 1

0

kf(t)g(t)dt = k

ˆ 1

0

f(t)g(t)dt = k ⟨f, g⟩

⟨f, kg⟩ =
ˆ 1

0

f(t)kg(t)dt = k

ˆ 1

0

f(t)g(t)dt = k ⟨f, g⟩

∀f ∈ C[0, 1], ⟨f, f⟩ =
ˆ 1

0

f 2(t)dt ≥ 0

⟨f, f⟩ = 0 ⇐⇒ ∀t ∈ [0, 1], f(t) ≡ 0

故可知 ⟨f, g⟩ 为 Hermite 内积
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1. g ◦ φ(x+ z, y) = ⟨φ(x+ z), φy⟩ = ⟨φx+ φz, φy⟩ =

⟨φx, φy⟩+ ⟨φz, φy⟩ = g ◦ φ(x, y) + g ◦ φ(z, y)
同理，g ◦ φ(x, y + z) = g ◦ φ(x, y) + g ◦ φ(x, z)

2. g ◦ φ(kx, y) = ⟨φ(kx), φy⟩ = ⟨kφx, φy⟩ = k ⟨φx, φy⟩ = kg ◦ φ(x, y)
同理，g ◦ φ(x, ky) = kg ◦ φ(x, y)

3. ∀x ∈ V1, g ◦ φ(x, x) = ⟨φx, φx⟩ ≥ 0

且 g ◦ φ(x, x) = 0 ⇐⇒ φx = 0 ⇐⇒ x = 0

故可知 g ◦ φ 为 Hermite 内积
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证明. 充分性：若 α = 0, ∀β ∈ V, g(α, β) = g(−α, β) = −g(α, β)，故

g(α, β) = 0

必要性：令 β = α，则 g(α, α) = 0 ⇒ α = 0
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取标准正交基 (ε11, · · · , εnn)，其中 εij 代表第 i 行第 j 列为 1，其他为 0 的
n2 维方阵
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(1)

1.
´ 1
0
1 · 1dt = 1´ 1

0
fn(t)fn(t)dt = 2

´ 1
0

cos2(2πnt)dt =
´ 1
0
(cos 4πnt+ 1)dt = 1´ 1

0
gm(t)gm(t)dt = 2

´ 1
0

sin2(2πmt)dt =
´ 1
0
(− cos 4πmt+ 1)dt = 1

2.
´ 1
0
1 · fn(t)dt =

√
2
´ 1
0

cos 2πntdt = 0´ 1
0
1 · gm(t)dt =

√
2
´ 1
0

sin 2πmtdt = 0´ 1
0
fn(t)gm(t)dt = 2

´ 1
0

cos(2πnt) sin(2πmt)dt =´ 1
0
(sin(2πmt+ 2πnt) + sin(2πmt− 2πnt)) dt = 0´ 1

0
fn(t)fm(t)dt = 2

´ 1
0

cos(2πnt) cos(2πmt)dt =´ 1
0
(cos(2πmt+ 2πnt) + cos(2πmt− 2πnt)) dt = 0´ 1

0
gn(t)gm(t)dt = 2

´ 1
0

sin(2πnt) sin(2πmt)dt =´ 1
0
(cos(2πmt− 2πnt)− cos(2πmt+ 2πnt)) dt = 0

故综上，{1, f1, f2, · · · , g1, g2, · · · } 为 C[0, 1] 的标准正交向量组

(2)

e2πinx = cos 2πnx+ i sin 2πnx = fn(x) + ign(x)(fn, gn 同上一问,f0 = g0 = 1)
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由 (1) 可知，当 m ̸= n 时，e2πinx 和 e2πimx 正交

且 |e2πinx| = 1

故可知 e2πinx 为标准正交向量组
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