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Problem 1

1.1
Proof.
(Vn) A2y — A" Tly = A"y — A

— A%v—Av=Av—v
— (A-D*v=0

Since (A — I)?v = 0 for some non-zero v, we know that det((A — I)?) = 0, which means det(A — I) = 0. Thus A has

eigenvalue 1 and v is in its generalized eigenspace. So v is a generalized eigenvector for A. O

1.2

Counter Example.

(Vn) A""2p = A"ty + A"
— Av=Av+v

= (A2-A-Tw=0

Suppose

Then x1, x2 are distinct roots for equation 2?2 — x — 1 = 0. Let

Mo
Z2

1 0 1
) and span( L} ), so pick v = [1] . Clearly v is in neither of the two

A:

The only two generalized eigenspaces are span(

generalized eigenspaces. Also, we know that A% — A — I = O, which means the sequence {A¥v} here satisfies the required

condition A"T2py = A"y + A", but v is NOT a generalized eigenvector for A. O

1.3

Proof. Suppose M has a generalized eigenspace for eigenvalue A. Let I be the identical mapping. We know for some
none-zero p(z) € V, 3t € N s.t.
(M = AI)'p(z) = 0

‘Which means
(z—=N)'p(x) =0

Since (x — \)! is not a zero polynomial, then we must have p(z) = 0. Contradiction. So M has no generalized eigenvector.
O
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1.4

Proof. Let A= XJX !, where J is the Jordan normal form of A. We know that all the Jordan blocks in .J are nilpotent.
Suppose J has a Jordan block N which is larger then 5 x 5. We immdeiately know that N® # O. Le. J® # O. This
is contradictory to A% = O. So every Jordan block of J is not larger than 5 x 5.
Let d = dim Ker(A) = dim Ker(J). So J have d Jordan blocks. Since the sum of the size of all Jordan blocks is the
size of J, which is n, we know that 5d > n, i.e. d > %. O

1.5

Proof. For this subproblem, restrict the matrices to real matrices. From singular value decomposition we know
A=U.DV]T

where D is a diagonal matrix with the singular value of A (all positive real number), U, and V, are respectively a
orthonormal basis for Ran(A) and Ran(AT). From AAT AAAT = O, we have

U.DVIV,DUTU.DVIU,.DVIV,.DUF = O

Simplify, we get
U.DVIU,.D*UT =0

Multiply U,(D~1)2UT from the left and U, D~'V,T form the right, we get
A? =U,DVIU.DVI =0

Thus A and all its Jordan blocks are nilpotent. For all I x { nilpotent Jordan block N, N¥ = O <= k > 1. So the size

of any the Jordan block of A is at most 2, so 2 x dim Ker(A) > n, we get dim Ker(A) > 5. O
Problem?2
2.1
Let
1
1
P =
1
1
Note that
a11bi1 aiibiz  ai2bin a12b12 a11bi1  ai2bin  aiibiz  aiabia

p-1— a21b11  azebin  a2ibiz  agebin —BoA

a21b11  ag1biz  azebin  az2bi2 a11ba1  aigbar  aiiba  aizban

b b b b
PA® BP'=Pp 11021 A11022 Q12021  A12022

ao1ba1  ag1bay  agabar  aooban a21b21  agabar  a2iba  ageban

2.2

Proof. First,
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Then we know

AQI _ PIQAP™!
= pel®Ap~t
=PI@e P!
=ed®l

2.3
Proof. Note that (A® I(I ® B) = (AI) @ (IB) = (IA) @ (BI) = (I @ B)(A® I). So

6A®I+I®B — eA®IeI®B

We have
et @ P = (eA1)(1eP)
= (eI
_ ABI BB
_ ABI+I®B
_ A®B
2.4

Calculate directly, we have

trace(A @ B) = trace(A® I) + trace(I ® B)

I apol
au 2 ) + trace(

)

= trace(

a21I a22I B

= 2trace(A) + 2trace(B)

2.5

Proof. Case 1. If A is diagonalizable, then let

(From the previous subproblem)

(From (*))
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Note that A is invertible, so A1, Ao are non-zero. Let \; = e"1, Ay = e#2 where 1, us € C. Let X = P

We have
P s p!
X — e H2
1231
— Pe M2 P71
_p eltl Pfl
ek2
A
=p|™ p1
A2
=A
Case 2. If A is not diagonalizable, then let
Al
A=P pt
A
uoAl
Note that A is invertible, so A # 0. Let A = e*, where € C. Let X = P P~1. We have
I
A1 1 |A
X=P a pl
1 W 1
So
)\71
eX=p e H A p!
i 1] 1
_p AL et et| | A p-1
i 1] et 1
B NP DY .
i 1] A 1
1]
=P P
A
=A
2.6
Consider A ® B, we have
a11bi1 a1biz  ai2bin  a2bia
a1b a11b a12b a12b
A9 B = 11021 11022 12021 12022 — [01 vy V3 ”4}
ao1b11  a21biz  agebii  azabia
ao1bar  a21baz  agabar  azabaa

where v; € C*. When A is not invertible, we have A, Ap s.t. A2 + A2 # 0 and

A1

a11

a21

+ A2

a22

alﬂ —0

231

H2

pPL
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So

bii(Aair + Aaie

ba1(A1a11 + Azarz

bi1(A1az1 + Aag
(

ba1(A1ag1 + Aoaos

)\1’01 + )\2’1}3 =

)
=0
)
)

which means vy, v3 are linearly dependent, so det(A ® B) = det?(A)det?(B) = 0.
When B is not invertible, we have A1, Ao s.t. A\? + A3 # 0 and

b b
M|+ P =0
bo1 bao

a11(A1b11 + Agbio
a11(A1ba1 + Aabao
(
(

So

AV] + Aavy =
a21(A1b11 + A2b12

a21(A1b21 + Az2a22

)
)
)
)
which means vy, vy are linearly dependent, so det(A @ B) = det?(A)det?(B) = 0.

When both A, B are invertible, let A =eX, B =¢eY. We get

det(A® B) = det(eX @eY) (subproblem?2.5)
= det(eX®Y) (subproblem?2.3)

— etrace(XGBY)

— thrace(X)+2trace(Y) (subproblem2.4)

_ (etrace(X) trace(Y))Q

= (det(eX)det(e¥))?
= det*(A)det*(B)

Problem3

3.1

Example. Let

|
—_
o
()
O = = O

Then we have the Jordan decomposition

\
~
o
B
.
[y

\
~
~

(@)

|

=
o O =

-~

|

~.

—_

|

S
o O =

o~
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3.2
Example. Let
01 0 0 1
A= 0 0|, B= 0 1
0
Calculate directly, we get
0 0 1
AB = 0 0|, BA=0O
0
Clearly, the rank of AB and BA are different. So AB and BA are not similiar. O
3.3
Example. Let
1
A=
1
Clearly A has non-real entry but only has real eigenvalue 1. O
3.4
Example. Let
0 1
0
A =
0 1
0
el %em 0 11
A e’ 1
By definition, e = = =A+1. O
80 % e’ |a::0 L1
el 1

Let A = XJX !, where J is the Jordan normal form of A. We have eA = A4+ 1 <= e/ = J+ I. Consider the
single Jordan blocks of J.
When J()) is 1 x 1, then we have e* = \ + 1.

. et et A+1 1 . .
When J(A) is 2 x 2, then we have = , which yields
e A+1
er=1
A=A+1
We know A = 0. All 2 x 2 Jordan block of J is nilpotent.
er et ;—T A+1 1
When J(A) is 3 x 3, then we have er e = A+1 1 |, which yields
e A+1
er=1
eA=A+1
A
<=0

20 —

We know it has no solution in C, so J does not have a 3 x 3 single Jordan block. Similary there is no 4 x4 single Jordan block.
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So all the possible Jordan canonical forms of A are

01 M1 H1 0 1 J751
0 H2 0 1 0 H2
0 1|’ 0 1|’ 0 ’ L ’ 13
0 0 H2 2 4
Where p; are solutions to e* — py—1 =0 in C. (They can be distinct or some of them are equal.) O
Problem 4
4.1
Note that
M) =z, M(z) = 2%, M(2*) =12, M(2*) = —d— cx — bz* — az®
Let
0 0 0 —d
e 1 0 0 —c
01 0 —b
00 1 —a

We know that
M([1 z 2? 2%]) = [1 z 22 23]A

4.2

Proof. Let’s consider the case of n x n matrix A. Let V be the space of polynomials degree strictly less then n and ¢(x)
be a degree n polynomial.
For all polynomials r(x), s(x), t(x). We have r(x) = m(x)t(x) + (r(x) mod t(x)), s(x) = n(x)t(z) + (s(x) mod t(x)) for

some polynomial m(x), n(z). So we have
(r(x) 4+ s(x)) mod t(x) = ((r(x) mod t(z)) + ((s(x) mod t(x))

(r(z) - s(x)) mod t(x) = ((r(z) mod t(x)) - ((s(x) mod t(x))
We know Mp(z) = zp(x) mod q(x), so for V k

M*p(x) = M(M*'p
=M p(x
= (z mod q(x))(M*"p(z) mod q(x))
)((zM*?p(x) mod q(x)) mod q(x))
)

(z)

mod q(x)

~ =

Follow this, by induction, we know
M*p(x) = a*p(x) mod g(x)

Note that the polynomial of the operator M is the linear combination of M* for some k. For V polynomial P(x)
(P(M)p)(z) = P(z)p(zx) mod q(x)
So we know ¢(M)p(z) = q(z)p(x) mod q(x) = 0. For V polynomial Q(x) s.t. Q(M) = O, we have

Q(x)p(x) mod q(x) =0
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So Q(z) is a multiple of ¢(z). Thus ¢(z) is the minimal polynomial of operator M and matrix A. So the characteristic
polynomial of A is a monic multiple of g(z) with degree n. Note that deg(q(x)) = n. Thus, there can be no more factors
for the characteristic polynomial, which means ¢(x) is the characteristic polynomial.

O

Collaborator for 4.2: Chen Siyuan.

4.3

We claim that A has a single Jordan block for each eigenvalue A;. If not, then the degree of factor (z — A;) in
the minimal polynomial will be strictly less then the degree of factor (z — ;) in the characteristic polymonial, which is
contradictory to the conclusion in the previous subproblem, that the characteristic polynomial and the minimal polynomial

are the same.

Then we know that AB=BA implies B = f(A) for some polynomial f. (Proven in the lecture note) O
4.4
From subproblem 4.2 we know that p(x) is the minimal polynomial, which means the Jordan canonical form of A
can be
0
1
2
3
Or dependent on the choose of basis, there are other 23 possible forms, which correspond to other permutations of
{1,2,3,4}. O
4.5
From subproblem 4.2 we know that p(x) is the minimal polynomial, which means the Jordan canonical form of A
can be
0 1
0
1
2

Or dependent on the choose of basis, there are other 5 possible forms, which correspond to other permutations of {0, 1, 2}.
O

Problem 5

5.1

Proof. Note that AAT = 1.

A+ AT —2r1
=—(AAT —A—-AT + )
=—(A-I)(AT - 1)
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5.2
Proof.
LSO - DEWT D) ()~ f0) + (0T~ [0)7)
t—0 t t—0 t
o U0 FO) (07— £O)7)
t—0 t t—0 t
= 1'0)+ /(0"
5.3
Proof.
. )" - f0)"
= Jim (/1) — f(0)) - lim
~0-f(O)"
=0

So f(0) + f/(0)T = lim _(f(t)_l)t(f(t)T_I) = O, f'(0) is skew-symmetric.

t—0

5.4
Proof. Note that (f(t+ h)f(t)T)T = f(t)f(t+ h)T, we have

ft+h) - ft) fe+nT —f)"
t

t

FOLFOT+ FOF (T = lim

h—0

JOT + 5 (¢) Jim

g LU RYFOT + f() f(t+h)T —2I
h—0 t
T_ T
= SO0 lim (F(2)F(t+ )T - 1)

=0

Note that f(t)~t = f(t)T, we have f/(t)f(t)"1 + f()f'(t)"* = O. So f'(t)f(t)~! is skew-symmetric.

5.5

Proof. From f/'(t)f(t)"' = A, we know f'(t) = Af(t). Let f(t) = [vi(t) --- vn(t)]. For Vi, )

a
vi(t) = eMaw; for some w; € C™. Let B = [w; --- w,)], we have f(t) = e**B.

Since A is skew-symmetric, we have (e4")~! = (eA)T. Thus B = (eA)T f(t), we know det(B) = det((e??)”

and BBT = (eA)Tf(t)f(t)T (eAt) = I. Le. B € SO,,.

= A’Ui (t) . So

)det(f(t)) =1
O



