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Exercise 1.5.1

1. First, diagonalize A;, which can be

1 1)1 1 -1
A, = ¢
t 1+t 1
According to the definition,
11 1 1 -1
=[] J
ot f(1+1) 1
i 1] 1 [1 —1]
|t (1+1) 1
IS
B (t+1)2

So

t—0 limt_m(t + 1)2

lim f(4,) = [1

2.  First, diagonalize A;, which can be

1 1| |1—t i
A, = o . % 2t
—ti T+t |35 57
According to the definition,
1 1] [ra—t) 1 g
f(A) = T
—ti ti fA+t)| |3 —35

[y 1) [ -wa - i 4
—ti ti_ L4+ ti|(1+ti)| |3 —%

_Jite ]
_—t2 1

So
%1_{% f(Ay) =

11
1
From the previous calculation, we know that using different matrix sequence {A;} that converge to J, the limit of

f(Ay) in the same limit process can be different. Thus, f(.J) is not well-defined.



Exercise 1.5.2

1. Using Taylor expansion, we know that
+00 k p2k+1
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So
. B +0oo (—1)k(At)2k+1
sin(At) = E ERCESE

k=0
Take derivative

1O A2k+1(_1\k42k
i(sin(At)) — u

dt = (2k)!
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= Acos(At)
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2. First, we try to block diagonalize . Pick a sequence A, =
2+x)A
lim f(A,).
z—0
Diagnoalize A,, we get
I 11|24 I —ir
Ax —_ T xr
I 2+2)A I ]
So
I i1 |f(24 I —1ir
f(Ag) = ! (24) ’
I f((2+x)A) I
F(24) f((2+2)A)—f(24)
- f(2+2)A)
Note that A A p
i @D =72 d
-0 x dz r=2

To calculate the limit above, let’s prove a lemma.

Lemma 4 (f(zA)) = Af'(tA).

Proof. First, prove this lemma for a Jordan block

J(\) =
1

A
Find the Jordan Normal From of J()). Let N be an n x n nilpotent Jordan block. We have
Ker(zJ(A\) — 2AI) = Ker(zN)
Ker((xJ(\) — 2AI)?) = Ker((xN)?)

Ker((xJ(\) —2A)" 1) = Ker((zN)" 1)
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So we pick basis D

And
xJ(\) = DJ(xA)
So
f@x)  f@N) L (@)
o! 1! (n—1)!
f@I(\) =D o |p
[z
1!
LX)
0!
f@N  2f @y 2T Y@
0! 1! (n—1)!
zf' ()
1!
f(zA)
0!
n—1 (k:) )\
:Zxkf k;(lx )Nk
k=0 ’
n—1 (k)
_ p (@A) e
—f(a:)\)I+Zx o N
k=1

Take dirivative

(k+1)
di(f(x‘]( 1) = Af'(zA) +>\Zxkf :r)\ Nk Z k— 1f

—AZ S Z L)
From (x), we know that
Z f(kJrl) I)\)
x

And

T (@I () = (M + N) f'(xJ (X))

n-l (k+1) (k+)
Y S GV Zkf @)y

Note that N™ = O, we get

n—1 . ) n—2 (

Then let’s generalize this conclusion to any given A € M, (C). Let
Jnl ()‘1)
A=X L X!

)N



where each Jy,, (\;) is a Jordan block with only one eigenvalue A;. So

. [ ie (f (@], (M)
— A)) =X x-1
2 sy |
i i (f(@ T, (\)))
[Ty Q) (ns (M)
- X X!
i I (A6) ' (I, (Ak))
[y (A1) f'(Iny (M)
=X . X*lX . Xfl
i I (Ak) F' (I (Ak))
= Af'(zA)
]
According to Lemma, let z — 0, we know that -L f(zA) = Af'(24). So
B = Af'(24)
Collaborator for Exercise 1.5.2.2: Chen Siyuan, a student in this class.
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3. Conter example. Let f(z) =22, A= , B= 1] , then f'(x) = 2z. We have
1+t t
A+tB) =
I ) = f( - )
A+ 2243t
- (2+1)?
d 242t 3+4t
—(f(A+1tB)) =
el ) Y
So
d 2 3
—(f(A+1tB =
]
But
2 11 2 2 2 3
! A B == =

So for VA, B, f, 4(f(A+ tB))|,_, = f'(A)B is NOT always true.



