HW 6 DUAL STUFF 1

HW 6 Dual Stuff
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Exercise 1.6.1

1. We know
1 1 a; a?_l
1 1 ay ay ™!
L([L 77"”71]) = . .
11 |1 ap an—1
Then the matrix of L is
1 a1 (1?_1
1 ag ay ™!
1 ap an—1

It is a Vandermonde matrix.

2. L isinvertible <= the matrix of L is invertible. Note that for Vandermonde matrix L,

det(Ly= [ (a—ay)

>4, i,5€{1, - n}

Then we have aq, - ,a, are distinct < det(L) #0 <= L is invertible.

3. First prove that {evg,, - ,ev,, } form a basis implies a1, - - - , a,, are distinct. Suppose {ev,,, -+ ,ev,, } forms a
basis and Im,n € {1, -+ ,n} s.t. an = an(m # n). We know ev,,, = evy, then {ev,,, - ,ev,, } are linearly dependent.
It is contradictory to the assumption that {ev,,,- - ,ev,, } is a basis of an n dimensional vector space V*.

Then prove that ay, - - - ,a, are distinct implies {evg,,- - - , ev,, } form a basis of V*. From the previous subproblem,
we know that there is a unique solution to the interpolation problem with n distinct points. So let I; = H ZL_—anJ , {li}
is the Lagrange basis for V. For Vv € V, we have i

n
v(z) = Z evg, (v)l;
i=1
For Va € V*, Yv € V', we get . .
a(v) = a()_ eva, (V)l) =Y a(li)eva, (v)
i=1 i=1
So for any given distinct aq, - - - , ay, and given a € V*, ais a linear combination of {ev,,, - ,ev,, }. Le. {eva,, -+ ,evq, }

forms a basis of V'*.

4. Consider polynomials in V. Let
[P717p07p1] = [171',.’152]W

for some W € M3(R). The dual vectors of [p_1,pg, p1] are [ev_1, evg, ev1]. Then we know

ev_1(1) ev_i(x) ev_i(x?) 1 -1 1
IW™ = | evg(1)  evolz) evg(z?) | =1 0 0
evi(1)  evi(z)  evy(a?) 1 1
0 1 0
So W = —% 0 %,Wehavep,1:%x2—%x,p0—l—x,pl—%x2+%x
1 1
3 1 3
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5. Since —1, 0, 1, 2 are distinct, from subproblem 3 we know {ev_1,evq, evy, evy} forms a basis of V. For
i€ —1,0,1,2,let k; = [] %, then we have
i

2
eVv_9 = Z ev_s(k;) - ev;
i=—1
Specifically, we have
—ev_g + 4dev_1 — bevg + 4devy —evy =0

O

Exercise 1.6.2 Let v and w be two polynomials in V. To say « is a dual vector of V' is equivalent to say that a is a
linear map from V to R. Le. we only need to show that for VA, u € R, a( v + pw) = Aa(v) + pa(w). We write the 5

maps mentioned in this questions as aq,--- , as.
1. «y is a dual vector. ag(Av + pw) = 6(Av + pw)(5) = X - 6v(5) + p - 6w(5) = Ay (v) + pag (w). So oy € V*.
2. ay is not a dual vector. Consider v = 22, az(v) = +oo € R.

3. 3 is a dual vector. This map takes the coefficient of term 22 for a polynomial in V, so it is linear. Let
/\(ao-l-alﬂf)m-;u(bo-‘rhx) + lim )\(12&32:;/,14!7212 _
r—+00

v = ap + a17 + agx?, w = by + byx + bax?. We have az(Av + pw) = hr—f
T—r+00
Aag + pbs = Aaz(v) + pas(w).

4. ay is not a dual vector. For Vv € V, let v = ag + a1z + azx?, we have ay(v) = (8az + a1)(9az + 3a; + ag). It
is not linear. Specifically, we show a conter example. Let v =1, w = z, then as(v) =0, au(w) = 3, as(v +w) = 4, we

get ag(v) + ag(w) # ay(v + w).

5. a5 is not a dual vector, since the degree of a polynomial is not a linear function of the polynomial. Specifically,
let v =w =z, then v + w = 2z, deg(v) = deg(w) =1, deg(v + w) =1 # deg(v) + deg(w). O

U1

Exercise 1.6.3 Let v = [ ] . From the differentiability of f, we have f(p + tv) — f(p) = tvl%(p) + tvg%(p) +

V2

U1

o([lo][£). then Voo f = lim(v1 2L (p) + 02 2L (p) + 2UgI) = [ 2L (p) 2L (p)]

] . So V, f is a linear map from R? to
U2

R, and is thus a dual vector in (R?)*. Its “coordinates” under standard dual basis are [;—(p) O (p)|. (Of course,
T 822

the dual basis is {[1 O} ) [O 1} b O
Exercise 1.6.4

1. For Va € Ker(L*), L*(a) = 0. Then we know for Vv € V, L*(a)(v) = ao L(v) = 0. For Vw € Ran(L), we
have w = L(v) for some v € V. So a(w) = ao L(v) = 0.
Conversely, suppose Vo € W* s.t. for YVw € Ran(L), a(w) = 0. Since for Vv € V, L(v) € Ran(L), we have
ao L(v) = a(L(v)) = 0. Note that v is arbitrary, so L*(«) = ao L =0. Le. a € Ker(L*).

2. For VB € Ran(L*), we have = L*(y) = yo L for some v € W*. Then for Vv € Ker(L), 5(v) =v(L(v)) = 0.
Conversely, we try to prove if for Yo € V* s.t. Vz € Ker(L), a(z) =0, then a € Ran(L*).

We first show that for Vv, w € V st. L(v) = L(w), we have a(v) = a(w). Proof. If L(v) = L(w), then
Llv—w)=0. Le. (v—w) € Ker(L), so a(v—w) =0, i.e. a(v) = «a(w). Thus, we know that the value of a(v) is

only dependent on L(v).
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Suppose dim W = m. We pick a basis for Ran(L), i.e. Ran(L) = span({w1,--- ,wi}). Then expand this basis
such that W = span({wy, -+ ,wmn}). Let W' = span({wg41, -+ ,wm}), we have W = Ran(L) & W', i.e. Ve € W,
there is a unique decomposition © = x; + x2 s.t. ®1 € Ran(L), x3 € W’. Then we define a map §: W — R, s.t.
B(x) = a(v), where v is any preimage of ; (We define @1 as such: © = &1 + @2, @1 € Ran(L), 2 € W’). We know
B is well defined, since the value of a(v) depends only on x; = L(v). We immdeiately know that g(x) = S(x1).

Then we try to show that § is a linear map. Suppose Va,y € W, we decompose them into € = &1 + @2, T €
Ran(L), 2 € W' and y = y1 + y2, y1 € Ran(L), y» € W'. Let v, w € V be any vector s.t. x; = L(v), y1 = L(w).
Note that &1 + y1 = L(v + w),kx; = L(kv), we have B(z + y) = a(v + w) = a(v) + a(w) = B(z1) + B(y1) =
B(x) + B(y), Blkx) = alkv) = ka(v) = kB(x1) = kB(x). So f is a linear map, i.e. § € W*.

Then Vv € V, a(v) = B(L(v)) = L*(B)(v), i.e. o € Ran(L*).

Exercise 1.6.5

1. Bilinear:

(Aa + pb,w) = (\a + ub)" Aw
= XaT Aw + b Aw
= Aa,w) + u(b,w)
(v, \a + ub) = vT A(\a + ub)
=\l Aa + pv” Ab
= Av,a) + p(v,b)

Symetirc: Note that A is symetirc, we have (v, w) = (v, w)? = wl ATv = w? Av = (w, v).

Positive definite: Note that A is positive definite, we know

v7Av >0 <= v#0

vTAv =0 < v=0

So we have (v,v) > 0 and (v,v) =0 < v =0.
2. Note that (A~ v, w) = vT (A" HTATw = vT(AT) "1 Aw = vTw, we have Riesz(v?) = A~ lw.
3. We know Reisz™'(v) = (v|, so Reisz~1(v) = vT A.

4. First, we prove

Lemma For any linear bijection A: V — W, (4%*)71 = (A=1)*.

Proof. Suppose arbitrary v € V,w € W,a € V*,8 € W* s.t. w = A(v),a = A*(B). We have (A7 1)*(a)(w) =
o A7 (w) = a(v) = A*(8)(v) = B0 Av) = Blw) = (A7)~ (@) (w). Thus, (A7)~ = (A~1)".

Then, let L be the bra map L : R” — (R")*, v,w € R"™. Consider L* : (R")** — (R™)*, we have L*(ev,)(w) =
evy 0 L(w) = evy ( (w] ) = (w,v) = (v, w) = L(v)(w). With the canonical isomorphism between (R™)** and R", we can
say L = L*. Note that Reisz = L™!, from Lemma, we know Reisz* = Reisz. So Reisz*(vl) = Reisz(v?) = A~ lw.

5. From the previous subproblem, we know Reisz* = Reisz, then Reisz® = Reisz~! o Reisz* o Reisz™! =

Reisz™1 o Reisz o Reisz~! = Reisz~!. We have Reisz*(v) = Reisz~!(v) = vT A. O



