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HW 8 Multilinear Maps

Liu Mingdao 2020011156

Exercise 1.8.1

1. We first express «, 3, in the standard dual basis. Let
o= Q1 elT + ageZT

8= piel + fre;
v =mef +ee;

Then the (4,7, k) entry of a ® § ® v is

a1fivie] ® el el +afivies el ®el +aifavie] Res Del +axfhyies ®el el

+taifimel @ei ©ej +asfine; ®ef @ejy +aifape] ®e; ®e; +axfare; ey ©e;

2. We construct Mg. For VM € (R?)* @ (R?)* ® (R?), decompose it into rank one tensors M = > a; ® 3; @ ;.
i=1

Then define Mg : M — Y o;E ® B; ® ;. Then Mg is well-defined transformation on (R?)* ® (R?)* ® (R?).
i=1

3. Note that for arbitrary rank-one tensor in (R))* ® (R™)* @ (R")* like a; ® B; ® 74, its image under Mp is still
rank-one.

For YM € (R)* ® (R™)* ® (R™)* with rank . Let M’ = Mg(M) . Suppose the rank of M’ is r’. From the

definition of rank, we decompose M = Y a; ® B; ® 7;, where {a; ® B; ® v;} are distinct rank one tensors. Then
i=1

T
M' = Mg(M)=> a;E® f; ®~;. Since we have expressed M’ in r rank one tensors, we know r’ < r.
i=1

/,,_/
We decompose M’ = Z 0; ® € ® (;, where {0; ® ¢; ® (;} are distinct rank one tensors. Then Mg-1(M') =

i=1

§;E7! @ ¢; @ (;. Note that M1 (M') = M, we have M = > §;E~! ® ¢; ® (;. Since we have expressed M in r’
i=1 i=1

1
rank one tensors, we know r < 7',

?

Combine the two conclusions above, we know r =1/, i.e. rank(M) = rank(Mg(M)).

4. Suppose the i-th “2D” layer of M € (RY)* ® (R™)* ® (R™)* has rank r. For M(—, —, e;) € (R)* ® (R™)*,
M
we have rank(M(—,—,e;)) = r. Suppose rank(M) = rp, ie. M = > o; ® f; ® ;. Then feed e;, we know
i=1
™M
M(—,—,e;) = > vi(e;)a; ® B3;. We have expressed M(—, —, e;) in rps rank one tensors, we get r < rpr, i.e. rank(M)

=1
is at least r.

5. rank(M) = 2. Note that the first layer of M has rank 2. From the previous subproblem we know that
rank(M) > 2. Now we conduct a series of elementry “layer” action. To make it clearer, I express it in the following
diagram. Let My = M.
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1. Add L; to Lg, get M;.

2. Add —L4 to L3, get Mos.

3. In M>, let Ls be the layer “behind” , and Lg be the layer “forward” .

4. Add —Ls to Lg, get Ms.

5. In M3, let L; be the layer “upward” , and L be the layer “downward” .
6. Add —Ls to Ly, get My.

7. In My, let Ls be the layer “behind” , and Lg be the layer “forward” .

8. Add %LG to Ls, get M.

9. In M5, let Li be the layer “upward” , and Ls be the layer “downward” .
10. Add %Lg to Ly, get Ms.

11. Add %Lg to L4, get M.

Note that M7 = el ® el @ eT + 2el @ el ® el. So rank(M) = rank(Mz) < 2. Conbine the two conclusions
above, we have rank(M) = 2. O

Exercise 1.8.2 We suppose M € (R")* @ (R")* ® (R")*, then M = > (i+j+kelelefl.
i,j,k€{1,2,3}

1. By direct calculation, we have M (v,v,v) = 323 + 6y3 + 923 + 1222y + 15222 + 15y%x + 21y%2 + 21222 +
2422y + 36xyz2.
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2. We try to find the (i,j,k) entry of M. For Vi, k,j € {1,2,3}, construct p : {1,2,3} — {1,2,3} s.t.
p(1) =1i,p(2) = 7,p(3) = k. Then
M?(ei, e, ex) = M7 (ep1), €p(2): €p(3))
= M(ep(o(1)): €n(o(2))s Ep(o(3)))
=poo(l)+poc(2)+poac(3d)
=p(1) +p(2) +p(3)
—it+j+k

Then M and M? have the same entries, i.e. M = M?°.

3 45
3. Consider M(—,—,e;). For Vx,y € R®, M(z,y,e;) = xl Ay, where A = [4 5 6|. Note that the row
5 6 7
1 0 -1
reduced echelon form of A is 1 2|, sorank(A) = 2. From 1.8.1.4, rank(M) > 2. Let A = 8] + azp7,
0

1 0
v=|1|,06= |1], then we know that
1 2

M=(af @B +a3 ®By) @7 +9" @y @8
=l BT @y +ad 08 @97 +4T @47 @67

M can be expressed as the sum of three “rank-one” things, so rank(M) < 3.

Exercise 1.8.3

1. For VA, u € R, Vv, vy € V, Ywy,wy € W, we have

X @Y (Avy 4 pvg, wr) = X (Avg + pve) @ Y(wq)
=X(Av) @Y (wq) + X (pv2) ® Y(wy)
=AX ®Y (v, w1) + puX ® Y (va, wq)
X QY (v1, \w;y + pws) = X(v1) @ Y (Aw;y + pws)
=X(v1) @Y (A\wy) + X(v1) @ Y (pws)
=AX @Y (v, wr) + pX @Y (v, ws)

So X ® Y is bilinear.

2. Note that trace is independent of basis, we try to solve this problem under a certain basis. Suppose dimV =

n, dimW =m, {vy, -+ ,v,} forms a basis of V, {wy,--+ ,w,,} forms a basis of W. Then
T:{’v1®w17v1®w27”'7vl®wn7"'7vm®w17vm®w27”'7vm®wn}
n tensors as a group n tensors as a group

m groups in total
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form a basis of V ® W, and in this problem we always arrange the basis in the same order as presented above.
Suppose the matrix of X under {vy,--- ,v,} is A = [a1, - ,ap]uxn, and the matrix of Y under {w;, -, w,,} is
B = [bla to 7bm]m><m-

From the previous subproblem, we treat X ® Y as a linear trasformation on V' ® W. We know
X® Y(’Ui (9 wj) =Ta; ® b]‘

where T'a; ® b; denotes using a; ® b; as coeflicients to form a linear compsition of basis T'. Thus, the matrix of X ® Y’

under basis T is

M:[a1®b17a1®b27"' va1®bn sty am®b1aam®b27"' 7am®bn]mn><mn

n vectors as a group n vectors as a group

aii)( zn: b;;) = trace(X)trace(Y). O
i=1 j=1

NIE!
NgE!

Then trace(M) =

(2

(ai - Xn: bjj) = (
=1

J

Il
—

Exercise 1.8.4 Map trace is in the space (R")* @ R™.
For VM € R™ ® (R™)*, decompose it into the tensors of the standard basis, we have

M = Z mi;€; ®6;T

i,je{l,- n}

From the definition of trace map, we know trace(M) =
k

n
myx. Thus, the entries of trace in (R™)* ® R™ under the

. =1

standard basis is trace = Y e} ® ey. O

k=1



