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HW 9 Tensor Calculations

Liu Mingdao 2020011156

Exercise 1.9.1

1. For arbitrary HA, HB, under the inner product structure on HA, HB, we pick an orthonormal basis:

{e1, · · · , em} for HA, {ẽ1, · · · , ẽn} for HB. Then for ∀M,N ∈ HA ⊗HB, suppose M =
∑
i,j
mijei ⊗ ẽj , N =∑

k,l

nklek ⊗ ẽl. Note that under this orthonormal basis (ei, ek) = δik, (ẽj , ẽl) = δjl, we have

(M,N) = (
∑
i,j

mijei ⊗ ẽj ,
∑
k,l

nklek ⊗ ẽl)

=
∑
i,j

∑
k,l

mijnkl(ei, ek)(ẽj , ẽl)

=
∑
i,j

mijnij

(N,M) = (
∑
k,l

nklek ⊗ ẽl,
∑
i,j

mijei ⊗ ẽj)

=
∑
i,j

∑
k,l

mijnkl(ek, ei)(ẽl, ẽj)

=
∑
i,j

mijnij

Thus (M,N) = (N,M), the structure is symetric.

(M,M) = (
∑
i,j

mijei ⊗ ẽj ,
∑
k,l

mklek ⊗ ẽl)

=
∑
i,j

∑
k,l

mijmkl(ei, ek)(ẽj , ẽl)

=
∑
i,j

m2
ij

Thus (M,M) ≥ 0, and (M,M) = 0 ⇐⇒ (∀i, j)mij = 0 ⇐⇒ M = 0. The structure is positive definite.

2. Let {e1, e2} be the orthonormal basis in R2, eij = ei ⊗ ej . Suppose a, b are both non-zero and

rank(ae11 + be22) = 1. For some v,w ∈ R2, ae11 + be22 = v⊗w = v1w1e11 + v1w2e12 + v2w1e21 + v2w2e22.

Compare the coefficients and arrange them in a matrix, we have vwT = diag(a, b) while rank(vwT ) =

1, rank(diag(a, b)) = 2, contradiction. So when a 6= 0, b 6= 0, rank(ae11 + be22) = 2.

3. When rank(ω) = 1, (ω,L ⊗ IB(ω)) = (Lv ⊗ w,v ⊗ w) = (v21 − v22)(w2
1 + w2

2), (ω, IA ⊗ L(ω)) =

(v ⊗w,v ⊗ Lw) = (v21 + v22)(w2
1 − w2

2).

Then we prove that (v21−v22)(w2
1 +w2

2) and (v21−v22)(w2
1 +w2

2) can be any pair of real numbers. Suppose

∀x, y ∈ R, let R = (x2 + y2)
1
8 . We add two constraints||v|| =

√
v21 + v22 = R, v1 = Rcosα, v2 = Rsinα

||w|| =
√
w2
1 + w2

2 = R, w1 = Rcosβ, w2 = Rsinβ
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Then let x = (ω, IA ⊗ L(ω))

y = (ω,L⊗ IB(ω))

We have 
cos2β = x

R4 = x√
x2+y2

cos2α = y
R4 = y√

x2+y2

I.e. in [0, π2 ) 
β = 1

2arccos
x√
x2+y2

α = 1
2arccos

y√
x2+y2

Then we get v,w. Thus, for any given pair of real numbers, we can find v,w.

4. (ω,L⊗ IB(ω)) = (ae11 + be22, L⊗ IB(ae11) +L⊗ IB(be22)) = (ae11 + be22, ae11 − be22) = a2 − b2.
(ω, IA ⊗ L(ω)) = (ae11 + be22, IA ⊗ L(ae11) + IA ⊗ L(be22)) = (ae11 + be22, ae11 − be22) = a2 − b2.

Exercise 1.9.2

1. Let the old basis B be [v1, · · · ,vn], the new basis C be [w1, · · · ,wn], then from vC = BvB, we

have [v1, · · · ,vn] = [w1, · · · ,wn]B. Let B−1 = [b̂1, · · · , b̂n]. Then wi = [v1, · · · ,vn]b̂i, which means

wi =
n∑
k=1

(b̂i)kvk.

Under the old basis αB = [α(v1), · · · , α(vn)]. Under the new basis

αC = [α(w1), · · · , α(wn)]

= [α([v1, · · · ,vn]b̂1), · · · , α([v1, · · · ,vn]b̂n)]

= [α([v1, · · · ,vn])b̂1, · · · , α([v1, · · · ,vn])b̂n]

= αB[b̂1, · · · , b̂n]

= αBB
−1

2. Note that vC = BvB, wC = BwB. We have L(vB ⊗ wB) = (BvB) ⊗ (BwB) for ∀vB,wB ∈ Rn.

So L is defined. To determine linear map L clearly, we just need to find its corresponding matrix. Let

B = [b1, · · · , bn]. Note that L(ei ⊗ ej) = (Bei)⊗ (Bej) = bi ⊗ bj , then the matrix of L is

ML = [ b1 ⊗ b1, b1 ⊗ b2, · · · , b1 ⊗ bn︸ ︷︷ ︸
n vectors as a group

, · · · , bn ⊗ b1, bn ⊗ b2, · · · , bn ⊗ bn︸ ︷︷ ︸
n vectors as a group

]n2×n2 = B ⊗B

3. In the previous subproblems, we note that during the change of basis with matrix B, the coordinate

of vectors in V is multiplied by B from the left, and the coordinate of dual vectors in V ∗ is multiplied by

B−1 from the right. Then we infer that (v1)B ⊗ · · · ⊗ (va)B ⊗ (α1)B ⊗ · · · ⊗ (αb)B is sent to

B(v1)B ⊗ · · · ⊗B(va)B ⊗ (α1)BB
−1 ⊗ · · · ⊗ (αb)BB

−1
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Exercise 1.9.3 Just prove the generic case. Consider differentiable function f : R3 → R. Under the new

coordinate system, we assume ab
c

 = B

xy
z


I.e. xy

z

 = B−1

ab
c


Take total derivative for x, y, z with a, b, c as independent variables, then arrange them in a matrix, we get

∂x
∂a

∂x
∂b

∂x
∂c

∂y
∂a

∂y
∂b

∂y
∂c

∂z
∂a

∂z
∂b

∂z
∂c

 = B−1 (1)

From the chain rule of partial derivative, we have

∂f

∂a
=
∂f

∂x

∂x

∂a
+
∂f

∂y

∂y

∂a
+
∂f

∂z

∂z

∂a

∂f

∂b
=
∂f

∂x

∂x

∂b
+
∂f

∂y

∂y

∂b
+
∂f

∂z

∂z

∂b

∂f

∂c
=
∂f

∂x

∂x

∂c
+
∂f

∂y

∂y

∂c
+
∂f

∂z

∂z

∂c

I.e. 
∂f
∂a
∂f
∂b
∂f
∂c

 =


∂x
∂a

∂y
∂a

∂z
∂a

∂x
∂b

∂y
∂b

∂z
∂b

∂x
∂c

∂y
∂c

∂z
∂c



∂f
∂x
∂f
∂y
∂f
∂z

 (2)

Compare (1) and (2), we get

∇fnew(a, b, c) =


∂f
∂a
∂f
∂b
∂f
∂c

 = (B−1)T


∂f
∂x
∂f
∂y
∂f
∂z

 = (B−1)T (∇fold(x, y, z))

Hence, if we arrange the gradient as row vectors, we just take transpose on both sides:[
∂f
∂a

∂f
∂b

∂f
∂c

]
=

[
∂f
∂x

∂f
∂y

∂f
∂z

]
B−1

Clearly the coordinate of gradient bahaves like the dual vectors.


