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HW 9 Tensor Calculations

Liu Mingdao 2020011156

Exercise 1.9.1

1. For arbitrary H 4, Hg, under the inner product structure on H 4, Hg, we pick an orthonormal basis:

{e1, -+ ,en} for Hy, {€1, - ,€,} for Hg. Then for VM, N € Hy ® Hp, suppose M = meez@)ej, N =
7-]

> nier ® €. Note that under this orthonormal basis (e;, ex) = i, (€;,€;) = 0;;, we have
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Thus (M, N) = (N, M), the structure is symetric.
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Thus (M, M) >0, and (M,M) =0 <= (Vi,j)m;j =0 <= M = 0. The structure is positive definite.

2. Let {e1, e} be the orthonormal basis in R, e;; = e; ® ej. Suppose a,b are both non-zero and
T‘(I’I’Lk‘((lell + b622) = 1. For some v, w € R2, ae11 +beyy = v W = viwie] +viwees + vawies1 + vawsess.
Compare the coefficients and arrange them in a matrix, we have vw! = diag(a,b) while rank(vw?®) =

1,rank(diag(a, b)) = 2, contradiction. So when a # 0, b # 0, rank(ae;; + beas) = 2.

3. When rank(w) = 1, (w,L ® Ip(w)) = (Lv ® w,v @ w) = (v? — v3)(w? + w3), (w, 14 ® L(w)) =
(v@w,v® Lw) = (v7 +v3)(wi — w3).
Then we prove that (v? —v3)(w} +w3) and (v? —v3)(w} +w3) can be any pair of real numbers. Suppose

Vz,y €R, let R = (2 + yz)% We add two constraints

l|lv]| = \/m: R, v1 = Rcosa, va = Rsina
|Jwl|| = \/W = R, w; = RcosfB, wy = Rsinf
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Then let
= (w, 14 ® L(w))
y=(w,L®Ipw))
We have
cos2B = g7 = \/:c;CTyQ
cos2a = 47 = x2y+y2

Le. in [0, %)

B = Larccos—==

T2 2242

y
1 y

o = 5arccos
2 /22 4y2

Then we get v, w. Thus, for any given pair of real numbers, we can find v, w.

4. (w,L®Ip(w)) = (aei1 +bexs, L@ Ig(aei;) + L @ Ip(bess)) = (aei1 + beaa,aer; — begs) = a® — b2
(w, IA X L(w)) = (aen + begz, IA ® L(aen) =+ IA X L(b622)) = (a611 + 5822, aei] — 6622) = a2 — b2. O

Exercise 1.9.2

1. Let the old basis B be [vy,- - ,v,], the new basis C be [wy,--- ,wy], then from v¢ = Bvg, we
have [v1,---,v,] = [wy, -+ ,w,]B. Let B~1 = [61, cee bAn} Then w; = [vy,--- ,vn]l;i, which means
w; = Zn: (bi) kv

Ukriier the old basis ap = [a(v1), -+, a(v,)]. Under the new basis

ac = [a(wy), -+, a(w,)]
= [a([vr, - ,on)b1), -, ([l Vp]bn)]
= [a([v1, - s va))b1, oy e[V, va])bl
= aplbi, -+, by
= ozlgB_l

2. Note that v¢ = Bvp, we = Bwp. We have L(vg ® wg) = (Bvg) ® (Bwg) for Vv, wp € R™.

So L is defined. To determine linear map L clearly, we just need to find its corresponding matrix. Let

B = [by, ---, by]. Note that L(e; ® e;) = (Be;) ® (Bej) = b; ® bj, then the matrix of L is
ML:[b1®b17bl®b27“'7b1®bn7“'7bn®blvbn®b27“'7bn®bn]n2xn2:B®B
n vectors as a group n vectors as a group

3. In the previous subproblems, we note that during the change of basis with matrix B, the coordinate
of vectors in V is multiplied by B from the left, and the coordinate of dual vectors in V* is multiplied by
B~! from the right. Then we infer that (v1)g ® -+ ® (V4)5 ® (1) ® - - - ® () is sent to

B(v1)p® + ® B(va)g® (a")gB ' @+ ® (a’)gB "
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Exercise 1.9.3 Just prove the generic case. Consider differentiable function f : R? — R. Under the new

coordinate system, we assume

Take total derivative for z,y, z with a, b, c as independent variables, then arrange them in a matrix, we get

0z dx O

da 0b Oc

o oyl — gl

da Ob Oc =B (1)
da 0b  Oc

From the chain rule of partial derivative, we have

of _ oo o0fdy  0fo:
da Orda Oyda 0z da
of ofodxr Ofoy  0f 0z
b Bz db ' dydb ' 9z b
of _ oo ofdy 050z
dc  O0x dc Oydc 0z Oc

Le.
of Oz Oy 0z7 TOf
Oa Oa Oa Oa Ox
of | = |ox oy oz| |of (2)
ab ab ab b ay
af 9z Oy 9z | |9f
Oc dc Oc Oc 0z
Compare (1) and (2), we get
of of
Oa oz
Vnew(ab.e) = |G = (BT |1 = (B (Votalz,y.2))
of of
oc 0z

Hence, if we arrange the gradient as row vectors, we just take transpose on both sides:

da ob oc| By

[if of ﬂ}f{ﬂ of ﬂ}Bfl
ox oy 0z

Clearly the coordinate of gradient bahaves like the dual vectors. O



