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3. �®èI(20I) ∫ +∞

−∞

x− 1

x5 − 1
dx

�:

R(z) = z−1
z5−1
óÞÌ²Á{ô�4zk = e

2kπi
5 , k = 1, 2.

Res[R(z), zk] = zk−1
5zk

= 1
5
(z2

k − zk).

èI= 2πi
∑2

k=1 Res[R(z), zk] = 2πi
5

(z2
2 − z2 + z2

1 − z1) = 2πi
5

(z2
2 − z1) =

2πi
5

(e
8πi
5 − e

2πi
5 ) = 2πi

5
(e
−2πi

5 − e
2πi
5 ) = 4π

5
sin 2π

5
.

4. "÷f(z)óÝ9;\�M"γ{K­��Û,yÒ∫
γ

f(z)f ′(z)dz

4��j.(10I)

yÒ:

÷f = u + iv,�f ′ = ux + vx,

Re(
∫

γ
f̄f ′dz) =

∫
γ
(uux + vvx)dx+(uxv−uvx)dy =

∫
γ
(uux + vvx)dx+(vyv +

uuy)dy =
∫

γ
d(u2+v2

2
) = 0.

6. (20I)

(1) ²ln sin z
z
0Äz{¸ÿj,�tz6;

�:
sin z

z
= 1− z2

3!
+ z4

5!
− z6

7!
+ o(z6)

ln sin z
z

= ln[1 − ( z2

3!
− z4

5!
+ z6

7!
+ o(z6)) = −

∑∞
1

1
n
( z2

3!
− z4

5!
+ z6

7!
+ o(z6))n =

− z2

6
− z4

180
− z6

2835
+ o(z6).

(2) ²<jf(z) = z2−2z+5
(z−2)(z2+1)

óK­0 < |z − 2| <
√

5�0ÄLaurentÿj.

�:
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f(z) = 1
z−2

+ i( 1
z−i

− 1
z+i

).
1

z−i
= 1

z−2+2−i
= 1

2−i
· 1

1+ z−2
2−i

= −
∑∞

0
(z−2)n

(−2+i)n+1 ,

1
z+i

= 1
z−2+2+i

= 1
2+i

· 1
1+ z−2

2+i

= −
∑∞

0
(z−2)n

(−2−i)n+1 .

Ä1

f(z) = 1
z−2

+ i
∑∞

0 [ 1
(−2−i)n+1 − 1

(−2+i)n+1 ](z − 2)n]

= 1
z−2

− 2
∑∞

0 5−
n+1

2 sin[(n + 1)arccos(− 2√
5
)](z − 2)n.

7. (20I)

(2)I�Çáonó²K­C \ {z : |z| = 1, Imz ≥ 0}nt\ Ë|w| > 1i,?

²∞nt∞.

�:

*nóz1 = i z+1
z−1
²K­C \ {z : |z| = 1, Imz ≥ 0}ntD1 = C \ {z : Rez ≥

0, Imz = 0}, ∞ 7→ i;

nóz2 =
√

z1²D1ntÞÌ²Á, i 7→ 1+i√
2
;

nów =
z2− 1−i√

2

z2− 1+i√
2

²ÞÌ²Ánt\ Ëi, 1+i√
2
7→ ∞.

w =

√
i z+1

z−1
− 1−i√

2√
i z+1

z−1
− 1+i√

2
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