
����SK�Y�J«–Part I

ek�Ø§��Ñ

öS1. �	¼êw = f(z) =
√
|x||y|β3z = 0?��5§Ù¥β ≥ 1�~ê"

J«. 3z = 0?§-∆z = reiθ, *	�∆f
∆z =

√
r1+β | cos θ|| sin θ|β

reiθ
, Ï�∆z → 0 ⇔ r → 0, ¤±

�β = 1�,Ø��,Ù{�¹þ��"

öS2. Á�E¼êw = f(z),¦�§3CþëY§3z = 0��§�30:�?Û�%��Sþkf(z)�

)Û:�Û:"

�Y. ~fµ

w = f(z) =

z2, Imz ≥ 0,

z̄2, Imz < 0.

öS3. �n ≥ 2��½��ê§�	¼ê

w = f(z) =

 z̄n

z , z 6= 0,

0, z = 0.

3z = 0?ëY59��5"

J«. Ó1��öS¥�{��3z = 0?µn > 2 ���, n = 2�ëYØ��(5µn = 1�Øë

Y)"

öS4. ÖþP67: 10 (4)(5)

Proof. (4). arg f(z) ≡ θ ∈ (−π, π] ⇒ e−iθf(z)ð�¢�§A^10(1)y²L�(Ø�Ñ§e−iθf(z) ≡
const, l
f(z) ≡ const.

(5). a, b, cØ��0⇒ a2 + b2 6= 0,

au+ bv = c⇒ aux + bvx ≡ 0, auy + bvy ≡ 0⇒ (aux + bvx)2 + (auy + bvy)2 ≡ 0

⇒ (a2 + b2)(u2
x + u2

y) = (a2 + b2)(v2
x + v2

y) ≡ 0

⇒ u2
x + u2

y ≡ 0, v2
x + v2

y ≡ 0⇒ ux = vy ≡ 0, uy = −vx ≡ 0

⇒ u ≡ const, v ≡ const.
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öS5. é?¿�½�z ∈ C, ¦y:

lim
n→∞

n ln(1 +
z

n
) = z.

J«. n ln(1 + z
n ) = n ln

√
(1 + x

n )2 + ( yn )2 + in arctan
y
n

1+ x
n
→ x+ iy, n→∞.

öS6. �Jordan4­�C�¤�«�¡È�S,Á¦e�È©��µ∮
C

z̄dz.

�Yµ2iS.

öS7. Öþ1nÙSK: 21.

J«. µ5¿� ∮
C

f ′(z)

z − z0
dz −

∮
C

f(z)

(z − z0)2
dz =

∮
C

[
f(z)

z − z0
]′dz = 0,

Ï� f(z)
z−z0��[ f(z)

z−z0 ]′3Dþ��¼ê§�âÈ©´»Ã'5�n�¿�^�=�"

öS8. �ρ > 0, a ∈ C, |a| 6= ρ§¦y:

I =

∮
|z|=ρ

|dz|
|z − a|2

=


2πρ

ρ2−|a|2 , |a| < ρ,

2πρ
|a|2−ρ2 , |a| > ρ.

Proof. -z = reiθ,3Cρ : |z| = ρ, þ, |z|2 = zz̄ = ρ2. |dz| = ds = ρdθ = −iρdzz . u´

I =

∮
|z|=ρ

|dz|
|z − a|2

=

∮
Cρ

−iρdz
(z − a)(z̄ − ā)z

= −iρ
∮
Cρ

dz

(z − a)(ρ2 − āz)

Case 1. |a| < ρ.

I = −iρ
∮
Cρ

1
ρ2−āz

z − a
dz = −iρ · 2πi 1

ρ2 − āz
|z=a =

2πρ

ρ2 − |a|2
;

Case 2. |a| > ρ. aq��"

öS9. �f(z)3��D : |z − z0| < Rþ)Û§3DþëY§y²¡È²þ�úªµ

f(z0) =
1

πR2

∫∫
D

f(z)dxdy.

J«.

f(z0) =
1

2π

∫ 2π

0

f(z0 + reiθ)dθ ⇒

∫ R

0

f(z0)rdr =
1

2π

∫ R

0

∫ 2π

0

f(z0 + reiθ)rdθdr ⇒

f(z0) =
1

πR2

∫∫
D

f(z)dxdy.

öS10. �f(z)3k.«�Dþ)Û§3DþëY§�??Ø�0§y²µ

eé∀z ∈ ∂Dk|f(z)| ≡M(M�,�~ê¤, K3Dþ§f(z) ≡Meiθ,é,�θ ∈ [0, 2π).
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J«. éf(z) 9 1
f(z)©OA^����n,KØJw�|f(z)|�������þ3>.þ��§Ï


|f(z)| ≡M , l
f(z) ≡ const."

öS11. �Pn(z)�n(≥ 1)gõ�ª§��p�Xê�1§¦yµ

M = max
|z|=1

|Pn(z)| ≥ 1.

Proof. y{1.|^CauchyØ�ª,5¿�n! = |P (n)(0)| ≤ n!M
1n ,=�"

y{2. -w = 1
z , K

Pn(z)
zn = zn+a1z

n−1+···+an
zn = 1 + a1w

1 + · · ·+ anw
n = Q(w), 5¿�

M = max
|z|=1

|Pn(z)| = max
|w|=1

|Q(w)|.

Ï
kM ≥ |Q(0)| = 1.

öS12. �f(z)��¼ê§�®�f(0) = A, f ′(0) = B, é�½�r > 09��ên§Á¦µ

(1) I1 =
∫ 2π

0
fn(reiθ) cos2 θ

2dθ, (2) I2 =
∫ 2π

0
fn(reiθ) sin2 θ

2dθ. (d?�ng�)

J«. z = reiθ, dθ = dz
iz , cos2 θ

2 = 1+cos θ
2 = (1+ z+z̄

2r )/2 = 2rz+z2+r2

4rz , sin2 θ
2 = 1−cos θ

2 = (1− z+z̄2r )/2 =
2rz−z2−r2

4rz ,ù�§

I1 =

∫ 2π

0

fn(reiθ) cos2 θ

2
dθ =

∮
|z|=r

fn(z)
2rz + z2 + r2

4rz

dz

iz
=

∮
|z|=r

fn(z)
2rz + r2

4riz2
dz

= 2πi[
fn(0)

2i
+

r

4i
[fn(z)]′z=0] = 2πi[

An

2i
+
rnAn−1B

4i
] = π[An +

rnAn−1B

2
].

aq��µ

I2 =

∫ 2π

0

fn(reiθ) sin2 θ

2
dθ = π[An − rnAn−1B

2
].

öS13. �f(z)3|z| ≤ 2S)Û§®�f(0) = A, f ′(0) = B, f ′′(0) = C, Á¦È©

I =
1

2πi

∮
|z|=1

(2− z)f(z̄)dz.

J«. kz¤ëêÈ©§z = eiθ, dz = ieiθdθ§,�2=¤CauchyÈ©úª½p��êúªO�, �

¦� ∮
|z|=1

f(z̄)dz = 2πiB,

∮
|z|=1

zf(z̄)dz = πiC.

öS14. �f(z)3|z| > 1þ)Û�k.§�½z0÷v|z0| < 1±9��ên,¦yµ∮
|z|=2

f(z)dz

(z − z0)n+1
= 0.

Proof. 3|z| > 1þ, |f(z)| < M .é¤k¿©��r,dEÜ4´½nk∮
|z|=2

f(z)dz

(z − z0)n+1
=

∮
|z−z0|=r

f(z)dz

(z − z0)n+1
.
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|
∮
|z|=2

f(z)dz

(z − z0)n+1
| = |

∮
|z−z0|=r

f(z)dz

(z − z0)n+1
| ≤

∮
|z−z0|=r

|f(z)||dz|
|z − z0|n+1

≤
∮
|z−z0|=r

Mds

rn+1
=

2πM

rn
.

-r → +∞,K��·�I��(Ø"
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