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ek�Ø§��Ñ

öS1. �äe�?ê�ñÑ5£XÂñ§L`²´^�Âñ�´ýéÂñ¤µ

(1).

∞∑
n=1

sin i
n

n
; (2)

∞∑
n=1

cos(in)

2n
; (3)

∞∑
n=1

e2ni

np
, ùp p > 0.

�Y. (1). sin i
n = e1/n−e−1/n

2i = 1
2i [

2
n + o( 1

n )]. �

∞∑
n=1

sin i
n

n
=

∞∑
n=1

1

2i
[

2

n2
+ o(

1

n2
)], ýéÂñ.

(2). uÑ"

(3)

∞∑
n=1

e2ni

np
=

∞∑
n=1

[
cos(2n)

np
+ i

sin(2n)

np
],

Case 1. p > 1, ýéÂñ; Case 2. 0 < p ≤ 1, dDirichlet �O{�§^�Âñ"

öS2. ¦e��?êÂñ�»µ

(1).

∞∑
n=0

nn

n!
z2n, (2).

∞∑
n=1

(1− sin
1

n
)−n

2

zn.

�Y. (1). R =
√

1
e , (2). R = 1

e ;

öS3. �
∑∞
n=0 αnz

n�
∑∞
n=0 βnz

n�Âñ�»©O�R1 (> 0), R2 (> 0),¦y
∑∞
n=0 αnβnz

n �Âñ

�»R ≥ R1R2£J«µ^½Â¤; ¿Þ~¦�R > R1R2¤á"

Proof. é?¿z : |z| < R1R2�, �©)z = z1z2¦�|z1 < R1, |z2| < R2. 5¿limn→∞ |αnzn1 | = 0.

∞∑
n=0

|αnβnzn| =
∞∑
n=0

|αnzn1 ||βnzn2 | < M

∞∑
n=0

|βnzn2 |,ýéÂñ, M ��Ü·�~ê.

�R ≥ R1R2"

Þ~Xeµ

Example 1. αn =
1 + (−1)n

2
, βn =

1 + (−1)n+1

2
, R = +∞, R1 = R2 = 1,

Example 2. αn =
1 + (−1)n+1

2
+

1 + (−1)n

2
2n, βn =

1 + (−1)n+1

2
, R = 1, R1 =

1

2
, R2 = 1.
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öS4. (½�?ê�Âñ��¿¦Ú¼êµ

(1). f(z) =

∞∑
n=2

n(n− 1)zn, (2). g(z) =

∞∑
n=2

1

n(n− 1)
zn.

�Y. (1). f(z) = 2z2

(1−z)3 , (2). g(z) = z + (z − 1) ln(1− z).

öS5. e�n��?êäk�Ó�Âñ�»£^½Ây², �I��ÄÂñ�»��ê��/¤µ

(1).

∞∑
n=0

cnz
n, (2).

∞∑
n=1

ncnz
n−1, (3).

∞∑
n=0

cn
n+ 1

zn+1.

5µ�I�y²c¡ü��?ê�Âñ�»�ÓÒ�±
"

Proof. �(1),(2)¥�?ê�Âñ�»©O�R, r.Ï�
∑∞
n=1 ncnz

n−1�
∑∞
n=1 ncnz

nÂñ�»��,Ø

JwÑR ≥ r.eR = 0Kw,R = r = 0,Ø��R > 0"ey�|z| < R�
∑∞
n=1 ncnz

nýéÂñ=

�.�z0¦�|z| < |z0| < R, Kq =
√
|z|
|z0| < 19limn→∞ nqn = 0, limn→∞ |cnzn0 | = 0.

∞∑
n=1

n|cnzn| =
∞∑
n=1

n|cnzn0 ||
zn

zn0
| =

∞∑
n=1

nqn|cnzn0 |qn <
∞∑
n=1

Mqn < +∞, M ��Ü·�~ê.

öS6. 3�A:ée�¼êÐmTaylor?ê(co�=�),¿�ÑÂñ�»µ

(1). tan z, z0 =
π

4
, (2). e

z
z−1 , z0 = 0.

�Y. ÐmÑ"(1). R = π
4 , (2). R = 1.

öS7. ¦e��?ê3E²¡þÚ¼êµ
∞∑
n=0

z3n

(3n)!
.

�Y. f(z) =
∑∞
n=0

z3n

(3n)!´C þ�¼ê"5¿�f ′′′(z) = f(z), ±9f(0) = 1, f ′(0) = f ′′(0) = 0. )d

~�©�§��

f(z) =
1

3
(ez + eωz + eω

2z), Ù¥ ω =
−1 +

√
3i

2
.

öS8. ¦�µln(2n)(1 + iz2)|z=0 (n ≥ 1).£d?�2n��ê¤

�Y. f(z) = ln(1 + iz2).

ln(1 + iz2) =

∞∑
n=0

(−1)n

n+ 1
(iz2)n+1 =

∞∑
n=0

(−i)ni
n+ 1

z2(n+1) =

∞∑
n=0

f (n)(0)

n!
zn.

'�ü>Ó�gcXê§��µln(2n)(1 + iz2)|z=0 = f (2n)(0) = (−i)n−1i(2n)!
n .

öS9. ��¼êf(z)3E²¡ Cþ??÷v |f(z)| ≤ |z|s, d?s��~ê� s 6∈ Z, ¦yµf(z) ≡ 0.
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Proof. 3CþkTaylorÐmµ

f(z) =

∞∑
n=0

cnz
n, Ù¥cn =

f (n)(0)

n!
.

CR : |z| = R, R > 0.

|cn| = |
f (n)(0)

n!
| = | 1

2πi

∮
CR

f(z)dz

zn+1
| ≤ 1

2π

∮
CR

|z|sdz
|z|n+1

=
1

Rn−s
=

 → 0, R→ +∞, if n > s;

→ 0, R→ 0+, if n < s.

u´cn ≡ 0, ∀n ∈ N, l
f(z) ≡ 0.

öS10. y²)Û¼ê��5½nµ�¼êf(z), g(z)3«�Dþ)Û§a 6∈ {zn}∞n=0 ⊂ D, a ∈ D, e

(1) lim
n→∞

zn = a, (2) f(zn) = g(zn), n ∈ N,

Kf(z) ≡ g(z).

J«. 5¿�{zn}´¼êf(z)− g(z)��X�":§^":�á5§á=��"

öS11. O�È©

(1). I1 =
1

2πi

∮
|z|=2

z sin
z

z − 1
dz, (2). I2 =

1

2πi

∮
|z|=2

z sinh
z

z − 1
dz.

J«. éz cosh z
z−1 ?1LaurentÐmXe(�ζ = z − 1)µ

z sin
z

z − 1
= [(z − 1) + 1] sin(1 +

1

z − 1
) = [ζ + 1][sin 1 cos

1

ζ
+ cos 1 sin

1

ζ
]

= (ζ + 1)[sin 1(1− 1

2!ζ2
+

1

4!ζ4
+ · · · ) + cos 1(

1

ζ
− 1

3!ζ3
+

1

5!ζ5
+ · · · )]

u´c−1 = cos 1− sin 1
2 ,l
I1 = cos 1− sin 1

2 .

aqéz sinh z
z−1 ?1LaurentÐm�¦�

I2 =
1

2πi

∮
|z|=2

z sinh
z

z − 1
= cosh 1 +

sinh 1

2
.

öS12. ¦
∑0
n=−∞

z6n

(−2n)!3C− {0}þ�Ú¼ê"

�Y. cosh 1
z3 .

öS13. �8ÜA = {z1, z2, · · · , zm}´C¥m−:8"XJ¼êf(z)3C\Aþ)Û�k.§Áy²µ
f(z) ≡~ê"

Proof. XJ��¦^�O��Û:�¿�^�§d¼êÖ¿½Â�Ò¤
�¼ê§@odLiouville½

n���y"�·�d��ØU��¦^��Û:�*g§¤±�U3∞�,���S?
1LaurentÐm§,�y²§�¤k�~ê�Xê�0§ù�d¼ê��5½n§f(z) ≡~ê"

|f(z)| < M , év
��R,

f(z) =

∞∑
n=−∞

cnz
n : R < |z| < +∞.
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Ù¥

cn =
1

2πi

∮
|z|=r

f(z)dz

zn+1
, r ∈ (R,+∞),

|cn| ≤
1

2π

∮
|z|=r

|f(z)||dz|
|z|n+1

≤ 1

2π

∮
|z|=r

Mds

rn+1
=
M

rn
,

-r → +∞,ØJwÑ�n ≥ 1�, cn ≡ 0.

ey�n ≤ −1�, cn ≡ 0. dEÜ4´½n,é¿©��r1, r2, · · · , rm,

cn =
1

2πi

∮
|z|=r

f(z)dz

zn+1
=

m∑
k=1

1

2πi

∮
|z−zj |=rj

f(z)dz

zn+1

-

aj =
1

2πi

∮
|z−zj |=rj

f(z)dz

zn+1
,

K

|aj | ≤
1

2π

∮
|z−zj |=rj

|f(z)||dz|
|z|n+1

≤ 1

2π

∮
|z−zj |=rj

M(|zj |+ rj)
−n−1ds

= Mrj(|zj |+ rj)
−n−1 → 0, as rj → 0+.

ØJwÑ: cn = a1 + a2 + · · ·+ am = 0.

öS14. �¼êf(z)3 C − {0}þ)Û�??÷v |f(z)| ≤ |z|m, d?m���0�ê§¦yµf(z) ≡
Kzm,Ù¥K�,~ê�|K| ≤ 1.

J«. ¦^þ¡SK9��{"

öS15. éÑe�¼ê3*¿E²¡Cþ¤kÛ:¿?1©aµ

(1).
z

(1 + eπz)3(1 + z2)2
, (2).

1

z
− 1

sin z
+

sin(πz)

(z − 2)5
.

�Y. ±en ∈ Z.
(1). ∞µ��áÛ:; i(2n+ 1)(n 6= 0,−1):þ´3?4:; ±i: þ´5?4:"

(2). ∞µ��áÛ:; nπ(n 6= 0):þ´ü4:; 0:��Û:; 2:4?4:"

öS16. y²Weierstrass½nµ�z0�f(z)���5Û:, é∀�½ A ∈ C, 3z0:,��%�

�B∗δ (z0)S�3Eê�{zn}∞n=1,¦�

(1). lim
n→∞

zn = z0, (2). lim
n→∞

f(zn) = A.

Proof. �y{.

�/1. �A ∈ C. eØ�3¤I��f�,K7�3b > 0¦�|f(z) − A| > b 3z0,��

��S¤á. u´ 1
f(z)−A3d��Sk., z0�

1
f(z)−A���Û:,�@� 1

f(z)−A´d��S)Û

¼ê. �o 1
f(z)−A |z=z0 = 0,d�z07L�f(z) − A4:,l
´f(z) 4:,�z0´�5Û:gñ; �

o 1
f(z)−A |z=z0 6= 0, d�z07L´f(z) ��Û:,gñ.

�/2. �A = ∞. eØ�3¤I��f�, K7�3M > 0¦�|f(z)| < M 3z0,����S¤

á, d�z07´f(z) ��Û:,gñ!
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öS17. �z0�f(z)���áÛ:, m, k�ü���ê�m < k. e

(1). lim
z→z0

f (m)(z) = 0, Kz0�f(z)��Û:;

(2). lim
z→z0

(z − z0)kf (m)(z) = A ∈ C\{0}, Kz0�f(z)�(k −m)?4:.

J«. |^LaurentÐmª§5�äÙK����p�Ugê£küØ�5Û:�U¤"

öS18. �f(z)3z = 0�,��%��B = {z ∈ C : 0 < |z| < R} (R > 0)S)Û�±z = 0�Û:§

®��3Eê�{zn}∞n=0 ⊂ B÷ve�^�(1)(2)(3)µ

(1) lim
n→∞

zn = 0, (2) lim
n→∞

f ′(zn) = 1, 9 (3) f(zn) ≡ 2,é ∀ n ∈ N,

Á�äz = 0�f(z)�Û«�áÛ:§¿y²\�(Ø"

�Y. z = 0�f(z)��5Û:"

y²µd^�(3)��§z = 0Ø�U�f(z)�4:§�I2y²z = 0Ø�U�f(z)���Û:§

�y{§b�z = 0�f(z)���Û:§Kd^�(3)7klimz→0 f(z) = 2. 3Ö¿½Âf(0) = 2�§

f(z)¤�B ∪ {0} = {z ∈ C : |z| < R}þ)Û¼ê"5¿d�f(z) − 2±09¤kzn��":§d)Û

¼ê":�á5§7Lkf(z) ≡ 2, l
f ′(z) ≡ 0,ùgñu^�(2). y."

öS19. O�e�¼ê3*¿E²¡Cþ¤k�áÛ:?3êµ

(1).
ez

z2 + 1
, (2). z2 cos

z

z − 1
.

�Y.

(1). Res[
ez

z2 + 1
,∞] = − sin 1; Res[

ez

z2 + 1
, i] =

ei

2i
, Res[

ez

z2 + 1
,−i] =

e−i

−2i
,

(2). Res[z2 cos
z

z − 1
, 1] = −(

5

6
sin 1 + cos 1) = −Res[z2 cos

z

z − 1
,∞], ë�öS11�)�.

öS20. O�È©µ

(1).

∮
|z|=2

z2n

zn + 1
dz, Ù¥n���ê;

(2).

∮
|z|=3

tan(πz)dz;

(3).

∮
|z|=R

z2

1− e2πiz3 dz, n < R3 < n+ 1, n���ê.

�Y.

(1).

∮
|z|=2

z2n

zn + 1
dz =

∮
|z|=2

z2n − 1 + 1

zn + 1
dz =

∮
|z|=2

1

zn + 1
dz =

 2πi, n = 1,

0, n ≥ 1;

(2).

∮
|z|=3

tan(πz)dz = −12i;

(3).

∮
|z|=R

z2

1− e2πiz3 dz = 2n+ 1, n < R3 < n+ 1, n���ê.

1(3)�KJ«µ�È¼ê3È©��Sk�áÛ:z = 0§±9�§z3 = k (k = ±1,±2, · · · ,±n)�

��6n�, ù6n+ 1��áÛ:þ��?4:§N´�Ñ¦�?�3ê"
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öS21. �R(z) = Pn(z)
Qm(z) ,Ù¥Pn(z), Qm(z)©O�n,mgõ�ª,¦yµ�m−n ≥ 2�§Res[R(z),∞] =

0.

J«. y{1µ��y²

Res[R(z),∞] = − lim
R→+∞

1

2πi

∮
|z|=R

R(z)dz = 0.

y{2µRes[R(z),∞] = Res[−1z2 R( 1
z ), 0] = 0, ∵ −1

z2 R( 1
z ) has removable singularity at 0.

öS22. ^3ê�{O�È©µ

(1). I(a) =

∫ 2π

0

dθ

1− 2a cos θ + a2
, Ù¥|a| < 1, a ∈ R;

(2). I(b) =

∫ π

−π

dθ

b+ sin θ
2

, Ù¥|b| > 1, b ∈ R;

(3). In =

∫ +∞

−∞

dx

(1 + x2)n
, n ∈ Z+;

(4). I(p, q) =

∫ +∞

−∞

cosxdx

x2 + px+ q
, Ù¥∆ = p2 − 4q < 0.

�Y.

(1). I(a) =

∫ 2π

0

dθ

1− 2a cos θ + a2
=

2π

1− a2
;

(2). I(b) =

∫ π

−π

dθ

b+ sin θ
2

= 2

∫ π
2

−π
2

dt

b+ sin t
=

∫ π

−π

dt

b+ sin t
=

2π√
b2 − 1

;

(3). In =

∫ +∞

−∞

dx

(1 + x2)n
=

 π (2n−3)!!
(2n−2)!! = π (2n−3)(2n−5)···3·1

(2n−2)(2n−4)···4·2 , n ≥ 2,

π, n = 1;

(4). I(p, q) =

∫ +∞

−∞

cosxdx

x2 + px+ q
=

2πe−
√
−∆
2 cos p2√
−∆

.

öS23. �Ekn¼êR(z) = Pn(z)
Qm(z) ,Ù¥Pn(z), Qm(z)©O�n, mgõ�ª,¦�

(1).Res[R(z)eiz,∞] = 0, (2). m− n = 1Ó�¤á"

�Y.

Res[
eiz

z
,∞] = A = −1, Res[

eiz

z3
,∞] = B =

1

2
, choose c1, c2 ∈ C such that c1A+ c2B = 0,

for example : c1 = 1, c2 = 2. So, Res[
eiz

z
+

2eiz

z3
,∞] = Res[

z2 + 2

z3
eiz,∞] = 0.

5µþã~f3¢¶þk4:§�ØJ�E~fR(z)¦�(1)(2)¤á	§¿�R(z)3¢¶þÃÛ

:"
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