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5. y²µÏz0´f(z)�":§q®�f(z) 6≡ 0, ��3m ∈ N,φ(z)3z0)Û§φ(z0) 6=

0, f(z) = (z − z0)mφ(z). aq�kn ∈ N,ψ(z)3z0)Û§ψ(z0) 6= 0, g(z) = (z − z0)nψ(z).

(a). em < n, Kk

lim
z→z0

f(z)

g(z)
= lim

z→z0

φ(z)

(z − z0)n−mψ(z)
=∞.

limz→z0
f ′(z)
g′(z) = limz→z0

m(z−z0)m−1φ(z)+(z−z0)mφ′(z)
n(z−z0)n−1ψ(z)+(z−z0)nψ′(z)

= limz→z0
mφ(z)+o(z−z0)

(z−z0)n−m(nψ(z)+o(z−z0)) =∞.

=�ªü>þ�u∞.

(b). em > n. dþ¡�©Û��limz→z0
g(z)
f(z) = limz→z0

g′z)
f ′(z) =∞, ù�du

lim
z→z0

f(z)

g(z)
= lim

z→z0

f ′(z)

g′(z)
= 0.

(c). em = n. dþ¡�©Û��µ

lim
z→z0

f(z)

g(z)
= lim

z→z0

φ(z)

ψ(z)
=
φ(z0)

ψ(z0)
.

lim
z→z0

f ′(z)

g′(z)
= lim

z→z0

m(z − z0)m−1φ(z) + (z − z0)mφ′(z)
m(z − z0)m−1ψ(z) + (z − z0)mψ′(z)

=
φ(z0)

ψ(z0)
.

=�ªü>þ�u φ(z0)
ψ(z0)

.

9(3). ´��m ≤ 0�§�È¼ê??)Û§È©�". �m ≥ 1�§dcos z�Taylor?ê��È

¼ê�

f(z) =
1− cos z

zm
=

1−
∑+∞

k=0
(−1)kz2k

(2k)!

zm
=

+∞∑
k=1

(−1)k−1z2k−m

(2k)!
.
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l
k ∮
|z|= 3

2

f(z)dz =
+∞∑
k=1

(−1)k−1

(2k)!

∮
|z|= 3

2

z2k−mdz.

Ï�p ≥ 0 Úp = −2q, q ∈ N�§k
∮
|z|= 3

2
zpdz = 0, ��m = 1½�óê�§È©�""

�m = 2n+ 1, n ∈ N�§È©�

(−1)n−12πi
(2n)!

=
(−1)

m−3
2 2πi

(m− 1)!
.

9(6). P

I =

∮
|z|=1

1

(z − a)n(z − b)n
dz.

(A). |a| < |b| < 1. �n > 1�§34­�|z| = 1S�È¼êkü��Én�4:§�È©�""

�n = 1�§

I = 2πi
[
Res[ 1

(z−a)(z−b) , a] +Res[ 1
(z−a)(z−b) , b]

]
= 2πi

[
1
a−b +

1
b−a

]
= 0.

(B). |a| < 1 < |b|. dLaurant?ê£��¡�N5¤µ

1

(1 + x)n
=

+∞∑
k=0

(−1)k (k + n− 1)(k + n− 2) · · · (k + 1)

(n− 1)!
xk, |x| < 1,

���|z − a| < |b− a|�§

1
(z−a)n(z−b)n = 1

(z−a)n
1

(a−b)n
1

(1+ z−a
a−b )

n

= 1
(z−a)n

1
(a−b)n

∑+∞
k=0(−1)k

(k+n−1)(k+n−2)···(k+1)
(a−b)k(n−1)! (z − a)k

=
∑+∞

k=0(−1)k
(k+n−1)(k+n−2)···(k+1)

(a−b)n+k(n−1)! (z − a)k−n.

ddª��(z − a)−1�Xê�

(−1)n−1 (2n− 2)!

(a− b)2n−1((n− 1)!)2
.

Ï
�

I = (−1)n−1 (2n− 2)!

(a− b)2n−1((n− 1)!)2
2πi.

(C). 1 < |a| < |b|. ù��È¼ê34­�SÚ4­�þÃÛ:§�I = 0.

12(2). -t = 1
z , K�È©C� ∮

|t|= 1
2

et

t4(1 + t)
dt.

2



3t = 0NC��Laurant?êµ

et

t4(1 + t)
=

1

t4
+

1

2t2
− 1

3t
+O(1).

dd���È©�2πi
(−1

3

)
= −2πi

3 .

12(3). �n = 1�§

I1 =

∮
|z|=r>1

z2

1 + z
dz =

∮
|z|=r>1

(z − 1)dz +

∮
|z|=r>1

1

1 + z
dz =

∮
|z|=r>1

1

1 + z
dz = 2πi.

�n > 1�§dznk = −1, �−zk = 1
zn−1
k

, k = 1, 2, · · · , n,9

In =
∮
|z|=r>1

z2n

1+zndz =
∮
|z|=r>1(z

n − 1)dz +
∮
|z|=r>1

1
1+zndz =

∮
|z|=r>1

1
1+zndz

= 2πi
∑n

k=1Res
[

1
1+zn , zk

]
= 2πi

∑n
k=1

1
nzn−1
k

= −2πi
n

∑n
k=1 zk = 0.

��I1 = 2πi, In = 0, n > 1. £Ù¥�ª
∑n

k=1 zk = 0�d��Xê�'X��"¤

13(4). ´��§z4 + 1 = 03þE²¡�ü��©O�z1 = e
π
4 , z2 = e

3π
4 . P

I =

∫ +∞

0

x2

1 + x4
dx,

K

2I =
∫ +∞
−∞

x2

1+x4
dx = 2πi

(
Res

[
z2

1+z4
, z1

]
+Res

[
z2

1+z4
, z2

])
= 2πi

(
z21
4z31

+
z22
4z32

)
= πi

2

(
1
z1

+ 1
z2

)
= πi

2

(
e−

πi
4 + e−

3πi
4

)
= πi

2

(
cos π4 − i sin

π
4 + cos 3π

4 − i sin
3π
4

)
= πi

2

(
−2i sin π

4

)
= π sin π

4 = π√
2
.

��

I =
π

2
√
2
.

13(6). d ∫ +∞

−∞

xeix

1 + x2
dx = 2πiRes

[
zeiz

1 + z2
, i

]
= 2πi

ie−1

2i
=
πi

e
.

� ∫ +∞

−∞

x sinx

1 + x2
dx = Im

(∫ +∞

−∞

xeix

1 + x2
dx

)
=
π

e
.
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N5µ�|x| < 1�§-

f(x) =
1

1 + x
=

+∞∑
m=0

(−1)mxm

K��

f (n−1)(x) = (−1)n−1(n−1)!
(1+x)n =

∑+∞
m=n−1(−1)mm(m− 1)(m− 2) · · · (m− n+ 2)xm−n+1

=
∑+∞

k=0(−1)k+n−1(k + n− 1)(k + n− 2) · · · (k + 1)xk.

dd=��|x| < 1�§

1

(1 + x)n
=

(−1)n−1

(n− 1)!
f (n−1)(x) =

+∞∑
k=0

(−1)k(k + n− 1)(k + n− 2) · · · (k + 1)

(n− 1)!
xk.
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