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1. vk��´g¬ (�´�¬)

�µ
n⋂
i=1

Ai"

XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn = n

½�d/§

IA1 · · · IAn = 1.

2. ��k��´g¬

�µ���L«�
n⋃
i=1

Ai§½^éóÆ§L«�
n⋂
i=1

Ai"

XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn < n.

3. ==�k��´g¬

�µ
n⋃
i=1

(
Ai ·

⋂
1≤j≤n,j 6=i

Aj

)
§½ö

(
A1 · · ·An

)
∪

⋃
1≤i<j≤n

AiAj§ùü�/ªØÓ�L�\

U�=�ºXJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn = n− 1.

4. ��kü�Ø´g¬
�µ��L��

⋃
1≤i,j≤n;i 6=j

(
AiAj

)
§��±m�L��

(
A1 · · ·An

)
∪
⋃

1≤i≤n

(
Ai

⋂
1≤j≤n;j 6=i

Aj

)
.

1��L�/ª{ü
���§�¦Ú�¯��Ø´pØ�N�§O�VÇ�¬�æ
�¶1��L��/ªE,§�L«éá�î�e®L��pØ�N��
¯�§Bu
VÇO�"L�¯��8�´����VÇO�Jø�B§Ïd�fÑw�%��ö'
�f{ü�cö�Ð"XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn ≥ 2.
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1. ?��|Úl§�Â·¥8I�VÇ¶

)µPA�¯�/Úl®�O0§B�¯�/Úl·¥8I0"
^�VÇúª

P (B) = P (A)P (B|A) + P (A)P (B|A) =
1

5
· 0.8 +

4

5
· 0.2 = 0.32,

2. ?��|Úl§�Â10g§·¥5u�VÇ¶

PC¤¦¯�§K

P (C) = P (A)P (C|A) + P (A)P (C|A)

=
1

5
· C10

5 · 0.85 · 0.25 +
4

5
· C10

5 · 0.25 · 0.85

= C10
5 · 0.85 · 0.25 = 0.026.

3. l¿S?��|Úlé8I�Â�Ð·¥§¦¦^�l�®�O�VÇ"

P (A|B) =
P (AB)

P (B)
=
P (A)P (B|A)

P (B)

=
1/5 · 0.8

0.32
=

1

2
.

KKK3 Ý¥�k5�®	¥§Ñ´#¥"z|'ml¥?���¦^§'m�E�£Ý¥"¦

1. 1n|'m^¥3cü|þ�¦^�VÇ¶

)µPAi�¯�”1i|'m¦^
��l�¦^�#¥”"K
P (A2) = 4

5
, P (Ā2) = 1

5
,

u´§|^�VÇúª§13|'m^¥dc��¦^�VÇ�§

P (A3) = P (A2)P (A3|A2) + P (Ā2)P (A3|Ā2)

=
4

5
× 3

5
+

1

5
× 4

5

=
16

25

2. e®�1n|'m^¥3cü|Ñ�¦^L§¦1n|'mcTk4 �¥��¦^�V
Ç"

Ý¥Tk4�¥ÿ�¦^L§=12|'m¦^
¦^
®¦^L�¥"XJ®�1
n|^¥±cl��¦^§K

P (Ā2|A3) =
P (Ā2)P (A3|Ā2)

P (A2)P (A3|A2) + P (Ā2)P (A2|Ā2)
=

1
5
× 4

5
16
25

=
1

4
§
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KKK 4 �k5g 3 �/«� 10 ¶!15 ¶Ú 25 ¶�)��¶L§Ù¥å)��¶L©O� 3 °!7
°Ú 5 °§�Å/���/«��¶L§l¥k�Ä�ü°, ¦µ

1. kÄ���°´å)L�VÇ"

)µP Di �¯�/Ä�1 i �/«0§Gj �¯�/1 j gÄ�å)0§Bj �¯
�/1 j gÄ�I)0£Äk���¦^�ÎÒ�¹Â¤"
U�)�5
?1©a§^�VÇúª

P (G1) = P (D1)P (G1|D1) + P (D2)P (G1|D2) + P (D3)P (G1|D3)

£k^¯�ÎÒ`²êþ�m�'X¤

=
1

3
× 3

10
+

1

3
× 7

15
+

1

3
× 5

25
£2�\äNê�?1O�¤

=
29

90
.

2. ®��Ä���°´I)L§¦kÄ���°´å)L�VÇ

))){{{ 1µµµ

P (G1|B2) =
P (G1B2)

P (B2)

=

3∑
i=1

P (DiG1B2)

P (B2)

=

3∑
i=1

P (Di)P (G1|Di)P (B2|DiG1)

1− P (G2)

=
1
3
× 3

10
× 7

9
+ 1

3
× 7

15
× 8

14
+ 1

3
× 5

25
× 20

24

1− 29
90

=
20

61
,

Ù¥ P (G2) |^
Ä\�.�gSÃ'�5�§¤± P (G2) = P (G1)"�[��
±^�VÇúªO� P (G2)§¬��Ó��(J"þ¡1n��Òmà©fÜ©�
O�¥§·�¦^
V­^���VÇúª"

))){{{ 2µµµ

P (G1|B2) =
3∑
i=1

P (Di|B2)P (G1|DiB2)

= P (D1|B2)
3

10− 1
+ P (D2|B2)

7

15− 1
+ P (D3|B2)

5

25− 1

Ù¥

P (D1|B2) =
P (D1)P (B2|D1)
3∑
i=1

P (Di)P (B2|Di)

=
1
3
× 7

10
1
3
× 10−3

10
+ 1

3
× 15−7

15
+ 1

3
× 25−5

25

=
21

61
,
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Ón��

P (D2|B2) =
16

61
, P (D3|B2) =

24

61
.

�\1���ª§��

P (G1|B2) =
20

61
.

ùp3O� P (G1|B2) �§·�¦^
^�VÇ/ª��VÇúª"
´́́wwwJJJ«««µµµk
ÓÆ¬�Ø/@� P (Di|B2) = P (Di)§
�À
®²u)�¯�
éÀJ/«�VÇ�K�"

3. b�Øk(½��/«§
´l¤k�¶L¥�ÅÄ�ü°"XJ®��Ä���°´
��I)��¶L§@o¯kÄ���°´Ó/«��å)��¶L��U5kõ�º
)µduØýÀ/«§¤±

P (B2) = P (B1) = 1− 3 + 7 + 5

10 + 15 + 25
=

7

10
.

P Ci �¯�/ü°L�Ñ5g1 i �/«0"K¯�/ü°L�5gÓ�/«0
� C1 ∪ C2 ∪ C3§

P ((C1 ∪ C2 ∪ C3)G1|B2) =
P ((C1 ∪ C2 ∪ C3)G1B2)

P (B2)

=

3∑
i=1

P (CiG1B2)

P (B2)

=
3×7

50×49 + 7×8
50×49 + 5×20

50×49
7
10

=
177

1715
.

KKK5 Ä���[Ì§�	ü�¯�. A: �õk��å¯; B: IåÑk. �ée¡üa[Ì, ?Ø¯
�´ÄÕá:

1. 3 �¯f�[;

)))µµµ 3 3 �¯f�[§±�r^S�Ñ¯f5O§Kd (I!I!I), (I!I!å),
(I!å!I), (å!I!I), (I!å!å), (å!I!å), (å!å!I), (å!å!å),
� 8 «�U�¹�����m"eb½IåÑ)Ç��§K���:Ñy�VÇþ� 1

8

A �k||Ü�c 4 ���:, B �k||Ü��¥� 6 ���:§� P (A) =
4
8
, P (B) = 6

8
. 
 AB k||Ü�1 2, 1 3, 1 4 ���:§� P (AB) = 3

8
. ù�k

P (AB) =
3

8
=

4

8
× 6

8
= P (A)× P (B).

Ïd A � B Õá"

2. 4 �¯f�[.

)))µµµ 3 4 �¯f�[§Ok 24 = 16 ���:§���U"ØJ��

P (A) =
5

16
(I¯1 «§½3 I1 å§
1 å�±´?Ûü1§�4 «§Ïd�k5 «)

P (B) =
14

16
(���I½�å���14 «)

P (AB) =
4

16
(3 I1 å�4 «)

ù`² A � B ØÕá"
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3. XJ´ n �¯fQº

)))µµµ 3 n �¯f�[§Ok 2n ���:§½���U�."N´��

P (A) =
1

2n
+
n

2n
=
n+ 1

2n
(��I¯Úk��å¯)

P (B) = 1− 1

2n
− 1

2n
(1 ~���I¯Ú��å¯��VÇ)

P (AB) =
n

2n
(A, B��Ò´�Ðk��å¯��¹)

u´k

P (AB)− P (A)P (B) =
2n−1 − (n+ 1)

22n−1

���	 y = x + 1 � y = 2x−1 ü�¼ê��§ P (AB) = P (A)P (B) ��=� n = 3.
¤± A � B =3k3 �¯f��¹�Õá§Ù{�¹eØÕá"

KKK6 n<âBanach�»�¯K"Å=êÆ[n<â���XüÝ»�§ü������Ý§z�
Ýkn�»�"?Û�ÿ¦I�»��§Ò�Å/l���¥�Ñ��"�¦uy¦¤�Ñ
��Ý®²^��§¯,�Ý»��ê�©Ù"

)))µµµ �
¦�n<â��¥��Ý»�®�§
,�Ý�kk��VÇ§·�PA����
�Ý¥»��¯�§Ā��m��Ý¥»��¯�"ò��g»�w��g�Å¢�§zg
¢�(J´A½Āu)"w,kP (A) = P (Ā) = 1

2
"

en<âÄguy¦���¥��Ý»�C�§ù�¯�A®²´1n+ 1 gu)§
d�¦
m>��¥»�Ý¥T�k�»���u¦3dc®3m��¥�r
n− k �»�§=Āu
)
n− kg"=���
2n− k + 1g�ÅÁ�§Ù¥¯�Au)
n + 1g§Āu)
n− k
g"3ù2n − k + 1 g¢�¥§12n − k + 1´Au)§3c¡�2n − kg¢�¥Au)
n
g"¤±¦uy���»�Ý�§
m��Tkk�»��VÇ�

P (A)Cn
2n−k(P (A))n(P (Ā))n−k =

1

2
Cn

2n−k

(
1

2

)2n−k

dé¡5�§�m��¥�
���¥Tkk �»��VÇ�´1
2
Cn

2n−k(
1
2
)2n−k"���n

<âuy¦����p»��
,�����Ý¥Tkk�»��VÇ�Cn
2n−k(

1
2
)2n−k, k =

0, 1, ..., n"

KKK7 £ÙäÑ1¯K¤`¯ü�Ùä,`kÙ�a�§¯kÙ�b�"zÙ�Û§e`IK¯�`1
�§e¯IK`�¯1 �,vk²Û"�z�Û¥`��VÇ´p,Û�Û�m�(J´Õá
�,¦����Ù���<Ñ1��"¦`�ª¼��VÇ"

)))µµµ Pqn�`Ð©kn�§�ª¼�£Ù�C¤a + b¤�VÇ§w,q0 = 0§qa+b = 1 "X
J,��`�Ù�kn�§ùp1 ≤ n ≤ a + b − 1 §KÙ��C¤a + b§kü«�ª�±
¢y§�«´�e5I�Û£VÇ�p¤�ªÙ�C�a + b§,�«´�e5Ñ�g£VÇ
�q¤�ªC¤a+ b �§¤±Uì�VÇúªk

qn = pqn+1 + qqn−1 , n = 1, 2, ..., a+ b− 1.£ª1¤

ù���'uqn����©�§§2^>.^�q0 = 0§qa+b = 1§Ò�±¦)"|^ù�
�©�§Xê�AÏ5§'��B�){´ò£ª1¤�¤p(qn+1 − qn) = q(qn − qn−1)§e
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Pcn = qn+1 − qn§r = q/p §Kq�±�¤cn = rcn−1§n = 1, 2, ..., a + b − 1£ª2¤")
£ª2¤��§

qn =


n

a+ b
.....r = 1

1− rn

1− ra+b
.....r 6= 1

"

�K�¦�´n = a��¹§@o

qa =


a

a+ b
.....r = 1

1− ( q
p
)a

1− ( q
p
)a+b

.....r 6= 1
"

KKK 8 �ëY.�ÅCþ X �©Ù¼ê�:

F (x) =


Aex, x < 0;

B, 0 ≤ x < 1;

1− Ae−(x−1), x ≥ 1.

¦µ(a) A!B ��"(b) X ��Ý¼ê"(c) P (X > 1/3) ��"(d)£Ö¿¤X �êÆÏ"
Ú��"

)µ(a) Ï� X ´ëY.�ÅCþ§¤±§�VÇ©Ù¼ê??ëY§AO´3 x = 0
Ú x = 1 ü?§ëY5¿�X

A = lim
x↗0

F (x) = lim
x↘0

F (x) = B, B = lim
x↗1

F (x) = lim
x↘1

F (x) = 1− A,

dd)� A = B = 1/2"

(b) X �VÇ�Ý¼ê�

f(x) = F ′(x) = AexIx<0 + Ae−(x−1)Ix>1 =
exIx<0 + e−(x−1)Ix>1

2

(c) ��|^VÇ©Ù¼ê

P (X > 1/3) = 1− F (1/3) = 1−B = 0.5.

½ö|^VÇ�Ý¼ê

P (X > 1/3) =

∫ +∞

1/3

f(x)dx =

∫ +∞

−∞

[
exIx<0 + e−(x−1)Ix>1

2

]
× Ix>1/3dx

=
1

2

∫ +∞

1

e−(x−1)dx =
1

2

∫ +∞

0

e−ydy = 0.5.
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(d)

EX =

∫ +∞

−∞
xf(x)dx

=

∫ +∞

−∞
x

[
exIx<0 + e−(x−1)Ix>1

2

]
dx

=
1

2

∫ 0

−∞
xexdx+

1

2

∫ +∞

1

xe−(x−1)dx

= −1

2

∫ +∞

0

ye−ydy +
1

2

∫ +∞

0

(y + 1)e−ydy

= −1

2
+

1

2
× 2 =

1

2
.

aq/§�±O� EX2§�´·�5¿� X �VÇ�Ý¼ê'u x = 0.5 é¡§=

f(0.5− x) = f(0.5 + x), ∀x,

¤±

EX2 =

∫ +∞

−∞
x2f(x)dx

=

∫ +∞

−∞
(y + 0.5)2f(y + 0.5)dy

=

∫ +∞

−∞

[
y2 + y +

1

4

]
f(y + 0.5)dy

= 2

∫ +∞

0

[
y2 +

1

4

]
ey+0.5Iy<−0.5 + e0.5−yIy>0.5

2
dy

=

∫ +∞

0.5

[
y2 +

1

4

]
e0.5−ydy

=

∫ +∞

0

[
(u+ 0.5)2 +

1

4

]
e−udu

=

∫ +∞

0

[
u2 + u+

1

2

]
e−udu

= −u2e−u
∣∣+∞
0

+ 2

∫ +∞

0

ue−udu+ 1 + 0.5

= 2 + 1 + 0.5 =
7

2
.

l


VarX = EX2 − (EX)2 =
7

2
− 1

4
=

13

4
.
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(d) �,�«){

EX =

∫ +∞

0

P (X > x))dx−
∫ 0

−∞
P (X < x)dx

=

∫ +∞

1

1

2
e−(x−1)dx+

∫ 1

0

1

2
dx−

∫ 0

−∞

1

2
exdx

=

∫ 0

−∞

1

2
eudu+

1

2
−
∫ 0

−∞

1

2
exdx

=
1

2
.

,	§

EX2 =

∫ +∞

0

P (X2 > x)dx

=

∫ +∞

0

P (X2 > u2)du2

= 2

∫ +∞

0

u [P (X > u) + P (X < −u)] du

= 2

∫ +∞

0

u

[
e−(u−1)Iu>1

2
+
I0<u<1

2
+
e−u

2

]
du

=

∫ +∞

1

ue−(u−1)du+

∫ 1

0

udu+

∫ +∞

0

ue−udu

=

∫ +∞

0

(v + 1)e−vdv +

∫ 1

0

udu+

∫ +∞

0

ue−udu

= 2 +
1

2
+ 1 =

7

2

l


VarX = EX2 − (EX)2 =
7

2
− 1

4
=

13

4
.

KKK 9 ��ÅCþ X Ñl (−π/2, π/2) þ�þ!©Ù"
¦µ(a) �ÅCþ Y = cosX �VÇ�Ý¼ê"(b)£Ö¿¤Y �êÆÏ"Ú��"

)µ(a) k¦ Y �VÇ©Ù¼ê§

FY (y) = P (Y ≤ y) = P (cosX ≤ y)

= Iy≥1 + I0≤y<1

[
P
(
−π

2
< X ≤ − arccos y

)
+ P

(
arccos y ≤ X <

π

2

)]
= Iy≥1 + I0≤y<1

[
− arccos y + π

2
+ π

2
− arccos y

]
π

= Iy≥1 + I0≤y<1
π − 2 arccos y

π
.

dd)� Y �VÇ�Ý¼ê

fY (y) = F ′Y (y) =
2

π
√

1− y2
I0≤y<1.



9

(a) �,)"��|^�ÅCþ¼ê�VÇ�Ýúª

fY (y) =
∑

x:cosx=y

fX(x)
1

| dy
dx
|

= fX(− arccos y)
1

|(cosx)′|x=− arccos y

+ fX(arccos y)
1

|(cosx)′|x=arccos y

= 2
1

π
I−π

2
<arccos y<π

2

1√
1− cos2 x

∣∣
x=− arccos y

=
2

π
√

1− y2
I0<y<1.

(b)

EY =

∫ +∞

−∞
yfY (y) =

∫ 1

0

y
2

π
√

1− y2
dy = − 2

π

∫ 1

0

d
√

1− y2 =
2

π
.

½ö|^�ÅCþ¼ê�êÆÏ"úª

EY =

∫ +∞

−∞
cosx · fX(x)dx =

∫ π
2

−π
2

d sinx

π
=

2

π
.

EY 2 =

∫ +∞

−∞
cos2 x · fX(x)dx =

∫ π
2

−π
2

cos(2x) + 1

2π
dx =

∫ π
2

−π
2

1

2π
dx =

1

2
.

l


VarY = EY 2 − (EY )2 =
1

2
− 4

π2
=
π2 − 8

2π2
≈ 0.095.


