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KKK 4 ò?Ò� 1 � n � n �¥�ÅÝ\?Ò� 1 � n � n �Ýf¥§¿��z��Ýf¥�
U�\��¥§�¥�Ýf�Òè����ê� Sn §¦yµ

Sn − ESn
n

P−→ 0, n→∞

y{ 1. P

Xk =

{
1, XJ?Ò� k �¥��\?Ò� k �Ýf

0, ÄK

K
Sn = X1 + · · ·+Xn,

u´é?¿ ε > 0

P

(∣∣∣∣Sn − ESnn

∣∣∣∣ > ε

)
≤ VarSn

n2ε2
=

1

n2ε2

(
n∑
i=1

Var(Xi) +
∑

1≤i 6=j≤n

Cov(Xi, Xj)

)
.




P (Xk = 1) =
1

n
, P (Xi = 1, Xj = 1) =

1

n(n− 1)
, ∀1 ≤ k ≤ n, ∀1 ≤ i 6= j ≤ n,

�

EXk =
1

n
, VarXk =

n− 1

n2
, Cov(Xk, Xl) =

1

n(n− 1)
− 1

n2
=

1

n2(n− 1)
.

¤±§

1

n2ε2

(
n∑
i=1

Var(Xi) +
∑

1≤i 6=j≤n

Cov(Xi, Xj)

)
=

1

n2ε2

(
n− 1

n
+

1

n

)
→ 0, n→∞.

Ïd Sn−ESn

n

P−→ 0, n→∞"

y{ 2. ÎÒÓþ§Ï�

Cov(Xk, Xl) ≤
√

VarXk ·
√

VarXl =
n− 1

n2

dy{ 1

P

(∣∣∣∣Sn − ESnn

∣∣∣∣ > ε

)
≤ 1

n2ε2

(
n∑
i=1

Var(Xi) +
∑

1≤i 6=j≤n

Cov(Xi, Xj)

)

≤ 1

n2ε2

(
n · n− 1

n2
+ n(n− 1) · n− 1

n2

)
=
n− 1

n2ε2
→ 0, n→∞.

(Ø¤á"
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y{ 3. E,´é Sn ^ Chebyshev Ø�ª"du 0 ≤ Sn ≤ n ð¤á§¤±

Var(Sn) ≤ ES2
n ≤ nE(Sn) = n,

Ïd
Var(Sn)

n2
≤ 1

n
→ 0, n→ +∞.

y{ 4. du ESn = 1§¤±
ESn
n

=
1

n
→ 0, n→∞.

du Sn ≥ 0§¤±é?Û ε > 0§d Markov Ø�ª

P

(∣∣∣∣Snn
∣∣∣∣ > ε

)
= P

(
Sn
n
> ε

)
≤ 1

ε
E

(
Sn
n

)
=

1

nε
→ 0, n→∞.

¤±
Sn − ESn

n

P→ 0, n→ +∞.

KKK 5 ���uyz�´L¦����1<�¦ï��VÇ� 1
3
"¦3¦ÑÈ
 100°����L

´<�ê83 280 <� 320 <�m�VÇ"£^ü«ØÓ��O�{§¿'�§��`�¤

){ 1. P

Yn =

{
1, e1 n �<ï��,

0, ÄK

u´ Y1, Y2, . . . , Yn, . . . ÕáÓ©Ù§Ñl Bernoulli ©Ù B(1, 1/3)"

ï�1 100 °���1<�SÒAT´

N = min{n : Y1 + · · ·+ Yn = 100},

§´��ÅCþ"

d N �½Â§·���§¯� {N > m} Ò´/c m �<Ñvkï�1 100 °��0§�
Ò´

Y1 + · · ·+ Ym < 100.

d¥%4�½n§

Un =
Y1 + · · ·+ Yn − n

3√
2n
9

=
3(Y1 + . . .+ Yn)− n√

2n

·∼ N(0, 1),

5¿�

{280 ≤ N ≤ 320} = {N > 279} − {N > 320},
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¤±

P (280 ≤ N ≤ 320)

=P (Y1 + Y2 + · · ·+ Y279 < 100)− P (Y1 + · · ·+ Y320 < 100)

=P

(
U279 <

99.5− 93√
62

)
− P

(
U320 < −

3× 99.5− 320

8
√

10

)
ùp��o� 0.5 ?�º

≈Φ (0.826)− Φ (−0.850)

≈0.5981.

){ 2. /ïïï§�´ØØØïïï§ù�(´�¯K"0z�´L���1<Ñ3���pppÕÕÕááá///­­­EEEXXX
ù��öJ§ù´�� BernoulliÁ�"K1 kÜ���.´ñ�
1A�´²���1<§
@�1<�SÒ Xk Ñl��´K��VÇ©Ù§3ù�� BernoulliÁ�¥�UñÑ?Ûü
°���m§´L�1<ê Z1, Z2, . . . , Zk, . . . �pÕá§ÑÑlëê� 1/3 �AÛ©Ù§¿

� Xk =
k∑
j=1

Zj"

æ^ ChebyshevØ�ª§du

E(Z1 + · · ·+ Z100) = 100× 3 = 300, Var(Z1 + · · ·+ Z100) = 100× 32 × 2

3
= 600,

¤±^ Chebyshev Ø�ª�OþãVÇ§@o

P (280 ≤ Z1 + Z2 + · · ·+ Z100 ≤ 320)

=1− P (|Z1 + · · ·+ Z100 − E(Z1 + · · ·+ Z100)| ≥ 20)

≥1− Var(Z1 + · · ·+ Z100)

202
= 1− 6

4
= −1

2
,

(J�O�©o÷§æ^¥%4�½n?1�O§k

P (280 ≤ Z1 + Z2 + · · ·+ Z100 ≤ 320)

=P

(
280− 300√

600
≤ Z1 + · · ·+ Z100 − E(Z1 + · · ·+ Z100)√

Var(X1 + · · ·+X100)
≤ 320− 300√

600

)

=2Φ

(
20.5√

600

)
− 1 = 2Φ(0.837)− 1 = 0.5973.

KKK6 �,¢½k N ýÅÄ�§ýÒ�g´ 1, 2, · · · , N "��<ò¦�USw��¤kÅÄ�ý
Ò£�)­EÑy�ýÒ¤ÑP¹e5§�� X1, X2, · · · , Xn "XJ^��ýÒ X(n) ��
éN����O£=Cq�¤§·�æ�±e�ª5µdù��Oµ

1. �n¿©��§X(n)´ÄCq�uNº¿�Áy² X(n) ´ N � MLE

2. Á�Ñ N ���Ý�O§¿�Ù MLE, = X(n) ?1'�"

3. XJù��*	�ª�õg­E?1§zg��X(n)���*ÿ�§@o�â�ê½
Æ§X(n)*ÿ���â²þ�ò±EX(n)�4�§¦EX(n) − N£¡�ù«Cq�ª�
/ 0§=XÚØ�¤��"
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4. XJX(n)�3XÚØ�£k §=EX(n) − N 6= 0¤§@o\k�o�{�±�Øù�
XÚØ�º

XJØ­EP¹�{§XÛ^*ÿ�X1, X2, · · · , Xn�Ñ N ����Oº©Û\�Ñ��O
�5�§¿�­E�¹e��O?1'�"

). ­EP¹��/µ

(a) PX1, . . . , XnÕáÓ©Ù§ÑÑl{1, 2, . . . , N}þ�lÑþ!©Ù"u´

P (X(n) ≤ x) = P (X1 ≤ x,X2 ≤ x, . . . , Xn ≤ x) =
[
P (X1 ≤ x)

]n
=

xn

Nn
, x = 1, 2 . . . , N.

l


P (X(n) = N) = P (X(n) ≤ N)− P (X(n) ≤ N − 1) = 1−
(
N − 1

N

)n
→ 1, n→∞.

ÏdX(n)�VÇÂñuN"Ø=Xd§¯¢þ§du

P (X(n) < N) = P (X(n) ≤ N − 1) =

(
N − 1

N

)n
, ∀n ≥ 1,

¤±

P

(⋃
n≥k

{X(n) < N}

)
≤
∑
n≥k

P (X(n) < N) =
∑
n≥k

(
N − 1

N

)n
= N

(
N − 1

N

)k
→ 0, k → +∞,

l


P

(⋂
k≥1

⋃
n≥k

{X(n) < N}

)
= 0,

ù`²§¯�/l,�k ≥ 1m©§é?¿n ≥ k§���X(n) = N0±VÇ1u)§Ï
dX(n)±VÇ1ÂñuN"

�y² X(n) ´ N � MLE, �ÄXeq,¼êµ

L(N, x1, x2, · · · , xn) = P (X1 = x1, X2 = x2, · · · , Xn = xn) =

(
1

N

)n
· I1≤x(1)···≤x(n)≤N

*	uy:� N �eªu x(n) �§ L 4O©¤± X(n) ´ N � MLE.
(b)

E[X] =
N∑
k=1

k · 1

N
=

1

N

N∑
k=1

k =
1 +N

2

¤± N �Ý�O��� 2X̄ − 1. ùw,´��Ã �O§
�d"��ê½Æ�TÝ�O
r�Üu N.
(c)du

P (X(n) = x) = P (X(n) ≤ x)− P (X(n) ≤ x− 1) =
xn − (x− 1)n

Nn
, x = 1, 2, . . . , N,
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�

EX(n) =
N∑
x=1

xP (X(n) = x) =
N∑
x=1

x
xn − (x− 1)n

Nn

=
N∑
x=1

xn+1 − (x− 1)n+1 − (x− 1)n

Nn

= N
N∑
x=1

xn+1 − (x− 1)n+1

Nn+1
−

N∑
x=1

(x− 1)n

Nn

= N −
N∑
x=1

(x− 1)n

Nn
.

,	���{´µ

EX(n) =
+∞∑
x=0

P (X(n) > x)

=
N−1∑
x=0

(
1− xn

Nn

)

= N −
N∑
x=1

(x− 1)n

Nn
.

555¿¿¿§§§���,,,

E

(
X(n) +

N∑
x=1

(x− 1)n

Nn

)
= N,

���X(n) +
N∑
x=1

(x−1)n
Nn ØØØ´́́N���ÃÃÃ   ���OOO§§§ÏÏÏ���§§§ØØØ´́́ÚÚÚOOOþþþ£££§§§EEE,,,���666������ëëëêêêN¤¤¤"""

du
N∑
x=1

(x− 1)n

Nn
· 1

N
→
∫ 1

0

tndt =
1

n+ 1
, N →∞,

u´�N¿©��§

EX(n) ≈ N − N

n+ 1
=

n

n+ 1
N.

ùL²^X(n)��N�Cq�§ù«Cq�{´�3XÚØ��§Ï�ù��Cq�²þ¿
Âeo´'ý��"

(d) ·��Ä�N^SÚOþ
X(1) ≤ X(2) ≤ · · · ≤ X(n).

du

P (X(k) > x) =
k−1∑
j=0

(
n

j

)
xj(N − x)n−j

Nn
,

�

EX(k) =
∞∑
x=0

P (X(k) > x) =
N∑
x=0

k−1∑
j=0

(
n

j

)
xj(N − x)n−j

Nn
,
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u´

EX(1) =
N∑
x=0

(N − x)n

Nn
,

l

EX(n) + EX(1) − 1 = N,




P (X(1) = 1) = 1− P (X(1) > 1) = 1−
(
N − 1

N

)n
,

Ïd�±aqy²X(1)�VÇÂñ/±VÇ1Âñu1"l
§X(1) +X(n) − 1�VÇÂñ/±V
Ç1ÂñuN§¿�E

(
X(1) +X(n) − 1

)
= N"ùL²��N�Cq�§X(1) +X(n) − 1vkX

ÚØ�£Ã ¤"

¯̄̄¢¢¢þþþkkk���������{{{BBB������{{{§§§ddduuulllÑÑÑþþþ!!!©©©ÙÙÙ���ééé¡¡¡555§§§X���N + 1 − Xäääkkk���ÓÓÓ���VVV
ÇÇÇ©©©ÙÙÙ§§§¤¤¤±±±N + 1−X(1) = max

1≤i≤n
{N + 1−Xi}���X(n)äääkkk���ÓÓÓ���VVVÇÇÇ©©©ÙÙÙ§§§ÏÏÏddd

E(N + 1−X(1)) = E(X(n)),

lll



E(X(n) +X(1) − 1) = N,

===X(n) + X(1) − 1´́́N���ÃÃÃ   ���OOO"""ÙÙÙ���***¹¹¹ÂÂÂ´́́§§§···���ÁÁÁããã^̂̂X(1)������ààà:::1���ååålll������
ÖÖÖX(n)���N���ååålll"""

Ø­EP¹��/µ ù�X1, X2, . . . , Xn�éÜ©Ù�

P (X1 = x1, . . . , Xn = xn) =
(N − n)!

N !
, x1, . . . , xn ∈ {1, . . . , N}, xi 6= xj(∀i 6= j).

^SÚOþX(1), X(2), . . . , X(n)�éÜ©Ù�

P (X(1) = x1, X(2) = x2, . . . , X(n) = xn) = n!
(N − n)!

N !
=

1(
N
n

) ,
1 ≤ x1 < x2 < · · · < xn ≤ N.

X(n)�VÇ©Ù�

P (X(n) ≤ x) =

(
x
n

)(
N
n

) , x = n, n+ 1, . . . , N.

u´

P (X(n) = x) =

(
x−1
n−1

)(
N
n

) , x = n, n+ 1, . . . , N

l


EX(n) =
N∑
k=n

k

(
k−1
n−1

)(
N
n

) =
n(N + 1)

n+ 1

N+1∑
k=n+1

(
k+1−1
n+1−1

)(
N+1
n+1

) =
n

n+ 1
(N + 1) < N, ∀n < N.

ùL²��N�Cq�§X(n)�3XÚØ�£k ¤"

·��Ä

X(n) +
1

n

n∑
i=1

(X(i) −X(i−1) − 1) =
n+ 1

n
X(n) − 1, X(0) = 0.
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K

E

(
n+ 1

n
X(n) − 1

)
=
n+ 1

n
· n

n+ 1
(N + 1)− 1 = N.

ùL²��N�Cq�§n+1
n
X(n) − 1vkXÚØ�£Ã ¤"

ÃØ­Ø­E§Ñ�±�EÃ �Ý�O

Ï�ü«�¹eÑk

EX =
N∑
k=1

k

N
=
N + 1

2

l
��N�Ý�O§
N̂ = 2X − 1.

ù�Ý�O´Ã �"

�´Ý�OkÙg��Û�5§'X§XJ����2, 4, 6, 100§Ý�O�Ñ�(J�N̂ =
55§ùw,Ã{)º���¥�100§
c¡ü��O�{�Ñ�N�Cq�©O´101Ú124§
ÑvkÝ�O���gñ"¤±ÀJ@«�O�{��âäN¯K�äN©Û"�,§Öö
�±gC'��eþãÃ �O���"

N\K

KKK7 �oN©Ù�U [θ − 1, θ + 1]§Ù¥θ´��ëê"�X1, . . . , Xn´5gToN�{ü�Å�
�"

1. ¦θ�Ý�Oþθ̂§�ä§��Ü5ÚÃ 5§O�þ�Ø�MSE(θ̂)¶

2. y²é?Û0 ≤ t ≤ 1§θ̂t := tX(n) + (1 − t)X(1) + 1 − 2tÑ´θ�4�q,�Oþ¶d~
L²4�q,�O�±Ø��"

3. ¦X(1)ÚX(n)�VÇ©Ù±9êÆÏ"EX(1)!EX(n)¶

4. ¯θ̂t´Ä�θ��Ü�OÚÃ �Oº

5. ¦X(1), X(n)�éÜ©Ù§±9X(1) +X(n)�VÇ©Ù§¿O���Var(θ̂1/2)¶é'11¯
�(J§\kÛ(Øº

). (a) dEX = θ��Ý�Oθ̂ = X̄"�â�ê½Æ§§´θ�£r¤�Ü�O"EX̄ =
EX = θ §�Ý�O´Ã �O§ù�

MSE(θ̂) = VarX̄ =
VarX

n
=

22

12n
=

1

3n
.

(b) q,¼ê

L(θ;x1, . . . , xn) = p(x1, . . . , xn; θ) =

(
1

2

)n
Ix(n)−1≤θ≤x(1)+1,

Ïd§3«m[x(n) − 1, x(1) + 1]þ??�����§Ïdé��0 ≤ t ≤ 1§

θ̂t := t(X(n) − 1) + (1− t)(X(1) + 1) = tX(n) + (1− t)X(1) + 1− 2t

Ñ´θ�4�q,�O"

(c) d

P (X(n) ≤ x) =


1, ex > θ + 1;(
x−θ+1

2

)n
, eθ − 1 ≤ x ≤ θ + 1;

0, ex < θ − 1.
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��X(n)�VÇ�Ý�

fX(n)
(x) = n

(
x− θ + 1

2

)n−1
1

2
Iθ−1≤x≤θ+1.

?
��

EX(n) =

∫ θ+1

θ−1
x · n

(
x− θ + 1

2

)n−1
1

2
dx

=

∫ 1

0

(2y + θ − 1)nyn−1dy (y =
x− θ + 1

2
)

=
2n

n+ 1
+ (θ − 1) = θ +

n− 1

n+ 1
.

aq£½dé¡5¤��

EX(1) = θ − n− 1

n+ 1
.

(d) u´

Eθ̂t = θ +
2− 4t

n+ 1
,

Ïd��=�t = 1/2�§θ̂t´θ�Ã �O"dXn�VÇ©Ù¼ê�§é?Ûε > 0§

P (|X(n) − (θ + 1)| > ε) = P (X(n) < (θ + 1)− ε) ≤
(

2− ε
2

)n
I0<ε<2 → 0, n→∞,

Ïd

X(n)
P−→ θ + 1, n→∞.

aq�y

X(1)
P−→ θ − 1, n→∞.

Ïd

θ̂t
P−→ θ, n→∞,

=θ̂t´θ��Ü�O"

(e) -Yk = Xk − θ§KY1, . . . , Yn
i.i.d.∼ U(−1, 1)§d

P (Y(1) ≥ u, Y(n) ≤ v) = P (u ≤ Yk ≤ v, k = 1, 2, . . . , n) =

(
v − u

2

)n
I−1≤u≤v≤1,

Ïd

fY(1),Y(n)
(u, v) = − ∂2

∂u∂v

(
v − u

2

)n
I−1≤u≤v≤1 = n(n− 1)

(
v − u

2

)n−2
1

4
I−1≤u≤v≤1.
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u´

fY(1)+Y(n)
(z) =

∫ +∞

−∞
fY(1),Y(n)

(u, z − u)du

=

∫ +∞

−∞
n(n− 1)

(
z − u− u

2

)n−2
1

4
I−1≤u≤z−u≤1du

(max{−1, z − 1} ≤ u ≤ z

2
)

= Imax{−1,z−1}≤ z
2

∫ z
2

max{−1,z−1}
n(n− 1)

(
z − 2u

2

)n−2
1

4
du

= I|z|≤2

∫ 1− |z|
2

0

n(n− 1)wn−2
1

4
dw (w =

z

2
− u)

=
n

4

(
1− |z|

2

)n−1
I|z|≤2.

u´

Var(Y(1) + Y(n)) = E(Y(1) + Y(n))
2 =

∫ 2

−2
z2 · n

4

(
1− |z|

2

)n−1
dz

= 2

∫ 2

0

z2 · n
4

(
1− |z|

2

)n−1
dz

= 4

∫ 1

0

(1− w)2nwn−1dw (w = 1− z

2
)

=
8

(n+ 1)(n+ 2)
,

Ïd

Varθ̂1/2 = Var

(
X(1) +X(n)

2

)
=

1

4
Var

(
Y(1) + Y(n)

)
=

2

(n+ 1)(n+ 2)
≤ 1

3n
,

=θ̂1/2'X̄k�"

KKK8 �oN©Ù�U [θ, 2θ]§Ù¥θ > 0´��ëê"�X1, . . . , Xn´5gToN�{ü�Å��"

1. |^Ý�O�{¦θ�Ã �Oþθ̂1§O�Ù��¶

2. ¦θ�4�q,�Oþθ̂MLE§¿d§�Eθ���Ã �Oθ̂2§¿O�θ̂2���¶

3. rX(1)��θ���:�O§d§�Eθ���Ã �Oθ̂3§¿O�θ̂3���¶

4. Á'�þãÃ �O�k�5"

). (a) dEX = 3
2
θ��Ý�Oθ̂1 = 2

3
X̄"§´θ�Ã �O§

Var(θ̂1) =
4

9
VarX̄ =

4

9n
VarX =

θ2

27n
.

(b) q,¼ê

L(θ;x1, . . . , xn) = p(x1, . . . , xn; θ) =

(
1

θ

)n
Iθ≤x(1)≤x(n)≤2θ =

1

θn
I 1

2
x(n)≤θ≤x(1) ,
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Ïd§31
2
x(n)?�����§Ïdθ�4�q,�O´

θ̂MLE =
1

2
X(n).

d

P (X(n) ≤ t) =


1, t ≥ 2θ;(
t−θ
θ

)n
, θ ≤ t < 2θ;

0, t < θ

��X(n)�VÇ�Ý¼ê�

fX(n)
(t) = n

(
t− θ
θ

)n−1
1

θ
Iθ<t<2θ.

¤±§

EX(n) =

∫ 2θ

θ

t · n
(
t− θ
θ

)n−1
1

θ
dt =

∫ 1

0

(1 + u)θ · nun−1du =
2n+ 1

n+ 1
θ,

EX2
(n) =

∫ 2θ

θ

t2 · n
(
t− θ
θ

)n−1
1

θ
dt =

∫ 1

0

(1 + u)2θ2 · nun−1du =
4n2 + 8n+ 2

(n+ 2)(n+ 1)
θ2,

VarX(n) =
n

(n+ 1)2(n+ 2)
θ2,

u´

θ̂2 =
n+ 1

2n+ 1
X(n)

´θ�Ã �O§§����

Varθ̂2 =
(n+ 1)2

(2n+ 1)2
VarX(n) =

n

(2n+ 1)2(n+ 2)
θ2.

(c) d

P (X(1) ≤ t) = 1− P (X(1) > t) =


1, et ≥ 2θ;

1−
(
2θ−t
θ

)n
, eθ ≤ t ≤ 2θ;

0, et < θ.

��X(1)�VÇ�Ý¼ê�

fX(1)
(t) = n

(
2θ − t
θ

)n−1
1

θ
Iθ<t<2θ.

¤±§

EX(1) =

∫ 2θ

θ

t · n
(

2θ − t
θ

)n−1
1

θ
dt =

∫ 1

0

(2− u)θ · nun−1du =
n+ 2

n+ 1
θ,

EX2
(1) =

∫ 2θ

θ

t2 · n
(

2θ − t
θ

)n−1
1

θ
dt =

∫ 1

0

(2− u)2θ2 · nun−1du =
n2 + 5n+ 8

(n+ 2)(n+ 1)
θ2,

VarX(1) =
n

(n+ 1)2(n+ 2)
θ2,
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u´

θ̂3 =
n+ 1

n+ 2
X(1)

´θ�Ã �O§§����

Varθ̂3 =
(n+ 1)2

(n+ 2)2
VarX(1) =

n

(n+ 2)3
θ2.

(d) du2n+ 1 ≥ n+ 2§¤±θ̂2o'θ̂3k�"

�n ≥ 4�§

(2n+ 1)2(n+ 2)− 27n2 = 4n3 − 15n2 + 9n+ 2 ≥ n2(4n− 15) + 9n+ 2 ≥ 0,

�n = 3�
72 × 5− 27× 32 = 245− 243 > 0,

�n = 2�
52 × 4− 27× 22 = −8 < 0,

�n = 1�
32 × 3− 27 = 0,

¤±�n ≥ 3�§θ̂2'θ̂1k�§�n = 2�§θ̂1'θ̂2k�"

KKK5 `¯ü ?6Õá/éÓ�ã©i?1�é§`uy
n1?�Ø§¯uy
n2?�Ø§¿�
Ù¥kn3?�Ø´`¯�Óuy�"Á^Ý�O{Ú4�q,�O{�Oùã©i��Ø�
ê"

). PX, Y, Z©OL«`uy��Ø�ê!¯uy��Ø�ê!`¯�Óuy��Ø�ê"
�ùã©i�kN?�Ø§���Ø�`uy�VÇ�p1§�¯uy�VÇ�p2"Kdu`
¯´Õá�é�§¤±���Ø�`¯Ó�uy�VÇ�p1p2"u´X ∼ B(N, p1)§Y ∼
B(N, p2)§Z ∼ B(N, p1p2)"

EX = Np1, EY = Np2, EZ = Np1p2,

dÝ�O�{
n1 = N̂ p̂1, n2 = N̂ p̂2, n3 = N̂ p̂1p̂2,

Ïd
n3 = N̂ · n1

N̂
· n2

N̂
=
n1n2

N̂
,

u´��N�Ý�Oþ

N̂ =
n1n2

n3

.

Ï~���Cn1n2

n3
��ê��N̂��"

^4�q,�O�{§q,¼ê�

L(N, p1, p2) = PN,p1,p2(X = n1, Y = n2, Z = n3)

=
N !

n3!(n1 − n3)!(n2 − n3)!(N − n1 − n2 + n3)!

· (p1p2)n3 [p1(1− p2)]n1−n3 [p2(1− p1)]n2−n3 [(1− p1)(1− p2)]N−n1−n2+n3

=
N !

n3!(n1 − n3)!(n2 − n3)!(N − n1 − n2 + n3)!
pn1
1 p

n2
2 (1− p2)N−n2(1− p1)N−n1 .
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d

∂ lnL(N, p1, p2)

∂p1
=
n1

p1
− N − n1

1− p1
,

∂ lnL(N, p1, p2)

∂p2
=
n2

p2
− N − n2

1− p2
,

)�é?¿N ≥ 1§L(N, p1, p2)3

p̂1 =
n1

N
, p̂2 =

n2

N

?��
L∗(N) := L(N, p̂1, p̂2) ≥ L(N, p1, p2).




L∗(N + 1)

L∗(N)
=

N + 1

N + 1− n1 − n2 + n3

(1− p̂1)(1− p̂2)

=
N + 1

N + 1− n1 − n2 + n3

N − n1

N

N − n2

N

= 1 +
−n3N

2 + (n1n2 − n1 − n2)N + n1n2

N3 − (n1 + n2 − n3 − 1)N2
,

�

N∗ =
(n1n2 − n1 − n2) +

√
(n1n2 − n1 − n2)2 + 4n1n2n3

2n3

,

u´§�N > N∗�§L∗(N + 1) < L∗(N)¶�N < N∗�§L∗(N + 1) > L∗(N)"ÏdN�4
�q,�ON̂�Ø�u

(n1n2 − n1 − n2) +
√

(n1n2 − n1 − n2)2 + 4n1n2n3

2n3

����ê"ØJuy§Ï~ù��O��uÝ�O�"

XJn1 = 24§n2 = 25§n3 = 20§KN�Ý�O��30§4�q,�O��29"


