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KKK 1 ¦«m [a, b] þ����ÅCþ�U�������ºÛ���º

KKK 2 � X ��ëY.�ÅCþ§¦¢ê c§¦� E|X − c| ����.

KKK 3 ��ÅCþ X, Y �éÜVÇ�Ý¼ê�

fX,Y (x, y) =
1 + xy(x2 − y2)

4
, |x| ≤ 1, |y| ≤ 1.

¦ X + Y �VÇ©Ù¼ê FX+Y"

KKK 4 ��ÅCþX§Y Õá§ÑÑlIO��©ÙN(0, 1)§(X, Y )�éÜ�Ý¼êP� f(x, y)¶

1. y²¶¼ê g(x, y) =

{
f(x, y) +

xy

100
, when x2 + y2 ≤ 1

f(x, y), when x2 + y2 > 1
§´��VÇ�Ý¼ê"

2. e�ÅCþ (U, V ) ��Ý¼ê� g(x, y)§y²µU§V ÑÑlIO��©Ù N(0, 1)§
� (U, V ) ØÑl����©Ù"

5µ�~`²�©þ���íØÑéÜ©Ù���"

KKK 5 Ý��qú²�M1§P�¡� H!�¡� T§

1. ��ÄgÑyHH�Ê�§�O�Ý�gê�Ï"���¶

2. XJÊ�OKC�ÄgÑyHT§d�Ý�gê�Ï"Ú��©O´õ�¶

3. b�`!¯?1�|'m§Ý���M1��ÄgÑyHH½THÊ�"XJ±HH(
å§K`�§TH(å�¯�§�¯`!¯�¼�VÇ; eU�HHkÑy`�§HTk
Ñy¯�§(JN�"

KKK 6 ��ÅCþX ∼ N(0, 1), �ÅCþWÑl©ÙÆ

(
W 1 −1
P 1

2
1
2

)
§X�W�pÕá"-Y =

XW"
y²: (1). Y ∼ N(0, 1), (2). Cov(X, Y ) = 0, (3). X�YØÕá"
£ù�~fL²ü���©Ù�ÅCþ�pØ�'¿ØUíÑùü��ÅCþÕá"�k�
ü��ÅCþ´����©Ù�§Ø�'â�Õá�d"¤

KKK 7 ��ÅCþX ∼ N(0, 1), �ÅCþ

Y =

{
X, e|X| ≥ c

−X, e|X| < c
.

(1). ¦~êc¦�X�YØ�'§
(2). y²: Y ∼ N(0, 1),
(3). `²é?¿c > 0, Xþ½Â��ÅCþX�YØÕá"
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KKK 1 ¦«m [a, b] þ����ÅCþ�U�������ºÛ���º

)))µE((X − E(X))2 ≤ E((X − a+b
2

)2) ≤ E((b− a+b
2

)2) = (b−a)2
4

1��Ø�Ò�ª¤á�^�´ E(X) = a+b
2
§

1��Ø�Ò¤á�^�´ P (X = a) + P (X = b) = 1,

¤±������ (b−a)2
4
�^�´ P (X = a) = P (X = b) = 1

2
"

KKK 2 � X ��ëY.�ÅCþ§¦¢ê c§¦� E|X − c| ����.

)µX kVÇ�Ý¼ê f(x)§¿� f(x) ??ëY"

h(c) := E|X − c| =
∫ +∞

−∞
|x− c|f(x)dx =

∫ +∞

c

(x− c)f(x)dx+

∫ c

−∞
(c− x)f(x)dx.

u´ h 'u c ��§

h′(c) =
d

dc

(∫ +∞

c

(x− c)f(x)dx

)
+

d

dc

(∫ c

−∞
(c− x)f(x)dx

)
= −(c− c)f(c)−

∫ +∞

c

f(x)dx+ (c− c)f(c) +

∫ c

−∞
f(x)dx

= F (c)−
[
1− F (c)

]
= 2F (c)− 1.

¤±§3«m I1 := {c : F (c) < 1/2}þ§h′(c) < 0§hî�~§3«m I3 := {c : F (c) > 1/2}
þ§h′(c) > 0§h î�O§3«m

I2 := {c : F (c) = 1/2}

þ§h �~ê§¤±«m I2 ¥�:Ñ´ h ����:"�«m I2 ´ü:8�§ù���
� c �T´ X �¥ ê"

KKK 3 ��ÅCþ X, Y �éÜVÇ�Ý¼ê�

fX,Y (x, y) =
1 + xy(x2 − y2)

4
, |x| ≤ 1, |y| ≤ 1.

¦ X + Y �VÇ©Ù¼ê FX+Y"
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))){{{ 1µ

fX+Y (u) =

∫ +∞

−∞
fX,Y (u− v, v)dv

=

∫ +∞

−∞

1 + (u− v)v[(u− v)2 − v2]
4

I|u−v|≤1,|v|≤1dv

=

∫ +∞

−∞

1 + (u− v)v[u2 − 2uv]

4
Iu−1≤v≤1+u,−1≤v≤1dv

= Imax{u−1,−1}≤max{u+1,1}

∫ min{u+1,1}

max{u−1,−1}

1 + (u− v)v[u2 − 2uv]

4
dv

= I−2≤u≤2

∫ u
2
+1−|u2 |

u
2
−1+|u2 |

1 + (u− v)v[u2 − 2uv]

4
dv

= I−2≤u≤2

∫ 1−|u2 |

−1+|u2 |

1− 2u
[
u2

4
− w2

]
w

4
dw

(
5¿È©�é¡5§-w = v − u

2

)
= I−2≤u≤2

∫ 1−|u2 |

−1+|u2 |
1

4
dw

= I−2≤u≤2
2− |u|

4
.

u´

FX+Y (z) =

∫ z

−∞
fX+Y (u)du =

∫ min{2,z}

−2

2− |u|
4

du

= Iz≥2 + I−2≤z<2

(
1

2
+

∫ z

0

2− u · sgn(z)

4
du

)
= Iz≥2 + I−2≤z<2

(
1

2
+
z

2
− z2 · sgn(z)

8

)
= Iz≥2 + I−2≤z<2

(
1

2
+
z

2
− z|z|

8

)
.

))){{{ 2µdu X, Y éÜVÇ�Ý¼ê'ugCþ (x, y) äk�½é¡5§¤±�Äé¡�
CþO� {

u = x+ y,
v = x− y,

dd)� {
x = (u+ v)/2,
y = (u− v)/2,

u´�� U = X + Y Ú V = X − Y �éÜVÇ�Ý¼ê

fU,V (u, v) = fX,Y

(
u+ v

2
,
u− v

2

)
1∣∣∣∣det

(
1 1
1 −1

)∣∣∣∣
=

1 + u2−v2
4

uv

8
I|u+v

2 |≤1,|u−v
2 |≤1.
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¤±§

fX+Y (u) = fU(u) =

∫ +∞

−∞
fU,V (u, v)dv

=

∫ +∞

−∞

1 + u2−v2
4

uv

8
I|u+v|≤2,|u−v|≤2dv

=

∫ +∞

−∞

1

8
I|u+v|≤2,|u−v|≤2dv (|^
È©�é¡5)

=
1

8

∫ +∞

−∞
I−2+|u|≤v≤2−|u|dv

=
2− |u|

4
I|u|≤2.

,�§2�){ 1 ¥@�¦Ñ FX+Y"

))){{{ 3µ��O� X + Y �VÇ©Ù¼ê

FX+Y (z) = P (X + Y ≤ z)

=

∫∫
x+y≤z

fX,Y (x, y)dxdy

=

∫∫
R2

1 + xy(x2 − y2)
4

I|x|≤1,|y|≤1,x+y≤zdxdy

=
1

4

∫∫
R2

I|x|≤1,|y|≤1,x+y≤zdxdy +

∫∫
R2

xy(x2 − y2)
4

I|x|≤1,|y|≤1,x+y≤zdxdy

=
1

4

∫∫
R2

I|x|≤1,|y|≤1,x+y≤zdxdy (þª1 2 �È©'u (x, y) 7→ (y, x) äké¡5)

= I−2≤z<0
(z + 2)2

8
+ I0≤z<2

(
1− (2− z)2

8

)
+ Iz≥2.

ù�cü�){¦�� FX+Y ´�Ó�"

KKK 4 ��ÅCþX§Y Õá§ÑÑlIO��©ÙN(0, 1)§(X, Y )�éÜ�Ý¼êP� f(x, y)¶

1. y²¶¼ê g(x, y) =

{
f(x, y) +

xy

100
, when x2 + y2 ≤ 1

f(x, y), when x2 + y2 > 1
§´��VÇ�Ý¼ê"

2. e�ÅCþ (U, V ) ��Ý¼ê� g(x, y)§y²µU§V ÑÑlIO��©Ù N(0, 1)§
� (U, V ) ØÑl����©Ù"

5µ�~`²�©þ���íØÑéÜ©Ù���"
)))µ

1. y²µf(x, y) = 1
2π
e−

x2+y2

2 ,�x2 + y2 ≤ 1�§f(x, y) = 1
2π
e−

x2+y2

2 ≥ 1
2π
e−

1
2 > 1

100
,

¤±�x2 + y2 ≤ 1�§g(x, y) ≥ 0,
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qÏ� ∫∫
R2

g(x, y)dxdy

=

∫∫
x2+y2≤1

(f(x, y) +
xy

100
)dxdy +

∫∫
x2+y2>1

f(x, y)dxdy

=

∫∫
R2

f(x, y)dxdy +

∫∫
x2+y2≤1

xy

100
)dxdy

= 1.

¤± g(x, y) =

{
f(x, y) +

xy

100
, when x2 + y2 ≤ 1

f(x, y), when x2 + y2 > 1
§´��VÇ�Ý¼ê"

2. �ÅCþ (U, V ) ��Ý¼ê� g(x, y)§K�ÅCþU�VÇ�Ý¼ê�µ

fU(x) =

∫ +∞

−∞
g(x, y)dy

=

∫ −√1−x2
−∞

f(x, y)dy +

∫ +∞

√
1−x2

f(x, y)dy +

∫ √1−x2
−
√
1−x2

(f(x, y) +
xy

100
)dy

=

∫ +∞

−∞
f(x, y)dy.

Ï� f(x, y)�ÕáIO��©ÙéÜ�Ý§ U�IO��©Ù. Ón�� V�IO��©

Ù§�´ U, V�éÜ�Ý¼ê� g(x, y) =

{
f(x, y) +

xy

100
, when x2 + y2 ≤ 1

f(x, y), when x2 + y2 > 1
§ U, VØÑ

l����©Ù.

KKK 5 Ý���ú²�M1§9�¡�H!�¡�T§

1. ��ÄgÑyHH�Ê�§�O�Ý�gê�Ï"���¶

2. XJÊ�OKC�ÄgÑyHT§d�Ý�gê�Ï"Ú��©O´õ�¶

3. b�`!¯?1�|'m§Ý���M1��ÄgÑyHH½THÊ�"XJ±HH(
å§K`�§TH(å�¯�§�¯`!¯�¼�VÇ; eU�HHkÑy`�§HTk
Ñy¯�§(JN�"

)))µ

1. �X�Ý�gê§Y��ÅCþ§Ù���:Äg�Ñ�¡£P�T¤§cüg�Ñ��£P
�HT¤§cüg�Ñ��£P�TH¤"K

E(X) = E(E(X|Y ))
= P (Y = T )E(X|Y = T ) + P (Y = HT )E(X|Y = HT ) + P (Y = HH)E(X|Y = HH)
= 1

2
(1 + E(X)) + 1

4
(2 + E(X)) + 1

4
· 2

)�E(X) = 6"
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E(X2) = E(E(X2|Y ))
= P (Y = T )E(X2|Y = T ) + P (Y = HT )E(X2|Y = HT ) + P (Y = HH)E(X2|Y = HH)
= 1

2
E((X + 1)2) + 1

4
E((2 +X)2) + 1

4
· 4

)�E(X2) = 58§V ar(X) = 22"

2.
E(X|H) = P (Y = H)E(X|HH) + P (Y = T )E(X|HT )

= 1
2
(1 + E(X|H)) + 1

2
· 2

= 1
2
(E(X|H)) + 3

2

)�E(X|H) = 3"
qd

E(X) = P (T )E(X|T ) + P (H)E(X|H)
= 1

2
E(X) + 2

)�E(X) = 4"

E(X2|H) = P (T )E(X2|HT ) + P (H)E(X2|HH)
= 1

2
E((X + 1)2|H) + 1

2
· 4

= 1
2
E(X2|H) + 11

2

)�E(X2|H) = 11"
qd

E(X2) = P (T )E(X2|T ) + P (H)E(X2|H)
= P (T )(E(X)2 + 9) + P (H)E(X2|H)
= 1

2
E(X2) + 10

)�E(X2) = 20§V ar(X) = 4"

3. �`��¯�X§Y��ÅCþ§Ù���:�Ñ�¡£P�T¤§��Ñ�¡£P�H¤"

P (X) = P (Y = H)P (X|Y = H) + P (Y = T )P (X|Y = T ) = 1
2
P (X|Y = H) + 1

2
P (X|Y = T )

P (X|Y = H) = P (Y = H)P (X|HH) + P (Y = T )P (X|HT ) = 1
2
· 1 + 1

2
P (X|T )

P (X|Y = T ) = P (Y = H)P (X|TH) + P (Y = T )P (X|TT ) = 1
2
· 0 + 1

2
P (X|T )

⇒ P (X|Y = T ) = 0"

¤±P (X) = 1/4"

Ón§eP¯��¯�X,kP (X) = 3/4"äNO�Xeµ

�¯��¯�X§Y��ÅCþ§Ù���:�Ñ�¡£P�T¤§��Ñ�¡£P�H¤"

P (X) = P (Y = H)P (X|Y = H) + P (Y = T )P (X|Y = T ) = 1
2
P (X|Y = H) + 1

2
P (X|Y = T )

P (X|Y = H) = P (Y = H)P (X|HH) + P (Y = T )P (X|HT ) = 1
2
· 0 + 1

2
P (X|T )

P (X|Y = T ) = P (Y = H)P (X|TH) + P (Y = T )P (X|TT ) = 1
2
· 1 + 1

2
P (X|T )

⇒ P (X|Y = T ) = 1§P (X|Y = H) = 1
2
"
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¤±
P (X) = P (Y = H)P (X|Y = H) + P (Y = T )P (X|Y = T )

= 1
2
P (X|Y = H) + 1

2
P (X|Y = T )

= 1
2
· 1
2

+ 1
2
· 1 = 3

4
.

eHH�`�§HT�¯�§KÝ�Ñy�¡éu�öÑIÃK�§eÑy�¡§KiZ
�½(å§KH��Ñy�¡�¡�VÇ�� 1/2§K`��VÇ� 1/2"£�[y²
Xeµ��`��¯�X§Y��ÅCþ§Ù���:�Ñ�¡£P�T¤§��Ñ�¡
£P�H¤"P (X) = P (Y = H)P (X|Y = H) + P (Y = T )P (X|Y = T ) = 1

2
P (X|Y =

H) + 1
2
P (X|Y = T )

P (X|Y = H) = P (Y = H)P (X|HH) + P (Y = T )P (X|HT ) = 1
2
· 1 + 1

2
· 0

P (X|Y = T ) = P (Y = H)P (X|TH) + P (Y = T )P (X|TT ) = 1
2
¶(X|Y = H) + 1

2
P (X|T )

⇒ P (X|Y = T ) = P (X|Y = H) = 1
2

¤±P (X) = 1/2"¤

g�µXJ�����¹§k1 ∼ n?Ò�n�Êè§�ÅÄ�Êè§XJ�ë�ü�11kÑ
y`�§�ë�ü�n1kÑy¯�§¦`�¼�VÇ"

KKK 6 ��ÅCþX ∼ N(0, 1), �ÅCþWÑl©ÙÆ

(
W 1 −1
P 1

2
1
2

)
§X�W�pÕá"-Y =

XW"
y²: (1). Y ∼ N(0, 1), (2). Cov(X, Y ) = 0, (3). X�YØÕá"
£ù�~fL²ü���©Ù�ÅCþ�pØ�'¿ØUíÑùü��ÅCþÕá"�k�
ü��ÅCþ´����©Ù�§Ø�'â�Õá�d"¤

)))µ£1¤|^�VÇúª

FY (y) = P (Y ≤ y)

= P (Y ≤ y|W = 1) · P (W = 1) + P (Y ≤ y|W = −1) · P (W = −1)

= P (X ≤ y) · 1

2
+ P (X ≥ −y) · 1

2

= P (X ≤ y) · 1

2
+ P (X ≤ y) · 1

2
= Φ(y).

¤±Y ∼ N(0, 1).

(2) |^�Ï"úª

E(XY ) = E(XY |W = 1) · P (W = 1) + E(XY |W = −1) · P (W = −1)

= E(X2) · 1

2
+ E(−X2) · 1

2
= 0.

E(X)=0§E(Y)=0§¤± Cov(X, Y ) = E(XY )− E(X) · E(Y ) = 0.

(3) Þ��~§Ï�pXY (1, 0) = 0, pX(1) > 0, pY (0) > 0§¤±X�YØÕá"½�
½P (X ∈ (0, 1

2
), Y ∈ (1, 2)) = 0,�´P (X ∈ (0, 1

2
)) > 0, P (Y ∈ (1, 2)) > 0)§¤±ØÕá"

KKK 7 ��ÅCþX ∼ N(0, 1), �ÅCþ

Y =

{
X, e|X| ≥ c

−X, e|X| < c
.
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(1). ¦~êc¦�X�YØ�'§
(2). y²: Y ∼ N(0, 1),
(3). `²é?¿c > 0, Xþ½Â��ÅCþX�YØÕá"

)))µ(1) |^�Ï"úª

E(XY ) = E(XY | |X| ≥ c) · P (|X| ≥ c) + E(XY | |X| < c) · P (|X| < c)

= E(X2 | |X| ≥ c) · P (|X| ≥ c) + E(−X2 | |X| < c) · P (|X| < c)

= E(X2 | |X| ≥ c) · P (|X| ≥ c) + E(X2 | |X| < c) · P (|X| < c)

− 2E(X2 | |X| < c) · P (|X| < c)

= E(X2)− 2E(X2 | |X| < c) · P (|X| < c)

= 1− 4

∫ c

0

1√
2π
x2e−

x2

2 dx.

E(XY ) = 1− 4
∫ c
0

1√
2π
x2e−

x2

2 dx = 0§d�§Ã{)Û¦)§^ê��{¦�

c ≈ 1.5383.

(2) |^�VÇúª

FY (y)) = P (Y ≤ y)

= P (Y ≤ y | |X| ≥ c) · P (|X| ≥ c) + P (Y ≤ y | |X| < c) · P (|X| < c)

= P (X ≤ y, |X| ≥ c) + P (−X ≤ y, |X| < c)

= P (X ≤ y, |X| ≥ c) + P (X ≤ y, |X| < c)

= P (X ≤ y) = Φ(y).

Ù¥�ê1���Ò§|^
X©Ù�é¡5�|X| < c�é¡5§=k�ª

P (−X ≤ y, |X| < c) = P (X ≤ y, |X| < c).

(3) Þ��~§Ï�pXY (1, 0) = 0, pX(1) > 0, pY (0) > 0§¤±X�YØÕá"½ö
dP (X ∈ (c, c+ 1), Y ∈ (c+ 2, c+ 3)) = 0,�P (X ∈ (c, c+ 1)) > 0, P (Y ∈ (c+ 2, c+ 3)) > 0)§
���X, YØÕá"


