1. Solution:

(a) B
Y P(A) =0 or P(A) = 1, then P(A)P(A) = 0 = P(AA).
If 0 < P(A) < 1, then P(A)P(A) #0 = P(A A)

(b) D
If a =3,2,1/2, then P{X =i} <0, therefore A,B,C cannot be the answer.
Another method:

2(1 — 2a)

ip{X:i}zli =lla<l)=a=1/3
i=1

(c) A
The pdf of Y should be function of %2, therefore B,D cannot be the answer. And
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(d) D
P(A)=1/3,P(B) =2/3
(e) C
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Let X ~ N(0,1), then

E(|X])=E(X||X >0)P(X >0)+ E(|X||X <0)P(X <0)
1 1
= §E(X\X >0) — 5E(X|X <0)
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(g) A
EX exists, and the pdf is symmetrical, therefore EX = 0.
(h) A
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5040 = px(@) = [ pvixGelyer W)y = [ pyix(al) 31+ 9y

Therefore, the denominator of py|x (z|y) should be 1+ y. Consider A and C,

1 Yy+er2 2 [t 1
“(1+42) = Sy+1)dy == dy=-(1+2
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(i) B
If a® > b?, then A:b*> — a2 and D:4(b? — a?) both are incompatible with VarX > 0.
Assume the answer is C:VarX = (b — a)?, we could let a = 0,b = 1, EX = pu, then
E(X?*) =VarX + (EX)* =1+ p?

is incompatible with X < 1.
Another method:
P(X =a) = P(X =b) =1/2 yields the maximum value of VarX.

2. Solution:

@ P(hit|X =1)P(X =1)

P(X = 1jhit) = P(hit|X =0)P(X =0)+ P(hit|X = )P(X =1) 1/2
(b)
10 10
ZY-_5 ZY =0)P(X =0)+P() Y, =5X=1)P(X =1)

= i=1
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3. Solution:

(a) X; =1,2..6(: > 1), Y represents the number of steps to stop.

EY = E(Y|Xy # 6)P(X; # 6) + E(Y[X1 = 6, X3 # 6)P(X; = 6, X3 # 6)
+ E(Y|X) = 6, X5 = 6)P(X, = 6, X5 = 6)

5 5 1
= (EY+ 1)+ —(EY +2)+ — x 2
6( +)+36( +)+36><

= FY =42
(b) Y; represents the number of steps to 6-6 and Y, 1-6.

9 1
P(Yi < Y2) = 2 P(Vi < Y| X1 = 10r6, Xz = 1) + 5. P(Vi < Yol X1 = 1, X, = 6)
1 39
+ 5o PV < Yol X1 = 6,X, = 6) + S P(Yi < Ya| X1 # 1076, X # Lor6)
1 1 1 8
P < YolXy = 1)+ — x0+4 — x 1+ PV, <Y
gl (1 <ValXa =1) 4+ 22 x 04 22 x 14 P11 <13)
1 1 8
P < YolXi = 1)+ — + SP(Y; < Y
18(1< 2|1 )+36+9(1< 2)

P(Yl < 1/2|X1 = 1) = P(Yl < Y2|X1 =1,Xo = 1)P(X2 = 1|X1 = 1)
+ P(Y1 < Y2|X1 = I,XQ = 6)P(X2 = 6|X1 = 1)
+ P(Yl < Y2|X1 =1,X, 75 107”6)P(X2 # 10T6|X1 = 1)

1 1 2
:ép(Yl<}6|X1:1)+6X0+§P(YI<Y2)

=P, <Ys)=3,P(Y1 >Ys) =%
4. Proof:
(a) X ~ Ge(p)

P(X>m)= Y P(X=1i)

= > pl-p'!

1=m-+1

1-pm Zp(l —p)t

=(1-p"
P(X >n+m)=(1-p)"*t"
P(X >n+m,X >m)
P(X >m)

P(X >n+m)

P(X >m)
(1—pmm

(1—=p)m
=(1-p"
= P(X >n)

PX>n+mlX >m) =



(b) Y ~ Exp(})

PY >s)=1—-P(Y <s)
=1—(1—-exp(—As))
= exp(—As)

PY >s+t)=exp(—A(s+1))
PY >s+tY >t)
P(Y >s)
P(Y > s+1t)
P(Y > s)
_exp(—=A(s+1))

~ exp(—\s)
= exp(—At)
=P >1)

PY >s+tlY >s) =

5. (a) Proof:

(b) Solution: X ~ Ge(p)

EX:iP(sz):iP(X>k—1):i(1—p)k*1 -

k=1 k=1 k=1
6. Solution:
(a)
PU=1V=1)=PX=1,Y=1)=P(X=1)PY =
PU=1,V=2)=0

PU=2V=1)=PX=1Y=2+P(X=2Y=1)
= P(X =1)P(Y =2)+ P(X =2)P(Y
PU=2V=2)=P(X=2Y=2)=1/9

1-(1-p)



EU =14/9 DU =20/81

EV =10/9 DV =8/81

7. Solution:

(a) VO<z <1

Otherwise, px(x) = 0.

1
= =—, VW<z<l
pY\X(y|$) " o T

V-1l<y<l1

Otherwise, py (y) = 0.

p(z,y) 1
P xly) = = , V-1l<y<l1
W =) ST !
(b) VO<z <1
EYIX =)= [ wpvixtulady= [ Ldy—/2
= BY|X)=X/2 (0<X<1)
V-1l<y<l1
1 1 T
BOXY =y) = [ apxy(alde = [ 15 de= (4 lul)2
[yl [yl 1 — [yl

= EX|Y)=010+|Y]D/2 (-1<Y <1
(c)

1 1 1/3
P{|Y<3‘X=2}=/ pyx(y[1/2)dy =2/3
3

pxjy (x| —=1/2) =2 V1/2 <z <1, otherwise px|y (x| — 1/2) = 0.



8. X, represents the number of steps, Y represent the position of the maximum integer.

EX, = En: E(X,|Y =4)P(Y =)
i=1
= %ZE(XTL\Y:Z')
= %Z[E(X,JY:n)—I—n—i]

1 n
==Y (EXp_1+n—i)
ni:l
n—1

=EX,1+ 2

_n(n—1)
4



