Homework §

April 11, 2025
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Exercise 1.

HIWr TR BRI ST, IR il iR R R, SR IRE n — oo I, JEF A ISR
- IRPRR M, B lim — = P(A).

Solution.

RGBSR — M R E MR MR —, Tl RECEBRIE. HEHHAETA M ) BAOE & X R o5k
fERE, Lhin—Se— R SR B R VAl X R MR S “RUME” 5 “ EWAMEE” A [ A
T I B ) P 25

Exercise 2.

UEW] Chebyshev 55 KEUERE: WHHZRR X; WHAMER, H Var(X;) < ¢ (c AEHD, WX THE

€ > 07
1 < 1 &
nlgg)P(‘n;Xi - f;E(XZ) > e> —0
Solution.
ic

HIBE, PP, T

24 Chebyshev %5, H

P (|X, - E(Xy)| 2 €) <

n2e? n2e?2  ne?
[A it
0< lim P (X, - E(X,)| 2 ¢) < lim — =0
O
Exercise 3.
F) B A OB R S IR R K hinchin 35 K BUE .
Solution.
WXy ML RS ABENE &, BEARIHE o MERTE o2 B CLT
nler;o P(S%:H <z)=(x)
TR
lim P(|Xn oyl e) —2 [1 - @(E\C{ﬁ)]
T Eiﬁ%oo, FiLh
()
O
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Exercise 4.
WA R {X;, i =1,2,...,n} BOLFESAR, HAFLBIER u, AFFTZER 02,

n

X,,:%ZXZ-, [ zn:(xi—Xn)Q
=1

5 n—1
=1

ERT: 52 ARIER IR o

Solution.
HoE .
=3
Z Xn — N)} ?
Zj K =) D (K- W)+ = (R = 1)
Z - %(Xn - M)Q

FEXTRENLAR RS { X, — p} A {( X — )} B K hinchin 55 RE0E RN

n
v P 1 2 P 2
X—pu—0, X — —
7 "‘1;( p? = o

Exercise 5.
BBRHLAE RS {X,) 5 (Vo) 29I | 08T a F1b (Hrbi b £0) | E%:?ﬂ{

*<\><

}UMKIW

Solution.

BT X, 2255 o MY, 250, FESEME A, P(A) =1, BT AhWEAMEAS, 4n 2B, H
| X, —al <& MY, —0b] <d.

EHE S BW/NEB b —6>0, MAEFME AL, HnB%KN, Y, >b—-§>0, FHik

X, a b(X, —a)—a(Y, —0b)
Y, b| ' Vb
< Dl Xy —a] + |a[[Ys, — b]
- |Yal[0]
6| + |alé
— (b=9)bl
(bl + lal)s
(b—0)lol
3 5 BN, ERATUNTAERLAREN & > 0. 0
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Exercise 6.

BOHSLFEI AT HIBENL AR R {X,, i =1,2,... } KRS8 2, BENIACE {V;, i =1,2,...} W8 5, JFHX

TEEn A YL+ +Y, #0.uEH:
Y1++Yn a.s. §
Xi+--+ X, 2
Solution.

H Kolmogrov 5 KEERE, JUFLH

1< 1<
ﬁ;Xi—m, E;Yi—w

JF 4 #1 Exercise 5. ] %1
Y1+---4+Y,)

S|

Y1++Yn a.s.
_ ,

X deooodE Xy

N | Ot

(X1 4+ + Xp)

S|

Exercise 7.

B X Rl 40 RSB MM BLER Geh 1D K#, K P(X = 20) ML IESIERME.

Solution.

B TP i 30 IR T 50 A, % X ~ B(n = 40,p = 0.5), N

4
P(X =20) = (28) (0.5)* ~ 0.12537

e HIESMERIE, Hifl
P(X =20) ~ P(19.5 < X < 20.5) ~ @(20'\%20) - @(19'\5/1:020) ~ 0.12563

Exercise 8.
FELRISE 22 7] 1) 10000 4R A S HE N AR R VR ZE AR IS BEIX 10000 /N EAR N TE—4F P4 R 52 38 55 0 A%
FIERRMOLF A, H—8EE—FE N RAEFRFIZ N 0.001, FHEK N 1000 JT.

I QIR BB E A, ORI A 7 B RIS SE 2 o & B ?
I RIS A R 24 20% BIBAE (BRI = (R - (REGIEAS - I2E A (8IS KR ZK?

I BA 95% RIMEZR T DAGRIE ORIS: 24 7 2 /058 2 /A E ) ?

Solution.
WA RSN 2 76, A 10000 0 0RE:. iC AN RN AT AR RN X, Hr

P(X; = 1000) = 0.001, P(X; =0) = 0.999

)
E[X,] = 1000 x 0.001 = 1, Var(X;) = 1000 x 0.001 x 0.999 = 999.
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U PRES 2 7O DRIP4 1 Je, GR3ON 2 78, BIH-P BRI 10, AWMERE WPk & 2.

I 32 A4 A
10000

i=1

DRS4S BN
IT = 10000 x 2 — S = 20000 — S

HZORBANHZE N 20%, WER
IT > 0.2 x 20000 = 4000

Hp
20000 — S > 4000 = S <16000.

BT n 80K, ATAHIERIEALL.

E[S] = 10000, Var(S) = 10000 x 1000 = 107, og = V107 ~ 3162.3.

. P(S < 16000) ~ @(M) - ( 6000 ) ~ ®(1.897) ~ 0.9713
= 3162.3 3162.3 ' '
Il % p AEFIE TR, ZRA 95% M2 2
20000 — S > p
RfI

P(S < 20000 — p) = 0.95
HIERSUERL, BN 20.05 ~ 1.645, #)

20000 — p = E[S] + 1.645 05 = 10000 + 1.645 x 3162.3 ~ 10000 + 5200 = 15200
RILRES A FH 95% HIMEZR 22 /b3R5 4800 JT HIEF|H.

Exercise 9.
O FEYEE BN m, ZRNERN, BXREE—AEILRZE, — N EERRE: EERFE MM
BALTR, BEHLRZERM U(-1,1).

I AT n JOMSZINE, SEARPBHEILH X,y 10 P(|1X, —m| <€) FT 202 3R A ORI E
Y n =25 He=0.2 MR ME.

I R P(IX, —m| <€) >1—a, 2OFEIATZDRME? EFHPORRERN I, HFEHY
e =0.2, a = 0.05 i % HI & 8.

I F|A Chebyshev NEAXKRAE (2) [/, H i M 5 H ISR

Solution.

WF X, ~U(-1,1), A

X, =

S|

X W
i=1
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I O RIRER, X, ~ N(0,1/(3n)), i
P(| X, —m| < €) = P(IXn| < €) ~ 2@(6\/371) 1

X+ n=25He=02,
ev3n = 0.2v/75 ~ 0.2 x 8.66 ~ 1.732

Rt )
P(|X25) < 0.2) ~ 2 x 0.9582 — 1 ~ 0.9164
I Z 2 )
P(IX,| <€) =20(eV3n) —1>1—«
HPZER N
@(6\/ Sn) 2 1— 5

& 21—y IRHEIES MG LM, WHH

z
1—a/2
EV3N =21 g2 = N2 o/

—  3e?
X+ e=02, a=005 FH 2975 ~1.96, &
(1.96)2  3.8416
= ~ 32.01
"=3%004 012
B/ JE L 33 Y&
I F|H Chebyshev 555, B
= Var(X,,) 1
>1-— =1-
P(|Xn| <€) 2 €2 3ne?
Bk
1-— 1 >l—-a =— n> 1
3nez — ~ 3ae?
T e =02, a = 0.05 78
1
= 166.67

n > =
~ 3x0.05x0.04 0.006
RS/ 167 YONE.
Ebdsg: A0 bR PR e FRZS 45 3R (33 1K) B /N T Chebyshev NERA IR TSR (167 1K), X%
BT Chebyshev ANEEAX Al BEA R, WML RB TN, 10O IR & B8R H TiRZE5m
IEALIEZSBIPERT, RIS T RS A T

Exercise 10.

BB T IefE & # Al b 80%, MHAREIEK 5000 4. AL IRZER € N2 /DA RERIE L2 T
TR E RS SR SRR Z ZANRIT e IR ZEAD0Y 0997 M &4 @2 2 /0

Solution.
4 X ~ B(n = 5000,p = 0.8), NI

E[X] = 5000 x 0.8 = 4000, Var(X) = 5000 x 0.8 x 0.2 = 800

HEREAHERN X /5000, HIYEN 0.8, J7ZH Var(X /5000) = % ~ 0.000032
TR ¥
P2~ 0l <) 20
( s =08 <e) > 0.99
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| IE AR, ¥ S0
5000 ( 8, 50002>
FEZEL A
V800  28.28
O =~ T~ (.00566
5000 5000

/Q‘\ 20.995 ~ 2.5758 (?ﬂwjﬁ”ﬁi 1%, )I_\”Jg‘ﬁz
€ > 2.5758 x 0.00566 ~ 0.0146

B 4% Z R ELZ) 0.0146 I,

X
P ‘7 _ 0.8‘ < 0.0146) > 0.99
( 5000 =

XN % ot 207 L A
5000 x (0.8 — 0.0146) < X < 5000 x (0.8 4 0.0146)

HIR 24
3927 < X <4073

Exercise 11.

FREH — A AT RIE A A S, fE R R SR LIEZ NS R ARRE, R B .
Solution.

Exercise 12.

B R AR R “ Lk 70%” 88 “ R 50%” [R5 0.5, FHHAFEH 72 [AF BT, B8]
AIHTN Yo = 1, 18 Y, W& n RJGHIRAT.

I 3G InY,, IEBUER A6, A B IESOAISEL
I %4n— oo, E(Y, =EFE?
I HEW: P lim Y, =0) = 1.

IV 23R4 HT Y A 25 R — A ELUL AR R

Solution.

I SBROMEEHET R, &L
1.7 =0.
e { , p=05,
05 1—p=0.5

Yo=][Ri, WY, = Zn:mRi

=1 =1

E[lnR;] = —0.08125, Var(In R;) ~ 0.3744
O R e, 4 n BOKKT,

Y, ~ N(—0.08125 n, 0.3744 n)
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I
E(Y,) =Y, [E(Rl)r, E(Ry) = 0.5(1.7) + 0.5(0.5) = 1.1

[is'
B(Y,) = (11"
it E(Y,,) — oo.
I B Kolmogrov # KEUEHE, JLTAAE

1
—InY,, = —0.08125
n

M

yl/n _y o—0.08125
n

(Al 1
Y, >0 a.s.
X1 A I o A A AR A ARAE X BAEE AR =i (R, TR 22 300 4% 1) S P R B K T- 3944

IV EMERE: E(Y,) 8TEHR, HTHRAMEE FRETREIES LK, Wiiias 7 SR E8HE;
M= REEREY, NI ARG, BEENKEEPr LR T E(Y,), RIFEARE R EIK.
RN T BHE-WmE R B E 2B DB R, EAEMERE T, JUPra 4R
AR T HE.

Exercise 13.

WX BB F (o) KA, FEAR{X,, i =1,...,n} REZEM, MEMS, SR N0 RE0E Ch
F,.(z)= %#{z : X; <z}

I 5k F(z) MR 2.
I iEW: F,(z) R 1 ST F(a).

Solution.

I SMEREME =z, iCnTERE
]-, Xz é z,

I(z) =
(x) {O, X; > x.

W I;(x) A Bernoulli BN R, HSH A p= F(z). ik
E[l;(x)] = F(z), Var(li(z)) = F(z)(1 - F(z))

EEp A G
Fo(z) = % zn: Ii(2)
Bt -
E[F,(z)] = F(z)
Var(F, () = % z": Var(Ii(s) = F(:z:)(ln— F(x))
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Exercise 14.

WA R {X,, i =1,...,n} ML, id

1 &
X=X,
n =1
I 3% X; ~N(1,0) i, iE2H% n =1, 25, 100, 1000 F4L X 15377
M %4 X, ~U(0,1) i, 25X n =1, 25, 100, 1000 4L X HI5345;
I 24 X, RIREERE R HON

1 1
f@)= 21352 =€R
A n =1, 25, 100, 1000 #48L X FI53 A, FF00EE LA - seagah R 75 5 do O i PR s BRARAF, i BH
JE A
Solution.
(AR I

import random
from matplotlib import pyplot as plt
import numpy as np

def normal(n):

return [random.normalvariate (0, 1) for ii in range (0, n)]

def uniform(n):

return [random.uniform (0, 1) for ii in range (0, n)]

def cauchy(n):
return np.random.standard_cauchy (n)

def graph(src, n, sample):
expectancy = [sum(src(n)) / n for ii in range (0,
plt.figure (dpi=300)
plt. hist(expectancy , bins=25)
plt.title (f
plt.savefig(f )

spl = 5000

for i in [1l, 25, 100, 1000]:
graph(normal, i, spl)
graph (uniform, i, spl)
graph (cauchy, i, spl)

sample )]

XETHEPIAS, WUAE 0K, X A B BRS040, 5 & H O IRE R ER, T TR0 7y

fi, TR, FTEYPEE, BRI G OmRRE .
FAN BT
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x~normal distribution, n=1 x~normal distribution, n=25
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Figure I: IEA3A0, n=1 Figure 2: IE&74f, n =25
x~normal distribution, n=100 x~normal distribution, n=1000
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Figure 3: IEA 734, n =100 Figure 4: 1IE&704ii, n = 1000
x~uniform distribution, n=1 x~uniform distribution, n=25
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Figure 5: Y2104, n=1 Figure 6: Y2150 4i, n =25
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x~uniform distribution, n=100

600
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Figure 7: ¥J%1534ii, n =100

Xx~cauchy distribution, n=1
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Figure 9: f[ i A, n=1

Xx~cauchy distribution, n=100
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Figure 11: #] #5434, n = 100
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x~uniform distribution, n=1000
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Figure 8: ¥J5J 434, n = 1000

Xx~cauchy distribution, n=25
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Figure 10: #7553 45, n =25

Xx~cauchy distribution, n=1000
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Figure 12: f]#44534i, n = 1000
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