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1. (�10©) éu�5�ê�§|Ax = b, íþ½Â�r = b−Ax. £�eã¯K:

(a) �ÑRichardsonS��ª, ©Û�ª�Âñ5.

(b) �M��_Ý
, �Ñ±M�ý?nÝ
�RichardsonS��ª.

(c) �A�é¡�½Ý
, ÀJý?nÝ
�ê¦Ý
, =M = µI (I �ü Ý
, µ�Iþ). K

�(�=�)µ÷vÛ«^��, dý?n�{´Âñ�?

2. (�10©) �½XêÝ
�é¡�½Ý
��5�ê�§|Ax = b. �£�eã¯K:

(a) ½Â¼ê

ϕ(x) =
1

2
(Ax, x)− (b, x),

Ù¥SÈ(·, ·)�IO�îªSÈ. y²ϕ3��m¥�3����.:; T�.:��Û���

:, �TÐ´Ax = b��.

(b) ��cCq�þ�x. �ÑlxÑu, ²1u��p���4�|¢���#Cq�þ�L�ª.

(c) y²#Cq�þ�íþ�|¢��p´���('uîªSÈ).

3. (�10©) �A´��¢é¡Ý
, KÙA��ÚA��þÑ´¢�. eA��þx÷v‖x‖2 = 1, K

¡x �8�zA��þ. �£�eã¯K:

(a) �ÑNewton{O�A��9ÙéA�8�zA��þ�O��ª.

(b) y²�A��´üA���, þãO��{´ÛÜ��Âñ�.

4. (�10©) �¢Ý
S�{Xk}÷v

Xk+1 = Xk +Xk(I −AXk), k = 0, 1, · · · .

y²Xe(Ø:

(a) -Ek = I −AXk, KEk+1 = E2
k.

(b) {Xk}��ÛÜ��Âñ�A−1.

5. (�10©) �Ä~�©�§|y′ = f(t, y)�Ð�¯K. �£�eã¯K:

(a) �Ñ��Ú��¹e�wªEuler�{!ÛªEuler�{±9F/�{�O��ª.

(b) ©ÛF/�{��N5, �ÑT�{�ÌÛÜ�äØ�.

6. (�10©)�Ä~�©�§|y′ = f(t, y)�Ð�¯K. ^Xe��Ú�Runge-Kutta�{

yn+1 = yn + hK,

Ù¥K÷v

K = f(tn + h/2, yn + hK/2).

�£�eã¯K:

(a) y²T�{TÐ´��Âñ�(I�`²ÙØ´n��{).

(b) (½T�{�ýé­½«�.
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English Version

1. (10 scores) For the algebraic systemAx = b, we define the residual as r = b − Ax. Answer the

following questions:

(a) Write out the Richardson iteration scheme and analyze its convergence.

(b) Let M be an invertible matrix. Write out the Richardson scheme preconditioned by M .

(c) Suppose A is symmetric and positive-definite. Choose the preconditioner as M = µI (I

is the identity matrix and µ is a scalar). Determine µ which ensures the convergence of

preconditioned Richardson scheme.

2. (10 scores) Given an algebraic system Ax = b. Answer the following questions:

(a) Define

ϕ(x) =
1

2
(Ax, x)− (b, x),

where (·, ·) indicates the Eucleadian inner product. Show that ϕ admits a unique critical point.

In addition, show that this critical point is the global minimizer of ϕ and solves Ax = b.

(b) Let x be an approximation of exact solution. Write out the updated approximation obtained

by the 1D subspace searching on the line which passes through x and orients in the direction

p.

(c) Show that the residual associated with the updated approximation is orthogonal to the search-

ing direction p with respect to the Eucleadian inner product.

3. (10 scores) Let A be a prescribed real symmetric positive-definite matrix. It is known that all

eigenvalues are real. An eigenvector x is called normalized if ‖x‖2 = 1. Please answer the following

question:

(a) Write out the Newton iteration scheme which simultaneously determines a specific eigenvalue

λ and its normalized eigenvector x.

(b) Show that when the eigenvalue λ is simple, i.e., with multiplicity of one, the above scheme is

locally second-order convergent.

4. (10 scores) Suppose the sequence of real matrix {Xk} satisfies

Xk+1 = Xk +Xk(I −AXk), k = 0, 1, · · · .

Show the following:

(a) Set Ek = I −AXk, then it holds that Ek+1 = E2
k.

(b) {Xk} locally converges to A−1 with second order.

5. (10 scores) Consider the initial value problem of first-order ODE y′ = f(t, y). Please answer the

following questions:

(a) Write out the Euler scheme, the backward Euler scheme and the trapezoidal scheme. Here the

time-step is not assumed to be constant.
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(b) Analyze the consistency of trapezoidal scheme and write out the dominating term of local

truncation error.

6. (10 scores) Consider the initial value problem of first-order ODE y′ = f(t, y). We apply the following

fixed time-step Runge-Kutta scheme

yn+1 = yn + hK,

where K solves

K = f(tn + h/2, yn + hK/2).

Please answer the following questions:

(a) Show that the above scheme is of second-order, but not higher.

(b) Determine the region of absolute stability.
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