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¢ê8Ü

Rþ½Âü«$�'X: \{+ : R × R → RÚ¦{× : R × R → R÷v

(ÜÆ: (a + b) + c = a + (b + c)

AÏ��0: a + 0 = a

_��3: a + (−a) = 0

��Æ: a + b = b + a

¦{(ÜÆ: (a× b)× c = a× (b × c)

N�: 1× a = a

Ø"	¦{_��3: ∀a 6= 0, ∃a−1, a× a−1 = 1

¦{��Ç: a× b = b × a

©�Æ: (λ+ µ)× a = λ× a + µ× a

é�����8Ü, eD�ü«$�÷vþã5�, ¡��. e?¿�²
�õ�ª¼ê�3�, ¡��ê4�.
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¢�þ�m

PRd = {x = (x1, · · · , xd)|xk ∈ R}. ½Âü«N�'X
+ : Rd × Rd → Rd Ú ∗ : R × Rd → Rd :

x = (x1, · · · , xd) ∈ Rd , y = (y1, · · · , yd) ∈ Rd , µ ∈ R,

x + y = (x1 + y1, · · · , xd + yd),

µ ∗ x = (µx1, · · · , µxd)

÷v

(a + b) + c = a + (b + c)

a + 0 = a, 0 = (0, · · · , 0)

a + (−a) = 0, −a = (−a1, · · · ,−ad)

a + b = b + a

(λ+ µ) ∗ a = λ ∗ a + µ ∗ a
λ ∗ (a + b) = λ ∗ a + λ ∗ b
(λµ) ∗ a = λ ∗ (µ ∗ a)

1 ∗ a = a
xS< (êÆ) êÆÄ:�£ 5 / 38



�5�m

�S´��8Ü, P´��ê�(R½C ). ½Âü«N�'X

+ : S × S → S Ú ∗ : P × S → S . e÷v

(a + b) + c = a + (b + c)

a + 0 = a

a + (−a) = 0

a + b = b + a

(λ+ µ) ∗ a = λ ∗ a + µ ∗ a
λ ∗ (a + b) = λ ∗ a + λ ∗ b
(λµ) ∗ a = λ ∗ (µ ∗ a)

1 ∗ a = a

K¡(S ,P)�¤���5�m.

XJéu�½�m(8Ü)�$�{KÚê�´Øóg²�§·�Ò
`S´�5�m.
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�5�m�~f

(Rn,R), (Cn,C ), (Cn,R), (Rn,C )?

�[a, b]´��k.4«m. ½Â

C [a, b] := {f |f is continuous in [a, b]},

KC [a, b]´���5�m.

õ�ª¼ê�m:

PN := {p(x)|p(x) = a0 + a1x + · · ·+ aNx
N , ai ∈ R(C )},

P := ∪N≥0PN .

N-�Ý
�m: RN×N .

�²��~fµ(R+,R):

x
⊕

y := xy ,

µ
⊗

x := xµ.
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�5Ã'

�(S ,P)´�5�m. xi ∈ S , i = 1, 2, · · · , n. XJ�3�|êai ∈ P,
i = 1, 2, · · · , n,

∑
i |ai | 6= 0, ÷v

a1x1 + a2x2 + · · ·+ anxn = 0 ∈ S ,

K¡{xi}ni=1�5�'. ÄK, ¡��5Ã'.
Ä�5�:

{0}�5�';

e{x1, · · · , xn}�5�', K{x1, · · · , xn, y}��5�';

e{x1, · · · , xn, xn+1}�5Ã', K{x1, · · · , xn}��5Ã'.

Example

PN¥��{1, x , · · · , xN}´�5Ã'�.

Example

Cper [−π, π]¥{1, cos x , sin x , · · · , cos nx , sin nx} �5Ã'.
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�ÝÚÄ

�{xi}ni=1�5Ã', �é∀x ∈ S , k{ai}ni=1, ¦�

x = a1x1 + a2x2 · · ·+ anxn,

(�5LÑ), K¡{xi}ni=1�¤�m��|Ä. d�m��Ý�n.

{ó�, e?¿���d{xi}ni=1���5LÑ, ¡{xi}ni=1�¤�m
��|Ä.

,��¡, e?¿���d{xi}ni=1�5LÑ, ¡{xi}ni=1�¤�m�
��µe(frame).

5�

�m��Ý´��S%þ, �Ä�ÀJvk'X.

PN . {1, x , · · · , xN}�¤�|Ä. dimPN = N + 1.

C [a, b]. ∀N, {1, x , · · · , xN}´�5Ã'�. dimC [a, b] = +∞.
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ål�m

�M´��8Ü, d : M ×M → R´��N�, ÷v

d(x , y) ≥ 0, d(x , y) = 0↔ x = y

d(x , y) = d(y , x)

d(x , y) + d(y , z) ≥ d(x , z) (n�Ø�ª)

K¡(M, d)�¤��ål�m. d�ål¼ê.

��5

�(M, d)´�ål�m. ¡{xn}´� CauchyS�, ¿�∀ε > 0, ∃N ∈ N,
÷v

d(xn, xn+p) < ε, ∀p ∈ N, ∀n > N.

��5¿�é?¿�CauchyS�{xn}§�3x ∈ M, ÷v

d(xn, x)→ 0, n→ +∞.

¢ê8(R, d(a, b) = |a− b|)´���(¢êún).
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ål�m���z

�(M, d)��ål�m.

Ú\
M̃ = {Cauchy x̃ = {xn}|xn ∈ M}.

Ú\�d'X∼:

x̃ ∼ ỹ ←→ lim
n

d(xn, yn) = 0.

M̂ = M̃/ ∼´���ål�m, Ùål¼ê½Â�

d̂([x̃ ], [ỹ ]) = lim
n

d(xn, yn).

M�M̂�i\N�i�

i(a) = [{a, a, · · · }].
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�êÚD��m

�|| · || : S → R´��N�, ÷v

||f || ≥ 0, ∀f ∈ S . ||f || = 0↔ f = 0

||αf || = |α|||f ||
||f + g || ≤ ||f ||+ ||g ||

K¡(S , || · ||)�¤��D��m.

D��m´ål�m

½Â
d(f , g) = ‖f − g‖

���D��m¡�Banach�m, ½B�m.
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Rn��ê

P
x = (x1, · · · , xn)>.

Ã¡�ê(∞-�ê)
||x ||∞ := max

1≤i≤n
|xi |

1-�ê

||x ||1 :=
n∑

i=1

|xi |

2-norm, î¼�ê

||x ||2 :=

√√√√ n∑
i=1

|xi |2
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C [a, b](k.4«m)��ê

Ã¡�ê
||f ||∞ = max

a≤x≤b
|f (x)|

1-�ê

||f ||1 =

∫ b

a
|f (x)|dx

2-�ê

||f ||2 =

√∫ b

a
|f (x)|2dx
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�ê��d5

�‖ · ‖αÚ‖ · ‖β´�5�mSþ�ü��ê. XJ�3ü��êC1 ÚC2,
÷v

C1‖x‖α ≤ ‖x‖β ≤ C2‖x‖α, ∀x ∈ S .

K¡‖ · ‖αÚ‖ · ‖β�d. ¡‖ · ‖αru‖ · ‖β, XJ�êC , ÷v

‖x‖β ≤ C‖x‖α, ∀x ∈ S .

½n

k���5�m¥�?¿ü��êÑ´�d�.
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C [a, b]�n��ê: ∞-, 1-, 2-�ê

?ü�Ø�d. ¢Sþ, (C [a, b], || · ||∞)´ ���, 
(C [a, b], || · ||1)Ú
(C [a, b], || · ||2)Ø´.

Example

R´���.

Example

?¿k��D��5�mÑ´���.

xS< (êÆ) êÆÄ:�£ 17 / 38



Outline

1 Linear Space

2 Norm

3 Inner Product

4 Matrix Space

xS< (êÆ) êÆÄ:�£ 18 / 38



SÈ

�(S ,P)´���5�m. SÈ´��N� S × S → P, ÷v

(x , x) ≥ 0. (x , x) = 0↔ x = 0;

(x , y) = (y , x);

(ax + by , z) = a(x , z) + b(y , z).

x�y¡�´���, e(x , y) = 0.

p��ê

½Â
||x || =

√
(x , x).

K(S , || · ||)´��D��m. ¡T�ê�SÈp���ê.
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SÈ¢~

(Rn, (·, ·)). SÈ½Â�

(x , y) =
n∑

i=1

xiyi .

�Ä(C [a, b],R). ½Â

(f , g) =

∫ b

a
f (x)g(x)dx .

éu(C [a, b],C ), ½Â

(f , g) =

∫ b

a
f (x)ḡ(x)dx .
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SÈ�m�5Ã'�½�{

�S´��SÈ�m. x1, x2, · · · , xn ∈ S ´�5Ã'�, ��=� e¡
�GrammÝ
´÷�Ý


Gn =


(x1, x1) (x1, x2) · · · (x1, xn)
(x2, x1) (x2, x2) · · · (x2, xn)

. . .
. . .

. . .

(xn, x1) (xn, x2) · · · (xn, xn)

 ,

�Ò´`, detGn 6= 0.
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�I�O�

�{x1, x2, · · · , xn}´SÈ�m S��|Ä. Ké?¿x ∈ S , �3����
|êa1, a2, · · · , an ÷v

x = a1x1 + a2x2 + · · ·+ anxn.

XÛO� a1, a2, · · · , an?

ü>©O�xi�SÈ

(x , xi ) = a1(x1, xi ) + a2(x2, xi ) + · · ·+ an(xn, xi ).

=
((x , x1), (x , x2), · · · , (x , xn)) = (a1, a2, · · · , an)Gn

e(xi , xj) = 0, ∀i 6= j , K

ai =
(x , xi )

(xi , xi )
.
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�I�O�
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Schmidt��z

�x1, x2, · · · , xn´�5Ã'�. ½Â

yi = xi −
i−1∑
j=1

(xi , yj)

(yj , yj)
yj .

K

Φk = span{x1, x2, · · · , xk} = span{y1, y2, · · · , yk}, ∀k = 1, 2, · · · , n.

d	,
(yi , yj) = 0, i 6= j .

5�

Φk−1 ⊂ Φk , yk⊥Φk−1.
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��SÈ

�ρ(x) ∈ C (a, b)´��A�??���¼ê. b½∫ b

a
ρ(x)dx < +∞.

3C [a, b]¥, ½Â

(f , g) =

∫ b

a
ρ(x)f (x)g(x)dx .

K(·, ·)´��SÈ.

Example

ρ(x) = 1. [a, b] = [−1, 1].

ρ(x) = 1√
1−x2 . [a, b] = [−1, 1].
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��õ�ª

®�{1, x , x2, · · · , xn}´�5Ã'�. �ÄC [a, b]þ���SÈ.
Schmidt��z�� �|õ�ª¼ê

ϕ0(x), ϕ1(x), · · · , ϕn(x).

w,: ϕi (x)�Ýê�Ð´i .

{ϕi}¡���õ�ª(�A½��¼ê�').

Ä�5�

degϕi=i;

(ϕi , ϕj) = 0, ∀i 6= j ;

ϕn�¢Xêõ�ª;

ϕn 3m«m(a, b)STkn�¢ü�.
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Legendreõ�ª

�¼êρ = 1. «m[a, b] = [−1, 1].

Pn(x) =
1

2nn!

dn

dxn
{(x2 − 1)n}

Ä�Xê: (2n)!
2n(n!)2

(Pn,Pm) = 0, n 6= m.

(Pn,Pn) =
2

2n + 1
.

48'X

(n + 1)Pn+1(x) = (2n + 1)xPn(x)− nPn−1(x), n = 1, 2, · · ·

Pn(−x) = (−1)nPn(x)
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Chebyshevõ�ª

�¼êρ = 1√
1−x2 . «m[a, b] = [−1, 1].

Tn(x) = cos(n arccos x)

(T0,T0) = π. (Tn,Tn) = π
2 , n ≥ 1

Tn+1 = 2xTn − Tn−1

Tn(−x) = (−1)nTn(x)

Tn�n�¢ü��xk = cos 2k−1
2n π, k = 1, 2, · · · , n

Tnkn + 1�4�:yk = cos k
nπ, k = 0, 1, · · · , n

Ä�Xê�2n−1

�|x | ≥ 1�

Tn(x) =
1

2

[(
x +

√
x2 − 1

)n
+
(
x −

√
x2 − 1

)n]
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Outline

1 Linear Space

2 Norm

3 Inner Product

4 Matrix Space

xS< (êÆ) êÆÄ:�£ 28 / 38



Ý
�ê

Ý
�mCn×n´���5�m;

Ý
�mCn×nk¦{$�

(aij)(bij) = (cij), cij =
∑
k

aikbkj ;

Ý
�mCn×n´���ê

A(B + C ) = AB + AC

(A + B)C = AC + BC

(aA)(bB) = (ab)(AB);

Ý
�mCn×n´(Ü�ê

A(BC ) = (AB)C ;

Ý
�mCn×nþ�”�þ�ê”‖ · ‖e÷v

‖AB‖ ≤ ‖A‖ ‖B‖,

K¡T”�þ�ê”��Ý
�ê.
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Frobenius�ê

�A = (aij)��n × n�Ý
. ½Â

||A||F =

√√√√ n∑
i=1

n∑
j=1

|aij |2

5¿||I ||F =
√
n.

Proof.

||AB||F =

√√√√ n∑
i=1

n∑
j=1

|
n∑

k=1

aikbkj |2 ≤

√√√√ n∑
i=1

n∑
j=1

(
n∑

k=1

|aik |2
n∑

k=1

|bkj |2
)

=

√√√√√( n∑
i=1

n∑
k=1

|aik |2
) n∑

j=1

n∑
k=1

|bkj |2

 = ||A||F ||B||F
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Ý
�ê��þ�ê��N5

�|| · ||V´��þ�ê, || · ||M´�Ý
�ê. ¡§��Ne

||Ax ||V ≤ ||A||M ||x ||V , ∀A ∈ Pn×n, ∀x ∈ Pn.

{üå�, 3ØÚå· ��¹eÑ�eI.

Example

Frobenius�ê|| · ||F��þ2-�ê|| · ||2�N.
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Ý
�ê��þ�ê��N5

�|| · ||V´��þ�ê, || · ||M´�Ý
�ê. ¡§��Ne

||Ax ||V ≤ ||A||M ||x ||V , ∀A ∈ Pn×n, ∀x ∈ Pn.

{üå�, 3ØÚå· ��¹eÑ�eI.

Example

Frobenius�ê|| · ||F��þ2-�ê|| · ||2�N.

Proof.

||Ax ||2 =

√∑
i

|
∑
j

aijxj |2 ≤

√√√√√∑
i

∑
j

|aij |2
∑
j

|xj |2

 = ||A||F ||x ||2
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Ý
�ê��þ�ê��N5

�|| · ||V´��þ�ê, || · ||M´�Ý
�ê. ¡§��Ne

||Ax ||V ≤ ||A||M ||x ||V , ∀A ∈ Pn×n, ∀x ∈ Pn.

{üå�, 3ØÚå· ��¹eÑ�eI.

Example

Frobenius�ê|| · ||F��þ2-�ê|| · ||2�N.

Any other?
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�f�ê

�|| · ||´��þ�ê. �½A ∈ Cn×n, ½ÂXe�N�

N(A) := sup
x 6=0

||Ax ||
||x ||

= sup
‖x‖=1

||Ax ||.

Ï
�3�"�þx0÷v||Ax0||/||x0|| = N(A).

Theorem

N(·)´��Ý
�ê.
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�f�ê

�|| · ||´��þ�ê. �½A ∈ Cn×n, ½ÂXe�N�
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x 6=0

||Ax ||
||x ||

= sup
‖x‖=1

||Ax ||.

Ï
�3�"�þx0÷v||Ax0||/||x0|| = N(A).

Theorem

N(·)´��Ý
�ê.

Proof.

eN(A) = 0, KAx = 0, ∀x . u´A = 0.

N(AB) = sup
x 6=0

||ABx ||
||x ||

≤ sup
x 6=0

N(A)||Bx ||
||x ||

= N(A)N(B)

xS< (êÆ) êÆÄ:�£ 32 / 38



�f�ê

�|| · ||´��þ�ê. �½A ∈ Cn×n, ½ÂXe�N�

N(A) := sup
x 6=0

||Ax ||
||x ||

= sup
‖x‖=1

||Ax ||.

Ï
�3�"�þx0÷v||Ax0||/||x0|| = N(A).

Theorem

N(·)´��Ý
�ê.

5¿

||I || = 1
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A��f�ê

�A ∈ Cn×n, K

||A||∞ = max
1≤i≤n

n∑
j=1

|aij |,

||A||1 = max
1≤j≤n

n∑
i=1

|aij |,

||A||2 =
√
ρ(AHA).
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Ì�»ρ(A)ÚÝ
�ê�'X

Theorem

é?¿A ∈ Cn×n, k
ρ(A) ≤ ||A||.

Proof.

b½Ax = λx , Ù¥x 6= 0¿�|λ| = ρ(A). K

Axx ′ = λxx ′ ↔ |λ| · ||xx ′|| = ||Axx ′|| ≤ ||A||||xx ′||,

u´
||A|| ≥ |λ| = ρ(A).
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Ì�»ρ(A)ÚÝ
�ê�'X

Theorem

é?¿A ∈ Cn×nÚ∀ε > 0, �3�f�ê|| · ||÷v

||A|| ≤ ρ(A) + ε

Proof.

�PòA�qC��Jordan., i.e.,

PAP−1 = J = diag[J1, J2, · · · , Js ]

Ji =


λi 1

. . .
. . .
. . . 1

λi


-Dε = diag(1, ε, · · · , εn−1). K Ĵ = D−1ε JDε = diag[Ĵ1, · · · , Ĵs ]
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Ì�»ρ(A)ÚÝ
�ê�'X

Ù¥

Ĵi =


λi ε

. . .
. . .
. . . ε

λi


K ||Ĵ||∞ = ||D−1ε PAP−1Dε||∞ ≤ ρ(A) + ε.
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Ì�»ρ(A)ÚÝ
�ê�'X

Ù¥

Ĵi =


λi ε

. . .
. . .
. . . ε

λi


K ||Ĵ||∞ = ||D−1ε PAP−1Dε||∞ ≤ ρ(A) + ε.

Lemma

�|| · ||α´Cn¥��þ�ê. P ∈ Cn×n�ÛÉ. Kx 7−→ ||Px ||α½Â
,
	���þ�ê. P� ||x ||P,α = ||Px ||α. p���f�ê� || · ||P,α

||A||P,α = ||PAP−1||α.
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Ì�»ρ(A)ÚÝ
�ê�'X

Ù¥

Ĵi =


λi ε

. . .
. . .
. . . ε

λi


K ||Ĵ||∞ = ||D−1ε PAP−1Dε||∞ ≤ ρ(A) + ε.

Remark

eé?¿÷v|λ| = ρ(A)�λ, éA�e�¬´é��, K�3���f�
ê÷v

||A|| = ρ(A).
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6ÄÚn

�½B ∈ Cn×n. �||B|| < 1. KI + B�ÛÉ�

||(I + B)−1|| ≤ 1

1− ||B||
.

Proof.

I + B�½´�ÛÉ�. eÄ, kρ(B) ≥ 1. � ρ(B) ≤ ||B||.

PD = (I + B)−1. du

(I + B)D = I ←→ D = I − BD −→ ||D|| ≤ 1 + ||B|| · ||D||

K

||D|| ≤ 1

1− ||B||
.
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6ÄÚnII

�A,C ∈ Cn×n. A�ÛÉ. XJ

||C − A|| < 1

||A−1||
,

KC��ÛÉ. 
�,

||C−1|| ≤ ||A−1||
1− ||A−1||||C − A||

.
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