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Linear Space




By
e

EXAMZH KR mik+ Rx R — RFefikx : Rx R — R 2%
B (a+b)+c=a+(b+c)

HhAE0: a+0=2a

HEAHE a+(—a)=0

B a+b=b+a

RiEZELSE: (axb)xc=ax(bxc)

Z7L:1xa=a

RIS EFE LA AE Va#£0,3at, axal=1

REZHE  axb=bxa

SEHEE: AN+ pu)xa=Axa+uxa

i —M ey AE R KA, FKT RSB LEMR, ARA S EETAEF
L% KB R A EAR, AR AR

J
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LR = {X = (Xl, d)|Xk S R}. & SR AP BT X A
‘—1—:Rded%Rd‘%n‘*:RdeﬁRd‘:

x= (x5, ,xq) €RY, y=(y1,-- ,yq) R}, peR
x+y=1+y, X+ Yd)
pokx = (X, -+, pXg)
i

e (a+b)+c=a+(b+c)

ea+0=a 0=(0,---,0)

ea+(—-a)=0—-a=(-a1, --,—aq)

@eatb=b+a

e (A t+pu)xa=Axa+pux*a

@ Ax(a+b)=Axa+Axb

e (Au)xa=Ax(uxa)

@ lxa=a

F A (HF) I



RS —ANKE, PAE—AHE(RKC). &L AATBRA X A
[+:5SxS - Sllx: PxS— S| #HL
e (a+b)+c=a+(b+c)
ea+t+0=a
@ a+(—a)=0
at+b=b+a
(Atp)xa=Axa+puxa
Ax(a+b)=Axa+Axb
o (Au)xa=Ax(uxa)

@ lxa=a

A5 (S, PYM AR — 21k 728 1],

o RAF F 4w = A (ES)EH ENARIRA TS AR, &AH
PSR B ] J

E & Tl



214 7 18] 4 49) F

e (R",R), (C",C), (C",R), (R", C)?
#[a, b| R —AH R K], 52 3

Cla, b] := {f|f is continuous in [a, b]},

0| Cla, b] & —A~ &M = 4],
% R Koy # = 1A):

P = {p(x)|p(x) = ap + arx + - - - + anx", a; € R(C)},

P = UNZOPN'
N-F4E 1% 7 18] RNXN
o IF-FILAHIT: (RT,R):

x@Py =xy,
u®x = xH.
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(S, P)R&MZEN. ;€S,i=1,2--- . n WwRGEE—HKa € P,
i=1,2,---,n > lai| #0, iHE

aixitax+--+axp=0€8,
ARG} &bEAR K. G0, AR A &ML
A K i)ﬁ
o {0} &40 £,
o EH{x1, -, xp}EMEAX, M {xy, -, X, yLEEAX,
@ X1, Xy Xnp1 JEAMBERK, W{xg, -, xp ) LEBELX.

Py F {1l x, - XN} REHEL K.

Cper[—m, 7] F {1, cos x,sinx, - - ,cos nx,sinnx} &MERLX.

E LS 9T 0




o W{x}1 KB A, HVx €S, H{a)l,, %13
X = aiXiy + axxo - -+ + anXn,

Fody), MAR G AR A A — a2k gk R 1A Y 4 A .
Z, m?Tm{x,} kA, ARG AR T ]

(&M
HEZ, T4
oy —4
o F—7d, FEBARTH{x} AMEES, HK{G}_ AR ZH

—/ME R (frame).

FHBREERA—NNEE, SEAHEBREAXE.

Pyn. {1,x,--- ,xN}#m—a 4. dimPy = N+ 1. |

Cla, b]. YN, {1,x,-- ,xN}R&M A%, dim C[a, b] = +oc. J

E & Tl



Norm




$E & o |A]

BEMA—NEES, d: M x M— RAE—ABA, HE
e d(x,y)>0,d(x,y) =0 x=y
° d(x,y) =d(y,x)
o d(x,y)+d(y,z) > d(x,z) (ZATRFX)

W AR (M, d)M s — /38 % = 18], d A 385 3.

R L
B(M, d)Z—3E% 2R, #r{x,}£— Cauchys 7|, &4&Ve >0, IN € N,
i

d(Xn, Xntp) <€, Vp €N, Vn> N.
%4 M B IGIAE F M Cauchy 571 {x,}, HAEXx €M, i#HE

d(xn,x) = 0, n — 4o0.

KHE(R,d(a,b) = |a— b)) RZ &I (FHKNE). )

A b S iR



9B 3 2 A 69 7 A4

o X(M,d)A—3E& = ).
° 3N
M = {Cauchy % = {xp}|xn» € M}.

FINFMR R~

X~y +—limd(xp,y,) =0.
M=M/~%z&e3Es 20, LBEHHELH

([, 171) = lim d(xp, o).

o ME| Mty N gtih

i(a) = [{a.a,- - )]

o A gnn



TR A K T = ]

&[] 1 S = RAE—ANBS, 2
o ||[f||[>0,VFeS. ||f||=0«Ff=0
o |lafl| = |a|[f]]

o |If +gll < |Ifll + ll&ll
WAR(S, || - |]) M AR — AN E 2 ]

BT = 18] 2 5B ) 2 IR
3L

d(f,g) =|f — gl

T4 09 IR E = A AR 9y Banach = 8], B 19].

g A gaR



R™&g fa.4%
1%
x=(xtr e o)
[ ﬁﬁ?ﬁ%ﬁ( /E’J-ﬂi)
Il 1= o [

@ 2-norm, BR KT 4K




] ))& SE A

1£l]0 = ma [F(x)

b
Il = [ Il
a
e 2-7L%

b
=1/ [ 1FGoRax

EE 2 VTR



LA T

|- [laAoll - lp R E b E S AR, o REERAEHC AC,,
2

Glixlla < lixlls < Gllxlla;  Vx € S.
AR - o]l - s ]| - |aE Tl - |5, 4o B EHC, #HL

Ixlls < Clixllas  Vx € S.

IR e M = 8] o A E R AN TERAR R F 9.

# 5 Ak b Fo iR



Cla, b]8I =ANTEH: oo-, 1-, 2-78 4K

HERATEN. EE L, (Clab], || - [loo) R £ %8, @(Cla, b], || |[1)Fe
(Cla, bl || - [[2) 1~ %&.

RA 449, \

(Y WO X R LR P -5 0

E LS 9T 0



Inner Product




/N

K(S, P)—NEMEN. ARE—ANBHE SxS— P, iHE
o (x,x)>0. (x,x) =0 x=0;
o (x,y) = ()
o (ax+ by,z) = a(x,2) + b(y.2).

xGHy AR ERLE, F(x,y) =0. J

[Ix[] = v/(x; ).

RIS, || - )R — A5 . iz e s h M AR A 00785

E & Tl



o (R",(,-) MAREXH

n

(y) =D xivi-

i=1

# A b Fo iR



o (R",(,-) MAREXH

n

(y) =D xivi-

i=1

o #/&(Cla, b],R). &L

b
(f,g) :/ f(x)g(x)dx.

EE 2 9 Y0



P AR A7
o (R"(--)). ARZAA

n

(x,y) = ;XIYi-
o % &(C[a, ], R). &%
(o) - [ " F0g(x)dx
o 3 F(Cla, b, C), % X

b
(f.e)= [ F(E(x)x

EE 2 9 Y0



AR 8] & R R FE T ik

HSAR—ANRZNE. x1,x0, - ,xn €S REMALEN, LHMRE Th
89 Gramm4E % 2 #H A% 4B %

(X17X1) (X17X2) (Xl,X,,)
G — (X?,Xl) (x2,%2) -+ (x2,n) |
(Xny x1)  (XnyX2) +++ (Xn,Xn)

AR, det G, # 0.

o A gnn




A FR by H

E{x1, X0, Xp RN ARE N Seg—mik MxiE&Ex e S, FAE——
A% ay, a0, - ,a iHA

X = aiXy + axxo + - -+ + anXp.

et 5 a1, a0, -+, an?

)




A FR by H

B X1, x0, ,xppRRAREZN SH—BE W fE&Ex € S, AaE—0)—
tB4ar,ap, - ,a, A

X = aiXy + axxo + - -+ + anXp.
’liuﬁ—ﬁ'ﬁ‘ dai,d2, -, an?
A 5B 5 xR AR

(x,xi) = a1(x1, xi) + az(x2, x;) + - - - + an(Xn, X;)-

Bp
((x,x1), (x,x2), -+, (x,xn)) = (31,82, -+ , an)Gp
#(xi,x;j) =0, Vi # j, W]
2 — (x, x7)
" Eava)

o A gnn




SchmidtiE 3L

Xy, xp, -, Xp R BB KA. X

i—1 X,,yj
12; yJ’yJ
)
&y =span{xy,x2, -+, xk} =span{y1,y2, -+ , ¥k}, Vk=1,2,--- 'n
Hesh,

(vi,y) =0,i # .




AP AR
& p(x) € C(a, b) A —ANIUF AL A Eog ek E. B2
b
/ p(x)dx < 4o0.
£ Cla, b]*F, & X

b
(f,g) _/a p(x)f(x)g(x)dx.

R (-, ) R——A AR,

o A gan




AP AR
& p(x) € C(a, b) A —ANIUF AL A Eog ek E. B2
b
/ p(x)dx < 4o0.

12 Cla, b]F, &L
b
(f,g) _/a p(x)f(x)g(x)dx.

R (-, ) R——A AR,

e p(x)=1. [a,b] =[-1,1].
[a, b] = [-1,1].

° p(X) = 7oz

o A gan



ERX % q K

o {l,x,x%,--- X"} REML K. F ECla, b LR AAR.
Schmidt £ X ALFFE] —48 % 3 X ) 4K

SOO(X)a QOI(X)v I @n(X)‘
R AR 0i(x) 09 B OESF .

(@i} AR £ 5 0 K (5457 6B E 5 £ ). J

o A gan



ERX % q K

o {l,x,x%,--- X"} REML K. F ECla, b LR AAR.
SchmidtiE ALIF 3] — 40 % 3 X% 4

@O(X)a QOI(X)v I @n(X)‘
R AR 0i(x) 09 B OESF .

(@i} AR £ 5 0 K (5457 6B E 5 £ ). J

deg p;=i;

(pispj) =0, Vi #j;
XS &2 W

©n AT K18 (a, b) NI H n/>5E 2 AR

A b f iR



Legendre % 3.1 X,

B&#p =1. K[a, b] =[-1,1].

1 d" 2 A
Po(x) = ot g 10 = 1))
o AM A %
e (P,,Pyn)=0, n# m.
2
(Pn, Pn) = 2n+1°

o HJFXZF
(n+ 1)Ppi1(x) = (2n+ 1)xPp(x) — nPp_1(x), n=1,2,---

@ P,(—x) = (—1)"Pp(x)

o A gnn



Chebyshev % 1

B dp = \/11_7 X 8 [a, b] = [-1,1].
Th(x) = cos(narccos x)
® (To,To)=m. (Th, Tn) =73, n2>1
o Toi1=2xTn— Tn
o Th(—x)=(-1)"Th(x)
o T finNEEMAx =cosZtn, k=1,2,---,n

To#n + IMNHEAR By, = cos Emr, k=0,1,--- ,n
ERES ki

To(x) = 7[<x+\/—> ( X2—1>n}

o A gnn



Matrix Space




o B[R | CMX MR — AN 2 ],
o 4B MCT A R ikiz

(ay)(by) = (cij), «cj= Zaikbkj;
P

o 4B B C™ N2 — AR
A(B+ C) = AB+ AC
(A+ B)C = AC + BC
(aA)(bB) = (ab)(AB);

o JE[F = M C*N 2 45 5K
A(BC) = (AB)C;

o JEIEFEC " Ly m B || - | EHA
|AB| < [[Al 1B,

IIE ST %J IR A —EETE A

o A gnn



Frobenius e 2%

BA = (aj) 7 —n x nt94E%F. 2 XL

|AllF =




Frobenius e 2%

BA = (aj) 7 —n x nt94E%F. 2 XL

|AllF =

|AB|lF = I aubgl? < > |3ik|22|bkj|2>
k=1

i=1 j=1 i=1 j=1 = k=1

_ (ZZW) bl | = 1AllF11BIl
i=1 k=1 j=

1 k=1

HF A s g iR



FEMEOH S mE R A

|- lVR—RFRE, || - ||R— L TS %
[[AX]|v < [|Al|m [[x]]v, YA € P™" ¥x € P".

WA, ARSIARAGELTEELTIR

K A gan



FEMEOH S mE R A

|- lVR—RFRE, || - ||R— L TS %
[[AX]|v < [|Al|m [[x]]v, YA € P™" ¥x € P".

WA, ARSIARAGELTEELTIR

Frobeniusie.4t|| - ||r 5 W 2-50.4| - |0 %

o A gnn



#E 5 TR G ) & TR A AR B

R [VA—RELE, || |mA— . AT
[[Ax|[v < [|Allm [Ix]|v, YA € P™", Vx € P".

WA, ARSIARAGELTEELTIR

Frobeniusie.4t|| - ||r 5 W 2-50.4| - |0 %

Proof.

1A |2 = > 1> apglr < D) aglP > 1612 | = [lAllellxIl2
i J i J J

A b fiR



FEMEOH S mE R A

|- lVR—RFRE, || - ||R— L TS %
[[AX]|v < [|Al|m [[x]]v, YA € P™" ¥x € P".

WA, ARSIARAGELTEELTIR

Frobeniusie.4t|| - ||r 5 W 2-50.4| - |0 %

Any other?

o A gnn



B[ R—EEE. BRAE C™N, % e T 8 bt

A
N(A) :=sup [1Ax]] = sup [|Ax]||.
x#0 ||X|| [Ix]|=1

B 2 212 4E 9 x0 i 2| | Axo| /|30 = N(A).

K A gnn



B[ R—EEE. BRAE C™N, % e T 8 bt

A
N(A) :=sup [1Ax]] = sup [|Ax]||.
x#0 ||X|| [Ix]|=1

B 2 212 4E 9 x0 i 2| | Axo| /|30 = N(A).

N(-) R —NE I 3.

K A gnn



|| | R—@ BRI BRAEC™N, &L T B

A
N(A) :=sup [1Ax]] = sup [|Ax]||.
x#0 HX” [Ix]|=1

R @ 74 2 3R 0B xo i 2| Axol|/ %0l | = N(A).

N(-) A —ANE T4

o ZEN(A) =0, MAx =0, Vx. TAA=0.

AB. B
N(AB)  sup WABKIL _ ¢ NOANIBA _
X0 || x7£0 |||

N(A)N(B)

E & Tl



B[ R—EEE. BRAE C™N, % e T 8 bt

A
N(A) :=sup [1Ax]] = sup [|Ax]||.
x#0 ||X|| [Ix]|=1

B 2 212 4E 9 x0 i 2| | Axo| /|30 = N(A).

N(-) R —NE I 3.

1] =1

EE S 9T 0



ﬂa/]\;%jtk‘ /Erjo/(

KA e C™n,

n

1Allo = max > |a),

1Al = max Z|3u|

A2 = 4/p(ATA).




12 p(A)A=4E I TL 0 X F

SHHEEA € CXN, A
p(A) < [IA]]-

# 5 Ak b Fo iR



¥ 12 p(A) A SE IE L2 09 K R

Theorem
SHEZEA € C™N K

p(A) < [IAll.

Proof.
BZAx = Ax, ¥ x #£ 0FH |\ = p(A). M

| A

Axx' = dod e A] - ||| = [JAC[| < [ Al [P

IAIl 2 Al = p(A).

P& Tl



12 p(A)A=4E I TL 0 X F

SHEEA € C™FaVe > 0, AAFTEE| - ||HL

JA]] < p(A) + €

o A gan



¥ 12 p(A) A SE IE L2 09 K R

Theorem
SHEEA € C™"FaVe > 0, 44 5T 04| - || 2

Al < p(A) + €

Proof.
ZP¥Ara AR 4 Jordan®! ie.,

| \

PAP_]' = J= diag[Jl, J2, to 7JS]

A (HF) eI



12 p(A)A=4E I TL 0 X F

A

(-
Il

A |Jloo = ||D ' PAP~ Del|os < p(A) + €.

b & Tl



¥ 12 p(A) A SE IE L2 09 K R

A

A |Jloo = ||D ' PAP~ Del|os < p(A) + €.

& |l RCTF# ) FEH. P e CHEFF. Mx — ||Px|[a R LT 5
Sh—AmE A XA |x|lpo = |Pxlla- FFEHTREA || |lpa

1Allp,a = [[PAP™|a.

ok A gan



¥ 12 p(A) A SE IE L2 09 K R

A

A |Jloo = ||D ' PAP~ Del|os < p(A) + €.

FIAE TR RN = p(A)BIN, 0 E L3RR A6, N A E—NETRE
iR

Al = p(A).

o A gnR



w3532

%% B e C™n 3%||Bl| < 1. W/ + BIEHFE

1

10+ B) M| < sz
1—|B]]

$ g Ak mhFo iR



W 5] 3

%% B e %[|Bl| <1 M+ BIEFHFE

1
1Bl

o | +B—xEAIFFN. £F, Ap(B)>1. 12 p(B) <|B]l.
e itD=(I+B)l & T

17+ 8)7| <

(I+BD=1+-D=1-BD—||D||<1+]B]||D||

1

IDI| £ — &7+
1-Bl|

E S 9T 0



wHh 5l 2l

KA CeCm™n AJE4F. %k

1
[|C —A|l <
< A=
W CALAE4 5. A,
A1)

cl< .
1< T =a

o A gnn
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