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Cq(�5)­�

êÆ£ã

b½φα, α ∈ I�¼ê�mXþ��|�5Ã'�¼. �,f ∈ X , ¿
�φα(f ), α ∈ I®�. F"(½��¼êf ∗ ∈ Y ⊂ X÷v

φα(f ∗) = φα(f ), ∀α ∈ I .

Y¡����m½­��m.

¡{φα}α∈I�&E�¼(�5�¼).

A�Ä��¯K:

�35Ú��5: é?¿NN�¼êf ;

PR(f ) = R(f ; {φα}) = f ∗�­��f¶
eR(f )'uf´�5�§¡R��5­��f, ÄK, ���5­�.

�{;

Ün5.
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Lagrange��(���æ���­�¯K)

b½�mYdn + 1ëêa0, a1, · · · , anI½, i.e.,

y = y(x , a0, a1, · · · , an).

�½�|��!:(æ�:)xα, α ∈ I , Úfα = f (xα), F"(½ëê÷v

y(xα, a0, a1, · · · , an) = fα, ∀α ∈ I .

Ä�¯K

I�õ����êâfα = y(xα)?
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���m�ÀJ

õ�ª¼ê�m

Pn = {a0 + a1x + · · ·+ anx
n}

�^¼ê�m

n�õ�ª¼ê�m

Yn = {a0 + a1 cos x + · · ·+ an cos nx + b1 sin x + · · ·+ bn sin nx}
= span{e imx ,m ∈ [−n, n]}.

ü��Kµ

ÐO�µ´u?n;

ÐCqµ%C5�Ð"
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õ�ª��

�½��êâ(æ�êâ)(xα, fα), α ∈ I , (½õ�ªP(x) ∈ Pn,
n = |I | − 1, ÷v��^�

xα(P)
def
= P(xα) = fα, ∀α ∈ I .

õ�ª��Ä�½n

�½n + 1���^�

(xα, fα), α ∈ I , xα 6= xβ for α 6= β,

�3���õ�ª¼êP ∈ Pn÷v��^�.

exα��uE²¡, Kþã½n�,¤á.

þã½n�æ�!:�üSÃ'�

xS< (êÆ) �� 8 / 39



��Ä¼ê�Lagrange��õ�ª

½Â

Lα(x) = Lα;I (x) =
∏

β 6=α, β∈I

x − xβ
xα − xβ

.

¡���Ä¼ê, ÷v

xβ(Lα) = Lα(xβ) = δα,β.

��õ�ª�
P(x) =

∑
α∈I

fαLα(x).

éó'X
xα, α ∈ I ←→ Lα, α ∈ I
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~f

�½��êâXe

Index a b c

xα 0 1 3
fα 1 3 2.

O�f (2)Úf (4).

La = (x−1)(x−3)
(0−1)(0−3) ;

Lb = (x−0)(x−3)
(1−0)(1−3) ;

Lc = (x−0)(x−1)
(3−0)(3−1) ;

f (2) = faLa(2) + fbLb(2) + fcLc(2) = 10/3;

f (4) = faLa(4) + fbLb(4) + fcLc(4) =?

«©S�Ú	�.
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Neville �{

�½��êâ(xi , fi ), i ∈ I . �J ⊂ I , ½ÂPJ�÷vJ ¥!:�I��^
�(J��^�)�õ�ª��¼ê(5¿õ�ªgê�|J| − 1). K

Pi (x) = fi ,

Pi0i1···ik (x) =
(x − xi0)Pi1i2···ik (x) + (xik − x)Pi0i1···ik−1

(x)

xik − xi0
.

ü>õ�ªgêÑ�(�õ)k ;

Ñ÷v��^�;

A^��Ä�½n.
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Neville �{
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Newton��úª(�«L«�ª)

w,

Pi0i1···ik (x) = Pi0i1···ik−1
(x) + fi0i1···ik (x − xi0 )(x − xi1 ) · · · (x − xik−1

)

S�/, Newton��úª

Pi0i1···ik = fi0 + fi0i1(x − xi0) + · · ·
+fi0i1···ik (x − xi0)(x − xi1) · · · (x − xik−1

)

½Â

fi0i1···ik¡�(!:8i0, · · · , ikþ)k-�þ�.
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þ��Ä�5�

fi0i1···ik ��I^SÃ'(invariant to permutations of the indices
i0, i1, · · · , ik);

4íúª

fi = f (xi ), fi0i1···ik =
fi1···ik − fi0···ik−1

xik − xi0

�f´N-gõ�ª. ek > N, Ké?¿ÀJ�i0, · · · , ik , k

fi0···ik = 0.

xS< (êÆ) �� 14 / 39



Hermite��

�½ξi , f
(k)
i , k = 0, 1, · · · , ni − 1, i = 0, 1, · · · ,m,

ξ0 < ξ1 < · · · < ξm.

Hermite��¯K

(½gê�n�õ�ª¼êP(n =
∑m

i=0 ni − 1), ÷v��^�

P(k)(ξi ) = f
(k)
i , k = 0, · · · , ni − 1, i = 0, · · · ,m.

Theorem

Hermite��¯K�)�3��.

xS< (êÆ) �� 15 / 39



ÿÐþ�½Â

�f ∈ Cn(I (x0, x1, · · · , xn)). ½Â

f [x0, x1, · · · , xn]
def
=

∫ t0

0

∫ t1

0

· · ·
∫ tn−1

0

f (n)(tn[xn − xn−1] + · · ·+ t1[x1 − x0] + t0x0)dtn · · · dt2dt1,

Ù¥n ≥ 1�t0 = 1.

Theorem

XJxiüüØ�, K

f [x0, x1, · · · , xn] = fx0,x1,··· ,xn .

�Ó�4í'Xªµ

f [x0, x1, · · · , xn] =
f [x0, x1, · · · , xn−2, xn]− f [x0, x1, · · · , xn−1]

xn − xn−1

xS< (êÆ) �� 16 / 39



ÿÐþ��5�

XJfv
1w, K

lim
εi→0

f [xε0
0 , x

ε1
1 , · · · , x

εn
n ] = f [x0, x1, · · · , xn].

XJf ∈ Cn[a, b], x0, x1, · · · , xn ∈ [a, b]. K

f [x0, x1, · · · , xn] =
f (n)(ξ)

n!
, ξ ∈ I (x0, x1, · · · , xn).

AO/,

f [x , x , · · · , x ]︸ ︷︷ ︸
n+1

=
f (n)(x)

n!
.

xS< (êÆ) �� 17 / 39



5�—Y

XJx 6= y0, K

f [x , y0, y1, · · · , yn] =
f [x , y1, · · · , yn]− f [y0, y1, · · · , yn]

x − y0

d

dx
f [x0, x1, · · · , xn, x ] = f [x0, x1, · · · , xn, x , x ]

O� d
dx f [x0, x1, · · · , xn, x , x ]?

xS< (êÆ) �� 18 / 39



~

�a 6= b. O�
f [a, a, b, b].

0 1 2 3

f(a)
f ′(a) = t1

f(a) t1−t2
a−b = t4

f (a)−f (b)
a−b = t2

t4−t5
a−b

f(b) t2−t3
a−b = t5

f ′(b) = t3

f(b)

xS< (êÆ) �� 19 / 39



Hermite��õ�ª—Newtonúª

��õ�ª�

P(x) = f [x0] + f [x0, x1](x − x0) + · · ·+
f [x0, x1, · · · , xn](x − x0) · · · (x − xn−1).

Ù¥, x0, · · · , xn ´e¡S��?¿��

ξ0, ξ0, · · · , ξ0︸ ︷︷ ︸
n0

, ξ1, · · · , ξ1, · · · , ξm, · · · , ξm︸ ︷︷ ︸
nm

.

xS< (êÆ) �� 20 / 39



Ø�¼ê

XJf��(n + 1)g��. Kéz�x̄ , �3ξ ∈ I [x0, · · · , xn, x̄ ], ¦�

R(x̄) = f (x̄)− P01···n(x̄) =
ω01···n(x̄)f n+1(ξ)

(n + 1)!
.

Ù¥
ω01···n(x) = (x − x0) · · · (x − xn).

y²

�Q(t)´x0, x1, · · · , xn, x̄���õ�ª. K

Q(t)− P01···n(t) = f [x0, x1, · · · , xn, x̄ ](t − x0) · · · (t − xn).

-t = x̄=�(Ø.

xS< (êÆ) �� 21 / 39



Âñ5

�o^�e, �n→∞, R → 0?

Theorem

£��¿©^�, =d
®, �7�¤Pδ = |I (x0, x1, · · · , xn)|, x̃�I �¥
%. XJf3B(x̃ , 2δ)þ(E))Û. Ké?¿x̄ ∈ I , ��{Âñ.

Proof.

�M�f3Ω = B(x̃ , 1.9δ)þ�þ.. K

f n+1(ξ)

(n + 1)!
=

1

2πi

∫
∂Ω

f (z)

(z − ξ)n+2
dz .

u´

|R(x̄)| ≤ Cδ
δn+1

(1.4δ)n+2
→ 0, n→∞.

xS< (êÆ) �� 22 / 39



Runge y�—�å!:��
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©¡�5��

�
a = x0 < x1 < · · · < xn = b.

�½fk = f (xk), k = 0, 1, · · · , n, é��¼êϕ, ÷v

ϕ ∈ C [a, b];

xk(ϕ) = ϕ(xk) = fk ;

ϕ 3z��“ü�”Ek = [xk , xk+1]þ´�5¼ê.

5�:

���m(­��m)

Φ = {ϕ ∈ C [a, b]|ϕ|Ek�5}

dim Φ = n + 1.

��¼ê�3��.

xS< (êÆ) �� 25 / 39



��Ä¼ê

½Â

lk(x) =


x−xk−1

xk−xk−1
, x ∈ Ek−1,

xk+1−x
xk+1−xk , x ∈ Ek ,

0, otherwise.

K

ϕ(x) =
n∑

k=0

fk lk(x).

xS< (êÆ) �� 26 / 39



Âñ5½n

½Âh = max1≤k≤n(xk − xk−1).

XJf ∈ C [a, b], Klimh→0 ||f − ϕ||∞ → 0.

XJf ∈ C 1[a, b], K||f − ϕ||∞ ≤ 2||f ′(x)||∞ h.

XJf ∈ C 2[a, b], K||f − ϕ||∞ ≤ 1
8 ||f

′′(x)||∞ h2.

xS< (êÆ) �� 27 / 39



©¡ngHermite��

b½f ∈ C 1[a, b]�

a = x0 < x1 < · · · < xn = b.

�½fk = f (xk)Úf ′k = f ′(xk), F"(½¼êϕ, ÷v

ϕ ∈ C 1[a, b];

ϕ(xk) = fk�ϕ
′(xk) = f ′k ;

ϕ3z�ü�[xk , xk+1]þ´ngõ�ª¼ê.

���m:

Φ = {ϕ ∈ C 1[a, b]|ϕ3z�ü�þ´ngõ�ª¼ê}.

dim Φ = 2(n + 1).
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��Ä¼ê

éz�k , Pαk ∈ Φ´÷vXe��^��¼ê

αk(xi ) = δik , α
′
k(xi ) = 0.

d	, �βk ∈ Φ÷vXe��^�

βk(xi ) = 0, βk(xi ) = δik .

K

ϕ =
n∑

k=0

(fkαk + f ′kβk)

xS< (êÆ) �� 29 / 39



��Ä¼êαkÚβk

3ü�[xk , xk+1]þ,

αk =

(
1 + 2

x − xk
xk+1 − xk

)(
xk+1 − x

xk+1 − xk

)2

,

βk = (x − xk)

(
xk+1 − x

xk+1 − xk

)2

,

αk+1 =

(
1 + 2

xk+1 − x

xk+1 − xk

)(
x − xk

xk+1 − xk

)2

,

βk+1 = −(xk+1 − x)

(
x − xk

xk+1 − xk

)2

.

xS< (êÆ) �� 30 / 39



Âñ5

b½f ∈ C 1[a, b]. -h = max1≤k≤n(xk − xk−1), K

||f − ϕ||∞ ≤ ch||f ′||∞.

xS< (êÆ) �� 31 / 39
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n�õ�ª��

±Ï¼êÐm¤Fourier?ê

f (x) ∼ a0

2
+
∞∑
n=1

an cos nx +
∞∑
n=1

bn sin nx .

Ù¥

an =
1

π

∫ 2π

0
f (x) cos nxdx ,

bn =
1

π

∫ 2π

0
f (x) sin nxdx .

XJf ∈ CM
per , K

an = O(n−M), bn = O(n−M),

� ∥∥∥∥∥f (x)−

[
a0

2
+

N∑
n=1

an cos nx +
N∑

n=1

bn sin nx

]∥∥∥∥∥
∞

= O(N−M).

xS< (êÆ) �� 33 / 39



n�õ�ª���m

�Än�õ�ª¼ê�m

Φ2M+1 :=

{
A0

2
+

M∑
k=1

(Ak cos kx + Bk sin kx)

}

½

Φ2M :=

{
A0

2
+

M−1∑
k=1

(Ak cos kx + Bk sin kx) +
AM

2
cosMx

}

xS< (êÆ) �� 34 / 39



��¯K

�½2π-±Ï¼êf3!:xk = 2πk
N ��, F"­�¼êψ ∈ ΦN÷vXe

��^�
ψ(xj) = f (xj), j = 0, 1, · · · ,N − 1.

9Ï��¯K: é�õ�ª

p(x) = β0 + β1e
ix + · · ·+ βN−1e

i(N−1)x ,

÷v
p(xj) = f (xj).

xS< (êÆ) �� 35 / 39



ü���¯K�m�éX

A^Eulerúª
e ix = cos x + i sin x ,

Ï
(N�Ûê��¹)

ψ(xj) =
A0

2
+

M∑
k=1

(Ak cos kxj + Bk sin kxj)

=
A0

2
+

M∑
k=1

(
1

2
(Ak − iBk)e ikxj +

1

2
(Ak + iBk)e−ikxj )

=
A0

2
+

M∑
k=1

(
1

2
(Ak − iBk)e ikxj +

1

2
(Ak + iBk)e i(N−k)xj )

=
A0

2
+

M∑
k=1

1

2
(Ak − iBk)e ikxj +

N−1∑
k=M+1

1

2
(AN−k + iBN−k)e ikxj .

xS< (êÆ) �� 36 / 39



—Y

XJN = 2M + 1, Ké?¿0 ≤ k ≤ M,

β0 =
A0

2
, βk =

1

2
(Ak − iBk), βN−k =

1

2
(Ak + iBk),

A0 = 2β0, Ak = βk + βN−k , Bk = i(βk − βN−k).

XJN = 2M, KØþ±	, �k

βM =
AM

2
.
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��½n

Theorem

�3����õ�ª÷vLagrangian��^�. �

βj =
1

N

N−1∑
k=0

fkw
−kj ,

Ù¥w = e
2πi
N .

Theorem

3xj = 2πj
N :÷v��^��n���õ�ª�

Aj =
2

N

N−1∑
k=0

fk cos
2πkj

N
, Bj =

2

N

N−1∑
k=0

fk sin
2πkj

N
.
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XÛO�

cj =
N−1∑
k=0

fkw
kj , j = 0, 1, · · · ,N − 1?

d½Â
���5C�, C�Ý
�


1 1 1 · · · 1
1 w w2 · · · wN−1

1 (w2) (w2)2 · · · (w2)N−1

· · · · · · · · · · · ·
1 (wN−1) (wN−1)2 · · · (wN−1)N−1


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