o) B ABAE A E A

#R A

#FHFF
K

czheng@tsinghua.edu.cn



Basic issue

FH1E



%0 84 7] 4

B HEMNC I X T HBIA—BIZ & T ZHF?

15
" o o 7
o o
0.5 |
or o o o b
-05F 4
[e] [e]

Ak o o 4

_15 | | | | | |

0 0.2 0.4 0.6 0.8 1

&1L



%0 84 7] 4

B HEMNC I X T HBIA—BIZ & T ZHF?

15




%0 84 7] 4

B HEMNC I X T HBIA—BIZ & T ZHF?

15




X 3 A 7] AL

B HEMNC I X T HBIA—BIZ & T ZHF?

15

f ik, RERAEH! J




WA &) Z )

5
BE b, € IR R FZMX EOg—H ALK ZH. XREFe X, H
Hoo(f),a € 18 4n. FBHRZAGEHIF €Y C XiHA

Wi
X\
12

(—;(7

9a(f*) = ¢a(f), Va e l.
Y R Fy 2GR = 8] R E A E ).
- {ba Ve B 815 B (B bLi5 B).
JUAS AR A 8 19 A2 :
o HAEtEAeE—itk: AL &R RS

o WWR(F) = R(Fi {¢a}) = FFAEMEF
o ER(AATIREMM, HRHEMEMILT, B, HIERMEH,

o Hik

o S XM,




Lagrange#& 18 (R fn it K AFAA 49 Z A4 5] AR)

B ZMYdn+ 15 %Kao, a1, -, antv 2, ie.,
y:y(xa‘307al"" 7an)-
1t — AR B (RAE B )xe, € |, Ffy = Fxa), o BB

{!

y(Xa7aO7a17"'7an):fa, VO(EI

FEE 5 VAEERIES = y(xa)? l




A= W) 0 L

o %M X HHF A
P,={ao+aix+ - +ax"}

o HA& R E N
o = A LM FHE =T

Yr = {ap+aicosx+---+a,cosnx+ bysinx+---

= span{e™ m € [—n,n]}.

AN ;
o IFitH: 5T A4,
o WAL @ISR,

+ b, sin nx}




One-D polynomial interpolation

FH1E



% M X414

U 2 AR B (FHEHR) (x, £), @ € 1, Hi% B AKXP(x) € P,
n=|l| -1, A&

% XAG1E kA € 72
B n+ 1A A

(Xa, fa), €1, xo # xg for o # B,
BARE— SR RXBHP € P,ith RAGE 5.

FxPALT B F @, W bk R SRR AR =

B R ITERAET EROHF X J




18 A B 4 5 Lagrange#E1E 5 1 X

X — X
L) =La()= [ < _XB.
p#a, pel P

AR A AR R R, B R

xg(La) = La(xg) = dap-




18 A B 4 5 Lagrange#E1E 5 1 X

X — X
La(¥) = Laa() =[] X_f.
p#a, pel P

AR A AR R R, B R

xg(La) = La(xg) = dap-

AL % AKX A
P(x) = fula(x).

a€el




18 A B 4 5 Lagrange#E1E 5 1 X

X — X
La(¥) = Laa() =[] X_f.
p#a, pel P

AR A AR R R, B R

xg(La) = La(xg) = dap-

HE %A
P(x) = fula(x).
acl )
B X #
(X, €1 Lo,a €]




5

45 % A K AR A T
Index ‘ a b ¢
Xa 0 1 3
fa 1 3 2

it HF(2)Af(4).




5

45 % A K AR A T
Index‘a b ¢
Xa 0 1 3
fa 1 3 2
i+ﬁf(2)7fﬁf(4).
x—1)(x—3
° | (x=0)(x—3).

b= @013

x—0)(x—1
Le= Ea_o§E3_1§;

f(2) = f,La(2) + fLp(2) + fLc(2) = 10/3;
f(4) = f,L,(8) + foLp(4) + fLc(4) =2

X 5~ A 4= ST 4.




2P
vi||e D

RS
T 451
BAR
*'“,é’«a‘amj

e 1). 1

| _

e 0

(P, 5%
e E;ﬁﬁi&/\

.  QERE

: A

L :}E(X,-,%;lﬁ;

EEd &

aped e

254 54

/ Ji5

H(

ik—1
I- ...lk_
o
X)
( ) (Xik
i\ X
I ...lk
iy
ﬁ X,'O)
i(X) (X F =+ F
l i '1"".k(X)
ioi

X,'k

Xig




Neville & %

4 RABAIAB(x;, F), i € . U C 1, &P A RS FH SIS

P (SR ) 8 3 1 KAS A B B (5 5 1 Ak

P,(X) = ﬁ.’
Pigis---i (X) (x = Xig) Pivip-ie (X) + (i,

A - 1). 0

= X)Piiyi_1 (X)

Xj

« — Xig

o M %M KIARN(ZE %)k,
o AR G &
o I MiEiEA R .




o
%:
Ll
e

k=0 1 2 3
Xo Jo = Pg(x)
: Py, (x)
Xy Ji = Py(x) : Pyy2(x)
PII{-';)"“-T-— Poya3(x)
X2 f2 = Py(x) | P123lx)
Pasbr)y= o
X3 fi= P;(x)




Newton#E{E 2 X (—#F & 7= 7 )

Pl'o"r“fk(x) = Pioil"'ik—l(X) + ﬁoil"‘ik(x - Xio)(x - Xi1) T (X - Xik—l) J

#% KM, NewtonFE{E /A X,

Poi-ip. = fio + fioi (x = Xi0) + -+

+f;'oi1~~-ik(x - Xio)(X - Xil) e (X - Xikfl)




Newton#E{E 2 X (—#F & 7= 7 )

Piofr“fk(x) = Pioil"'ik—l(X) + ﬁoil"'ik(x - Xio)(X - Xi1) T (X - Xik—l) J

#% KM, NewtonFE{E /A X,

Poi-ip. = fio + fioi (x = Xi0) + -+

+f;'oi1~~-ik(x - Xio)(X - Xil) e (X - Xikfl)

Foivi B (i, -+ ik )B4 2.




EF NP O N ¥

o fijy..i, BRI F X (invariant to permutations of the indices
i07 i17 R Ik)l
o i/ X

fiyeiy — figenii
. T io-ik—1
=t Fgir i = : :

X’k X’O

o XFAN-KZRAX. k>N, WHAEEEBZEWL, - i, A

f:

i = 0.

&1L



Hermitet&{4

Hermite#&48 %) A2
R RF AN SRR BEP(n =" n — 1), i ZAEEFAF

P(k)(gl):fl(k)7 k:07'”7ni_17 I:077m

HermiteA& A8 |7) A2 64 fig 427 —. \




16 e ¥ 2 2 L
xf e Cn(/(Xo,Xl,-~ . ,X,,)). 2 L

to t1 th—1
def
f[X07X17'.'7Xn]: oo b
0 0 0

FON (ta[Xn — Xn_1] + - - - + ti[x1 — Xo] + toxo)dt, - - - diadity,

—;B:—‘:PHZ 1Htg=1.

Jo R x; B A A —, 0|

f[X07X17 e aX"] - fXO,le“' »Xn*

AR ey AR X R X

f[XO7 X17 ot 7Xn—27Xn] - f[X07X17 1 ;Xn—l]

f[X07X17'“ 7Xn] -

Xn — Xn—1




¥6 e 3 £ 09 R
o W RfRA KA, N

I|m f[x0 ,xl oy Xl = Flxo, X1, Xn)

e mXf e C"a,b], xo,x1, -+ ,%n € [a, b]. N

(n)
f[X07X17"' aXn] = fn‘l(g)ag € /(X07X17'” aXn)'
o A o
f[X7X7' 7X] = i (X)
n!




PR —%:

N

@ 4w Xx # yo, N

f[X7y17' e 7yn] T f[yanla"' a.yn]
X=Y

f[XJ/O,}/h‘ T 7.yn] -

d
‘f[x[)axla"' 7Xn7X] = f[X07X17"' aXnaX’X]

dx

b V=g d
o H Cflxo,x1, -, Xp, X, X]?

&1L



%a# b itH

fla, a, b, b].

0 1 2 3
f(a)

f’(a) =4
fl2) f(a)—f(b) t;:? :

a)— -t ty—1ts
b a—b 2 - a—b
( ) a—b ts

f’(b) =13




Hermite#514 % 1 X—Newton/A X,
A% R A A

P(X) = f[XO]+f[X0,X1](X—XO)_|_..._|_

flxo,x1, -+, Xn](x — x0) -+ (X — Xp—1)-

HEF o x0,- ,xy RTEAFINOEZTES

507507”' 7507517”' 7517"' 7£m7"' 7£m-
S—_ N—_

no Nm




o FFAE (n+ 1)KTF. MAHEAR, BEEE lxo, - X0, X], 1E/F

w01...,,(>_<)f”+1(§)
(n+1)!

R(x) = f(x) — Por...n(X) =

R
wot-n(X) = (x — x0) -+ (X — Xp).

iyn;Q(t)fa“iXOa X1y ,Xn,)_(é@’}é'fﬁglﬁ 3’«‘\‘ }’1']

Q(t) — Por..n(t) = flx0,x1, -, Xn, X](t — X0) - - - (t — Xn)-




& i

H25%#T, $n— oo, R—0?

)

Theorem

(— AT &bk, B m e, L E) L6 = |I(x0,x1, -+ ,xn)|, KA1 49
RS, e R A B(%,20) £ (F)RAT. MIHEEX € 1, HHHoR K.

| A\

Proof.
EMAFEQ = B(%,1.96) L&y L7 1

PO L)
0

(n+ 1) 270 Joq (z— )2 %%
%7% +1
- 4"

A (HF)



Runge L% —3% 367 &451E

F Rl = 15, [a,b] = [-5,5].
(@n=9 * T T (b)n=12 =




Piecewise interpolation

FH1E



o R &P
X
a=xp<x1<---<xp=b.

B = F(x) k= 0,1, n, AR B, 2
® pc C[av b],

o xk(¢) = o(xx) = fx;

o )T';T:—@‘:/]\']‘ ”ii”gk = [Xk,Xk_;_l]—hi%gi’rilﬁl—%f(.
PR :

o H{AZ A (E A IH])

® = {p € Cla, b]|p|e, &}

e dmd=n+1.
o FEH &K H A —.




A A o 2K

2 3L
X—Xk—1
i1 X € E,
— Xk+1—X
/k(X) PR X € Sk,
0, otherwise.

0

o(x) = Z filk(x).
k=0




& e i

/?Xh = maxlgkgn(xk — Xk—l)-
e ImXf € Cla, b], Mlimp_o||f — ¢|lcc = 0.
o 4w Rf e Cla, b, M|If - plloc < 2/[f'(X)llo h.

o W Rf € C%a,b], M||f — ¢||lsc < 2|IF"(x)||o0 %




»H =X Hermite#&/4

8% f € Cla, b AL

a=xg<x3<--<x,=b.

B f = f(xe)hof] = F(x), B HT HEp, iH2T
e o Cla,bl;
° o(xk) = ficlly' (x) = fi;
o PEBNE T xp, k1] EAZKR LA LHHK.




»H =X Hermite#&/4

BESF € Cl[a, b] HL
a=xg<x3<--<x,=b.
%R = f(xe)Aof] = f'(x0), AR LR, A
e o Cla,bl;
o o(xi) = by’ (xi) = £;
° QD/E&/I\“?‘?t[Xk,Xk_:,_l].ti%—:—}kg?lﬁilﬁ"ﬁl—’ﬁi.
FEAE S T4]

® = {p e Cla, bljpa BAE A LR ZK %KX FH).

dim® =2(n+1).




3t ANk, 1Tay € OA R e T AEE 549 o 2K
ak(x;) = dik, af(x;)) =0.
seobh, KBy € Cith KA T AR S
Bi(xi) = 0, Bi(xi) = ik

i

= (fcu+ fBr)

k=0




FEAE A B R v Fo B

A2 T [ X, xpr1] L,

2
X — X X — X
ak:(1+2 k)(k—i—l >
Xk4+1 — Xk Xk+1 — Xk
2
Xk4+1 — X
Bk = (x—x) <-+ >
Xk+1 — Xk
2
Xyl — X X — Xj
a1 = (142 :
Xk+1 — Xk Xk+1 — Xk

2
Brrr = —(Xky1—x) <ﬁ) |

Xk+1 — Xk

&1L



& i

BESF € Cl[a, b] Lh = maxlgkgn(xk — Xk_]_), ]

1 = ¢lloc < chllf[]oc.




Fourier Interpolation

FH1E



= A %M XEE

J& 2R % 5 & FF mi Fourier 28 %%

[e.9] o0
f(x) ~ % + Zancosnx—i— ansin nx.
n=1 n=1

Eo
1 2w
ap = */ f(x) cos nxdx,
T Jo
1 2w
b, = / f(x) sin nxdx.
T Jo

W RfeCY
an = O(n_M)v bn = O(n_M)v

N N
f(x) — [élzo + Z ap Cos nx + Z b, sin nx]
n=1 n=1

oo




=A% XFEEE )

FEREZAZAXNLHZN
A M
Dopgg1 = {70 + kE_:l(Ak cos kx + By sin kx)}

£

Ay R A
oy = {70—% (Ak cos kx + By sin kx)+7Mcos Mx}

k=1




A [P AL

2 7 2m- IR BT B = 2RO, AR E MR € Oy LT
A&
BN FEA P A KAl S X

P(X) = fo+ ,Bleix 4+t 5N_1e"(N’1)X7
2

p(x) = f(x).




AN FEAB [P] AL Z 9] 6 R A

)% A Euler K,
e™ = cosx + isinx,

B (N 4 389 1 L)

Ao

M
P(xj) = o5 T Z(Ak cos kx; + By sin kx;)
k=1

A 1 ; 1 .
——3+§pmw4mw%+§m+3mwm)
= @ + (*(A —iB )eik)g + E(A +iB )ei(N—k)xj)

2 § : k k 5 k k

N-1
. 1 .
(Ax — "Bk)e'kxj + E E(ANAk + /.BNAk)elka.

I
o[ 2
+
M=
1,

2

k=1 k=M+1




— %

T EN=2M+1, M3EE0< k<M,

A 1 . 1 .
Bo = 707 Bk = E(Ak —iBk), Bn—k = E(Ak + iBy),
Ao =200, Ak = Bk + Bn-k, Bk =i(Bk — Bn-k)-

Jn RN = 2M, Nk _EVASE, & A




A< 32

H A E— 0948 % o0 X & Lagrangiant& i & 4. B

1 N—1
_ —kj
Bj = N kE_O fiw™",

o
Hhw=ew.

fxj = 20 i RAS A A 49 2 A AR 5 XA

N—-1

0 N—1 0
2 27 kj 2 . 2mkj
AJ = N kgzo fk COs T, BJ = N kgzo fk sSin N 5




# ¥ Fourier T 3%

e {1+ H

N—-1
6= S o =01 -7
k=0

R LT —ANEMET B, TIRFEFA

1 1 1 1
1 w w? wh-1
1 (W2) (W2)2 (W2)N—1




	Basic issue
	One-D polynomial interpolation
	Piecewise interpolation
	Fourier Interpolation

