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[)û�¯K

¼ê%Cµ�f ∈ C [a, b]. �½C [a, b]�,�f8ÜΦ, ïÄXÛ^Φ¥�
���Cqf .

Φ´�
�é{ü�¼ê8Ü§Xõ�ª¼ê¶

fäk�½�?¿5;

fØ3Φ¥§Φ�7´�5�m¶

'uf�&E�U´kØ��¶

Cq§Ý�Ð�I^,«�ªÝþ"���Ä|| · ||2Ú|| · ||∞, ¡�
²�%CÚ��%C"

�Z%C¯Kµéϕ∗ ∈ Φ§¦�

||f − ϕ∗|| = min
ϕ∈Φ
||f − ϕ||.

nØÚ�{¯K

�Z%C´Ä�3��º%C°ÝXÛºXÛ�Ok���{é��Z
%Cº

xS< (êÆ) ¼ê%C 2 / 26
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1 Optimal squares approximation
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�Z²�%C

�Z²�%Cµéϕ∗ ∈ Φ (Φ��5f�m)§¦�

||f − ϕ∗||2 = min
ϕ∈Φ
||f − ϕ||2,

ùp|| · ||2´dC ([a, b])�,�SÈp�Ñ��ê.

¯K�du
||f − ϕ∗||22 = min

ϕ∈Φ
||f − ϕ||22,

�ϕ0, · · · , ϕn�¤Φ��|Ä§K ϕ =
∑n

i=0 aiϕi .

{üO��£¢¼ê�¹¤

||f − ϕ||22 = (f −
n∑

i=0

aiϕi , f −
n∑

i=0

aiϕi )

=
n∑

i=0

n∑
j=0

(ϕi , ϕj)aiaj − 2
n∑

i=0

(ϕi , f )ai + (f , f ).

ù´'u(a0, · · · , an)����g¼ê.

xS< (êÆ) ¼ê%C 5 / 26



{�§

{üO��

∇2||f − ϕ||22 = 2[(ϕi , ϕj)] = 2


(ϕ0, ϕ0) (ϕ0, ϕ1) · · · (ϕ0, ϕn)
(ϕ1, ϕ0) (ϕ1, ϕ1) · · · (ϕ1, ϕn)
· · · · · · · · · · · ·

(ϕn, ϕ0) (ϕn, ϕ1) · · · (ϕn, ϕn)


�é¡�½
§Ï
||f − ϕ||22k���

∂

∂ai
||f − ϕ||22 = 2[

n∑
j=0

(ϕi , ϕj)aj − (ϕi , f )], ∀i = 0, 1, · · · , n

{�§:
n∑

j=0

(ϕi , ϕj)aj = (ϕi , f ), ∀i = 0, 1, · · · , n
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�Z²�%C�5�

Ún

�ϕ∗´¼êf3�5�mΦ¥��Z²�%C, K

f − ϕ∗ ⊥ Φ.

íØ

�ϕ∗´¼êf3�5�mΦ¥��Z²�%C, K

||f ||22 = ||ϕ∗||22 + ||f − ϕ∗||22.
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��~f

PΦ = span(1, x2)§¦x3[0, 1]þ3Φ¥��Z²�%C.

)µ

{�§�µ (
(1, 1) (1, x2)

(x2, 1) (x2, x2)

)(
a
b

)
=

(
(x , 1)

(x , x2)

)
.

= (
1 1

3
1
3

1
5

)(
a
b

)
=

(
1
2
1
4

)
.

)�a = 3
16 , b = 15

16 . ��Z²�%C� 3
16 + 15

16x
2.
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Ä�ÀJ

�ÄëY¼ê3n-gõ�ª¼ê�mPn¥��Z²�%C.
{xm}nm=0�PnÄ���g,ÀJ"3[0, 1]«mþ, {�§�XêÝ

�HilbertÝ


Hn =


1 1/2 · · · 1/(n + 1)

1/2 1/3 · · · 1/(n + 2)
· · · · · · · · · · · ·

1/(n + 1) 1/(n + 2) · · · 1/(2n + 1)


ù�Ý
´î­¾��.

)û�{

���¼ê|{ϕm}nm=0��Φ�Ä, K{�§�XêÝ
�é�
. �Z
²�%C¼ê�

ϕ∗ =
n∑

i=0

(f , ϕi )

||ϕi ||22
ϕi
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2ÂFourierÐm

�{ϕm}∞m=0´C [a, b]���5���¼ê|. P

Φn = Span{ϕ0, · · · , ϕn}.

f3Φn¥��Z²�%C�

fn =
n∑

i=0

aiϕi , ai = (f , ϕi ).

du
n∑

i=0

|ai |2 = ||fn||22 ≤ ||f ||22,

�?ê
∑∞

i=0 |ai |2Âñ. Ï
 f∞ =
∑∞

i=0 aiϕi Âñ� (C ([a, b]), || · ||2)¥
�����. ¡Ù�f�2ÂFourier?ê.

e|| · ||2��Xêρ�SÈp���ê, K

(C ([a, b]), || · ||2) = L2
ρ([a, b]).
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FourierÐm�Âñ5

||f − f∞||22 = ||f ||22 − ||f∞||2 = ||f ||22 −
∞∑
i=0

|ai |2 ≥ 0.

¯K: ´Äf = f∞? �d�¯K: Span{ϕ0, · · · , ϕj , · · · }U
?¿�Cf ?

½n

eInf´f ∈ C [a, b]3Pn¥��Z²�%C([a, b]�k.4«m)§K

lim
n→∞

||f − Inf ||2 = 0.

d½n`²õ�ª¼ê´���(5¿^�)"
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Legendreõ�ª��Z²�%C

�SÈ�[−1, 1]þ��1SÈ. 5¿¤kk.4«mÚ[−1, 1]äk���
Ó�ÿÀ5�. �½f ∈ C ([−1, 1]), K

Inf (x) =
n∑

k=0

(f , ϕk)

||ϕk ||2
ϕk(x).

âþã½n,
Inf → f , n→∞, in L2([−1, 1]).

½n

(Âñ�Ý�O)XJf ∈ C 2([−1, 1]). é?¿ε > 0, �3N > 0, ÷v

||f − Inf ||∞ ≤
ε√
n
, n ≥ N.
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"²�Ø���¯K

¤kÄ�Xê�1�ngõ�ª¥§Legendreõ�ªP̃n(x)3[−1, 1]þ�"
�²�Ø���"

Proof.

�f�?�Ä�Xê�1�ngõ�ª§K

f = P̃n + an−1P̃n−1 + · · ·+ a1P̃1 + a0P̃0.

Ï


‖f − 0‖2
2 = ‖P̃n‖2 + |an−1|2‖P̃n−1‖2

2 + · · ·+ |a2
1|‖P̃1‖2

2 + |a0|2‖P̃0‖2
2.
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Outline

1 Optimal squares approximation

2 Least squares algorithm

3 Optimal uniform approximation with polynomials
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bXXÚk�(½�Ñ\ÑÑ'Xϕ∗"ÏLéXÚ�nØ©Û½²��
�ä§·�“@½”ù�'Xáu,��5¼ê�m

Φ = Span{ϕ0, · · · , ϕn}, dim Φ = n + 1.

I�(½ù�'X�äN/ª"ÏL¢�ÿþ§���|Ñ\ÑÑê
âµ{(xi , fi )}mi=0. duXÚD(��3Úÿþ��ÅØ�£�¤ì�°
Ýk'¤§fi�´ϕ∗(xi )���Cq"

¯K

XÛ(½ϕ∗(x)?

xS< (êÆ) ¼ê%C 15 / 26



)ûg´

b½
fi − ϕ∗(xi ) = aiξi ,

Ù¥ξi´ÕáÓ©Ù�"þ��ÅCþ"K

1

m + 1

m∑
i=0

(
fi − ϕ∗(xi )

ai

)2

�x
�ÅØ����£��¤"XJòϕ∗�¤Φ¥Ù§���§�.
ëê�Ø�����kØ�£�ÿþ��ÅØ�Ã'¤" þãþò¬
O\"Ïd§knd@�µϕ∗´e¡`z¯K�4�)µ

ϕ∗ = arg inf
ϕ∈Φ

1

m + 1

m∑
i=0

(
fi − ϕ(xi )

ai

)2

.
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�dêÆ¯K

é?¿¼êf , g ∈ C [a, b], ½Â

(f , g) =
m∑
i=0

f (xi )g(xi )

a2
i

.

K(·, ·)´�/�0SÈ"�d¯K�µ

ϕ∗ = arg inf
ϕ∈Φ

(f − ϕ, f − ϕ).

b½þã/�0SÈ�½3Φþ´��SÈ§{ϕ0, · · · , ϕn}´Φ��|
Ä§Kþã¯K?�Ú�du¦){�§

AU = b,

Ù¥A = (aij), aij = (ϕi , ϕj), b = (bi ), bi = (ϕi , f ), U = (ui ). ���¦
)�

ϕ∗ =
n∑

i=0

uiϕi .
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Haar^�

Û�/�0SÈ�½3Φþ´��SÈº

eΦ¥�?¿�"��3æ�:{xi}mi=0þØÓ��"§K¡Haar^�÷
v"

~

em ≥ n, KPn3:8{xi}mi=0þ÷vHaar^�"
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�é,�{üÑ\ÑÑXÚ§ÏL¢���XJ¤«êâ"
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V
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�5'X"�1lÑSÈ[Ü��U = 1.9653V + 1.0972;

� 1
VSÈ[Ü��U = 1.9785V + 1.0638;

� 1
V 2SÈ[Ü��U = 1.9901V + 1.0384.

êâ�)µU = 2V + 1 + 0.1 ∗ randn ∗ V .
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�é,�{üÑ\ÑÑXÚ§ÏL¢���XJ¤«êâ"
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� 1
VSÈ[Ü��U = 1.9785V + 1.0638;

� 1
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��5�¹

�±^��5`z��{"ùp�Ñü«�±z��5���¦¯K�
�/"

y = a exp(bx);

y =
1

a + bx
.

�����¹�U�Ä��5`z��{"
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Outline

1 Optimal squares approximation

2 Least squares algorithm

3 Optimal uniform approximation with polynomials
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�Ä�¯K

�½f ∈ C [a, b], ¦ϕ∗ ∈ Pn, ¦�

ϕ∗ = arg min
ϕ∈Pn

||f − ϕ||∞.

�£��¯Kµ

`z¯K����´Ä�3º

e�3§´Ä��º

e�3��§XÛ¦)º

½Â

∆(f , pn) = ||f − pn||∞¡�pn'uf� �;

En = infpn∈Pn ∆(f , pn)¡�Pn'uf��� �;

ef (x)− pn(x) = σ∆(f , pn), σ = ±1, ¡x�pn'uf� �:.
eσ = 1, ¡� �:§eσ = −1, ¡K �:"ò �:U45©
a"
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�35½n

Theorem

Pn'uf ∈ C [a, b]��� ��±��"

Ún

Pϕ(f ; a0, · · · , an) = ∆(f ,
∑n

i=0 aix
i ). Kϕ´ai�ëY¼ê"

ϕ(0; a0, · · · , an)3ü ¥¡
∑n

i=0 a
2
i = 1þ�������µ"

�35y²

∆(f , pn) ≥ ∆(0, pn)−∆(f , 0)

≥ µ

√√√√ n∑
i=0

a2
i −∆(f , 0).

�
√∑n

i=0 a
2
i ≥

2∆(0,f )
µ �§∆(f , pn) ≥ ∆(f , 0).
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�Z��%Cõ�ª�5�

Ún

�Z��%Cõ�ªp∗n'uf��K �:Ó��3"

½Â

�x1, · · · , xm´pn'uf�Ó6��K� �:"K¡Ù��
�Chebyshev��:|"

½n

p∗n´f��Z��%Cõ�ª�¿�^�´�3�����ê
�n + 2�Chebyshev��:|"

íØ

�Z��%Cõ�ª´��Lagrange��õ�ª§Ù��!:
3(a, b)S"

xS< (êÆ) ¼ê%C 24 / 26



��5½n

½n

�Z��%Cõ�ª´���"

" ���¯K

3¤kÄ�Xê�1�n-gõ�ª¼ê¥§3«m[−1, 1]þ�"¼ê �
���´Chebyshevõ�ª"
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��~f

�f ∈ C 2[a, b]÷vf ′′(x) 6= 0, x ∈ [a, b]. ¦f��Z�g%Cõ�ª"

b�¼êg´¼êf��Z�g%Cõ�ª"Kf − g�SÜ4�:
´���¶

�{a, x∗, b}´����:|, g = cx + d"K

f (b)− f (a) = c(b − a);

dux∗´4�:, u´

f ′(x∗)− c = 0;

2d
f (a)− g(a) = −[f (x∗)− g(x∗)]

(½d"

xS< (êÆ) ¼ê%C 26 / 26
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