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[)û�¯KÚÄ�g´

�½�¼êρ(x)§�½¼êf ∈ C [a, b]§O�È©

I (f ) =

∫ b

a
f (x)dνx ≡

∫ b

a
f (x)ρ(x)dx .

Newton-Leiplitzúªº

ρ(x)f (x)��¼êJu¼�"½ö...

éõ�¹e§·����¼êf�Ü©&E"

8I

�E�«Ø�6u¼êfäNL�/ª�CqÈ©�{"

Ä�g�

^”{ü”¼êCq�È¼ê, 
{ü¼ê�È©ÏLO(O���"

f̃ ≈ f , Ĩ (f ) ≡ I (f̃ ) ≈ I (f ).
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b½Ĩ´��È©{"·�Ï"”Ð”�È©{U
é¦”�Uõ”�¼ê
��O(È©"

õ�ª¼ê3C [a, b]¥È�"

½Â

XJ
Ĩ (f ) = I (f ), ∀f ∈ Pn,

¡Ĩ��ê°(Ý���n. ?�Ú§e�3��Pn+1¥�¼êf ,¦�

Ĩ (f ) 6= I (f ).

¡Ĩ��ê°(Ý�n.

Ù§�IO´�3�"
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õ�ª¼ê��%C

�½X���!:£Ø�½�3È©«mS¤

x0 < x1 < · · · < xn.

¼êf�n-g��õ�ª�

Pn(x) =
n∑

i=0

f (xi )Li (x) ≈ f (x),

Ù¥Li�1i���Ä¼ê"

Ĩ (f ) ≡ I (Pn) =
n∑

k=0

f (xk)I (Lk) =
n∑

k=0

A
(n)
k f (xk) ≈ I (f ).

”Å�”¦ÈúªµxkÈ©!:§A
(n)
k È©Xê¶

dCqÈ©�°Ý���õ�ª%C°Ý�'¶

È©{��¼êf3”È©!:”���'"
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(4.)Newton-Cotesúª

�xi��å!:¿�a = x0 < x1 < · · · < xn = b" È©Xê�

A
(n)
k = I (Lk) =

∫ b

a

n∏
j=0

j 6=k

x − xk
xj − xk

dx

=
b − a

n

∫ n

0

n∏
j=0

j 6=k

t − k

j − k
dt ≡ (b − a)C

(n)
k .

In(f ) = (b − a)
n∑

k=0

C
(n)
k f (xk).

xS< (êÆ) ê��È© 7 / 59



Ü©Newton-CotesúªXê

n weight ns Error Name

1 1 1 2 h3 1
12 f

(2)(ξ) Trapezoidal

2 1 4 1 6 h5 1
90 f

(4)(ξ) Simpson

3 1 3 3 1 8 h5 3
80 f

(4)(ξ) 3/8-rule

4 7 32 12 32 7 90 h7 8
945 f

(6)(ξ) Milne

C
(n)
k ��L¼�. n ≥ 8�§�UÑyC

(n)
k < 0��¹;

n�Newton-Cotesúª��ê°(Ý��´n.

xS< (êÆ) ê��È© 8 / 59



Newton-Cotesúª�Ø�©Û–F/úª

��Ø�¼ê

R1(x) = f (x)− P1(x) = f [a, b, x ](x − a)(x − b).

K

I (f )− Ĩ1(f ) = I (f − P1) = I (R1)

=

∫ b

a
f [a, b, x ](x − a)(x − b)dx

=
f ′′(ξ)

2

∫ b

a
(x − a)(x − b)dx

= − f ′′(ξ)

12
(b − a)3.
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Newton-Cotesúª�Ø�©Û–Simpsonúª

��Ø�¼ê

R2(x) = f (x)− P2(x) = f [x0, x1, x2, x ](x − x0)(x − x1)(x − x2).

-

Ω(x) =

∫ x

a
(t − x0)(t − x1)(t − x2)dt,

KΩ(a) = Ω(b) = 0�Ω(x) ≥ 0. u´

I (f )− Ĩ2(f ) = I (f − P2) = I (R2)

=

∫ b

a
f [x0, x1, x2, x ]dΩ(x)

= −
∫ b

a
f [x0, x1, x2, x , x ]Ω(x)dx

= − f (4)(ξ)

4!

∫ b

a
Ω(x)dx = − 1

90

(
b − a

2

)5

f (4)(ξ).

xS< (êÆ) ê��È© 10 / 59



m.Newton-Cotesúª

�Ä�å!:

a = x−1 < x0 < · · · < xn < xn+1 = b.

±x0, x1, · · · , xn���!:����õ�ªPn(x)"È©úª

I (f ) = (b − a)
n∑

k=0

b
(n)
k f (xk) + R̄n[f ],

Ù¥

b
(n)
k =

1

b − a

∫ b

a
lk(x)dx , k = 0, 1, · · · , n.

xS< (êÆ) ê��È© 11 / 59
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n = 0�m.Newton-Cotesúª¡�¥:úª.

R̄0[f ] =

∫ b

a
f [x0, x ](x − x0)dx .

-Ω(x) =
∫ x
a (t − x0)dt, KΩ(a) = Ω(b) = 0�Ω(x) ≤ 0. u´

R̄0[f ] =

∫ b

a
f [x0, x ]dΩ(x)

= −
∫ b

a
f [x0, x , x ]Ω(x)dx

= − f ′′(ξ)

2

∫ b

a
Ω(x)dx =

1

3
h3f ′′(ξ),

Ù¥h = (b − a)/2.

xS< (êÆ) ê��È© 12 / 59



È©{���­½5

�Ĩn´���5È©{, n�ì?ëê(éAgdÝ�ê);

�Ñ�êâfk = f (xk)�U�3Ø�;

�||f − g ||∞ < δ, K

|̃In(f )− Ĩn(g)| = |̃In(f − g)| ≤
n∑

k=0

|A(n)
k | × ||f − g ||∞.

XJ�3M > 0¦�

n∑
k=0

|A(n)
k | ≤ M, ∀n,

K
|̃In(f )− Ĩn(g)| ≤ Mδ.

xS< (êÆ) ê��È© 13 / 59



�Û�Ä��­½5

�

Ĩn(f ) =
n∑

k=0

A
(n)
k f (xk)

´��ê�È©{"¡Ĩ���­½�§e�3M > 0¦�

n∑
k=0

|A(n)
k | ≤ M, ∀n.

5¿�
∑n

k=0 A
(n)
k = Ĩn(1).

5�

eA
(n)
k > 0, ∀k , n, ��ê°(Ý��´0, KÈ©{��­½"

Newton-CotesÈ©{Ø´��­½�"
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EÜ¦Èg�

pgõ�ª���3Rungey�¶

Newton-CotesÈ©{Ø´��­½�"

|^È©$�'uÿÝ��\5§òÈ©«m©¤eZ��«m?1©
¡¦È"
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EÜF/úª—ρ = 1

�
a = x0 < x1 < · · · < xn = b.

Phk = xk+1 − xk . KEÜF/úª�

I (f ) =
n−1∑
k=0

hk
2

(f (xk) + f (xk+1)) + Rn(f ).

P

Tn(f ) =
n−1∑
k=0

hk
2

(f (xk) + f (xk+1)) =
n∑

k=0

A
(n)
k f (xk),

KÈ©Xê�

h0
2
,
h0 + h1

2
,
h1 + h2

2
, · · · , hn−2 + hn−1

2
,
hn−1

2
.

÷v
∑n

k=0 A
(n)
k = b − a. EÜF/úª��­½.
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EÜ¥:úª—ρ = 1

�
a = x0 < x1 < · · · < xn = b.

Phk = xk+1 − xk . KEÜ¥:úª�

I (f ) =
n−1∑
k=0

hk f (xk+ 1
2
) + Rn(f ), xk+ 1

2
=

xk + xk+1

2
.

P

Hn(f ) =
n−1∑
k=0

hk f (xk+ 1
2
) =

n∑
k=0

A
(n)
k f (xk),

KÈ©Xê�
h0, h1, · · · , hn−1.

÷v
∑n

k=0 A
(n)
k = b − a. EÜ¥:úª��­½.

xS< (êÆ) ê��È© 18 / 59



EÜF/úªØ�©Û

Rn(f ) = − 1

12

n−1∑
k=0

h3k f
′′(ξk), ξk ∈ [xk , xk+1].

Ï


Rn(f ) = − 1

12

n−1∑
k=0

h3k

n−1∑
k=0

h3k∑n−1
i=0 h3i

f ′′(ξk) = − 1

12

n−1∑
k=0

h3k f
′′(η).

eh0 = h1 = · · · = hn−1 = h, K

Rn(f ) = −b − a

12
h2f ′′(η).

�h = maxn−1k=0 hk , K

|Rn(f )| ≤ b − a

12
h2|f ′′(η)|.
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EÜF/úª4í'X

�Ä3z�È©«mþO\��!:

xk+1/2 =
xk + xk+1

2
.

K

T2n(f ) =
n−1∑
k=0

hk(f (xk) + 2f (xk+1/2) + f (xk+1))/4

=
n−1∑
k=0

hk
4

(f (xk) + f (xk+1)) +
n−1∑
k=0

hk
2
f (xk+1/2)

=
Tn(f ) + Hn(f )

2
,

Ù¥Hn�EÜ¥:È©úª"

xS< (êÆ) ê��È© 20 / 59



EÜSimpsonúª

ò[a, b]©¤n��«m"3z��«mþ^Simpsonúª��

I (f ) =
n−1∑
k=0

hk
6

(f (xk) + 4f (xk+1/2) + f (xk+1)) + R2n(f ) = S2n(f ) + R2n(f ).

K

S2n(f ) =
1

3
Tn(f ) +

2

3
Hn(f ) =

4T2n(f )− Tn(f )

3
.

EÜSimpsonúª��­½�¶

Ø��

|R2n(f )| ≤ b − a

2880
h4f (4)(η), η ∈ [a, b],

Ù¥h����È©«m�Ý"

xS< (êÆ) ê��È© 21 / 59



ê�~f

O� ∫ π

0
exdx ,

∫ π

0
ecos(4x)dx .

n 8 16 32 64

ex -2.8380e-001 -7.1087e-002 -1.7780e-002 -4.4456e-003

ecos(4x) -1.7198e-002 -6.2584e-007 4.4409e-016 1.3323e-015

EÜF/¦È{

n 8 16 32 64

ex -2.8724e-003 -1.8199e-004 -1.1414e-005 -7.1394e-007

ecos(4x) 2.6716e-001 5.7320e-003 2.0861e-007 4.4409e-016

EÜSimpson¦È{

xS< (êÆ) ê��È© 22 / 59
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HermiteÈ©{

3«m[α, β]þ^F/úªO�È©

I (f ) =

∫ β

α
f (x)dx .

�fv
1w"�Ä^f�ngHermite��õ�ª5Cqf (x)§K

f (x) = f [α] + f [α, α](x − α) + f [α, α, β](x − α)2

+f [α, α, β, β](x − α)2(x − β) + f [α, α, β, β, x ](x − α)2(x − β)2.

u´

I (f ) =
β − α

2
[f (α) + f (β)] +

(β − α)2

12
[f ′(α)− f ′(β)]

+

∫ β

α

f [α, α, β, β, x ](x − α)2(x − β)2dx

=
β − α

2
[f (α) + f (β)] +

(β − α)2

12
[f ′(α)− f ′(β)] +

1

720
(β − α)5f (4)(γ).

xS< (êÆ) ê��È© 24 / 59



EÜF/{�[��Ø��O

�Ä«m[a, b]�å!:�EÜF/úª"·�k

I (f ) = Tn(f ) +
h2

12
[f ′(a)− f ′(b)] +

b − a

720
h4f (4)(η).

=

Rn(f ) = I (f )− Tn(f ) =
h2

12
[f ′(a)− f ′(b)] + O(h4).

xS< (êÆ) ê��È© 25 / 59



UEEÜF/úª

-

T̃n(f ) = Tn(f ) +
h2

12

[
f (x1)− f (x0)

h
− f (xn)− f (xn−1)

h

]
= h

[
5

12
f (x0) +

13

12
f (x1) + f (x2) + ·+ f (xn−2) +

13

12
f (xn−1) +

5

12
f (xn)

]
.

K

I (f )− T̃n(f )

=
h2

12
[f ′(a)− f ′(b)]− h2

12

[
f (x1)− f (x0)

h
− f (xn)− f (xn−1)

h

]
+ O(h4)

= O(h3).

xS< (êÆ) ê��È© 26 / 59



��~f

O� ∫ π

0
exdx .

!:ê 8 16 32 64

EÜF/ 2.838(-1) 7.108(-2) 1.778(-2) 4.445(-3)

UEEÜF/ 5.360(-2) 7.135(-3) 9.211(-4) 1.170(-4)

xS< (êÆ) ê��È© 27 / 59



Euler-Maclaurinúª

½n

�f ∈ C 2m+2[a, b], Kk∫ b

a
f (x)dx = Tn(f ) +

m∑
l=1

B2l

(2l)!
[f (2l−1)(a)− f (2l−1)(b)]h2l + rm+1,

Ù¥Tn(f )�EÜF/úª§B2l�Bernoulliê§

rm+1 = − B2m+2

(2m + 2)!
(b − a)f (2m+2)(η)h2m+2, η ∈ (a, b).

EÜF/úª'uh�ì??ê

Tn(f ) ∼ τ0 + τ1h
2 + τ2h

4 + τ3h
6 + · · · .

τ0�·��O��È©"

xS< (êÆ) ê��È© 28 / 59



	��{

P

h0 =
b − a

n0
, h1 =

b − a

n1
, h2 =

b − a

n2
, · · · , hm =

b − a

nm
.

Ù¥n0 < n1 < · · · < nm. �

T̃mm(h) = a0 + a1h
2 + · · ·+ amh

2m

´��'uh2�mg��õ�ª§÷v��^�

T̃mm(hi ) = T (hi ), i = 0, 1, · · · ,m.

	��{òa0 = T̃mm(0)��O(È©τ0���Cq.

h = 03��«m�	Ü"

xS< (êÆ) ê��È© 29 / 59



Neville�{

PT̃ik(h)�kg��õ�ª£h2¤÷v��^�

T̃ik(hj) = T (hj), j = i − k, i − k + 1, · · · , i .

K(Neville�{)

T̃ik(h) =
(h2 − h2i−k)T̃i ,k−1(h) + (h2i − h2)T̃i−1,k−1(h)

h2i − h2i−k
.

P
Tik = T̃ik(0).

K

Tik = Ti ,k−1 +
Ti ,k−1 − Ti−1,k−1

h2i−k

h2i
− 1

.

�
Ti0 = T (hi ).

xS< (êÆ) ê��È© 30 / 59



Romberg¦È

-
ni = 2i ,

K

Tik = Ti ,k−1 +
Ti ,k−1 − Ti−1,k−1

4k − 1
.

�k = 1�,

Ti1 =
4Ti0 − Ti−1,0

3
,

��Simpsonúª�

xS< (êÆ) ê��È© 31 / 59



��	í�{

b½ê��{kì?Ðm

T (h) ∼ τ0 + τ1h
γ1 + τ2h

γ2 + · · ·

Ù¥0 < γ1 < γ2 < · · · . u´

T (h1) ∼ τ0 + τ1h
γ1
1 + τ2h

γ2
1 + · · · .

�h1�h3Ó�þ?þ§K

(T (h)− τ0)hγ11 ∼ (T (h1)− τ0)hγ1 + O(hγ1+γ2)

Ï


T (h1) +
T (h1)− T (h)(

h
h1

)γ1
− 1

∼ τ0 + O(hγ2).

xS< (êÆ) ê��È© 32 / 59



��~f

O� ∫ 1

0
t5dt.

h20 = 1 T00 = 1
2

h21 = 1
4 T10 = 17

64 T11 = 3
16

h22 = 1
16 T20 = 197

1024 T21 = 43
256 T22 = 1

6

xS< (êÆ) ê��È© 33 / 59
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£�µÅ�¦Èúª

�Ä��È©

I (f ) =

∫ b

a
f (x)dνx =

∫ b

a
f (x)ρ(x)dx , f ∈ C [a, b]

^\�ÚªCqëYÈ©

In(f ) =
n∑

k=1

Ak f (xk)

Ù¥Ak�fÃ'§¡�¦ÈXê"

a ≤ x1 < · · · < xn ≤ b

xk¡�¦È!:"

xS< (êÆ) ê��È© 35 / 59



��½n

�lk(x)�±x1, · · · , xn���!:�1k���Ä¼ê§K��=�

Ak = I (lk) =

∫ b

a
lk(x)ρ(x)dx

�In(·)äk��n − 1��ê°Ý"

¿©5µef ∈ Pn−1§Kf =
∑n

k=1 f (xk)lk(x)"u´

I (f ) = I

(
n∑

k=1

f (xk)lk(x)

)
=

n∑
k=1

I (lk)f (xk) =
n∑

k=1

Ak f (xk) = In(f )

7�5µ�∀f ∈ Pn−1, k
∑n

k=1(I (lk)− Ak)f (xk) = 0"AO/§

n∑
k=0

(I (lk)− Ak)x jk = 0, j = 0, 1, · · · , n − 1

XêÝ
�VandermondeÝ
§l
Ak = I (lk).

xS< (êÆ) ê��È© 36 / 59



���ê°(Ý

-wn = (x − x1) · · · (x − xn). Ï�

I (w2
n ) > 0 = In(w2

n ).

n�¦È!:�¦Èúª����U�ê°Ý�2n − 1.

UÄ��º

P2n−1 = wnPn−1 + Pn−1, f = wng + h.

K
In(f ) = In(h) = I (h) = I (f )− I (wng).

e�¦In(f ) = I (f )§KI (wng) = 0§=I (wnPn−1) = 0.

wn⊥Pn−1.

wn7L�ng���õ�ª.
xS< (êÆ) ê��È© 37 / 59



GaussÈ©úª

ex1, · · · , xn����õ�ª£�ρ(x)¤ϕn(x)�n��§KÈ©úª

In(f ) =
n∑

k=1

A
(n)
k f (xk), A

(n)
k = I (l

(n)
k )

k2n − 1��ê°Ý§�A�úª¤�Gaussúª§xk¡�Gauss:"

Gauss¦Èúª´��­½�"

Ï�
A
(n)
k = In((l

(n)
k )2) = I ((l

(n)
k )2) > 0, ∀k , n

�
n∑

k=1

A
(n)
k = I (1).

xS< (êÆ) ê��È© 38 / 59



Âñ5

GaussÈ©úª´Âñ�"

�âWeierstrass½n§é?¿ε > 0§�3õ�ª¼êp¦�

||f − p||∞ < ε.

�n > deg p�

|I (f )− In(f )| ≤ |I (f )− In(p)|+ |In(p)− In(f )|
≤ |I (f )− I (p)|+ |In(p)− In(f )|
≤ 2I (1)||f − p||∞ ≤ 2I (1)ε.

xS< (êÆ) ê��È© 39 / 59



GaussÈ©úª��O

�OGaussÈ©úª�Ä�Ú½µ

¦��õ�ªϕn¶

¦��õ�ª��x1 < · · · < xn;

O�Ak = I (lk)"

�¦Èúª

In(f ) =
n∑

k=1

Ak f (xk).

xS< (êÆ) ê��È© 40 / 59



A~

Gauss-LegendreÈ©

I (f ) =

∫ 1

−1
f (x)dx

Gauss-ChebyshevÈ©

I (f ) =

∫ 1

−1

f (x)√
1− x2

dx

��«mÈ©

I (f ) =

∫ b

a
f (x)dx =

b − a

2

∫ 1

−1
f

(
a + b

2
+ t

b − a

2

)
dt.

Gaussúª(ÜEÜ¦Èg�"

xS< (êÆ) ê��È© 41 / 59



Outline

1 Newton-Cotes Formulae—The Case with ρ(x) ≡ 1

2 Composite Quadrature Rules

3 Romberg’s Method

4 Gauss-type Quadrature Rules

5 Singular and Oscillatory Quadrature Methods

6 High-Dimensional Integrals

7 Monto-Carlo Method

8 Numerical Differentiation

xS< (êÆ) ê��È© 42 / 59



CþO�

O� ∫ 1

0
x−

1
n f (x)dx , n ≥ 2.

-t = x
1
n , K ∫ 1

0
x−

1
n f (x)dx = n

∫ 1

0
f (tn)tn−2dt.
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Û5©l

O� ∫ 1

0
x−

1
2 cos xdx .

|^cos(x)3":Ðm∫ 1

0
x−

1
2 cos xdx =

∫ 1

0
x−

1
2

(
1− 1

2
x2
)
dx+

∫ 1

0
x−

1
2

(
cos x − 1 +

1

2
x2
)
dx

n 8 16 32 64

EÜF/ -1.8005e-004 -4.5036e-005 -1.1261e-005 -2.8153e-006
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Ã¡«mþ�GaussÈ©úª

Gauss-Laguerre:∫ ∞
0

e−x f (x)dx =
n∑

k=1

Ak f (xk) + Rn[f ],

Ù¥xk´Laguerreõ�ª��§

Rn[f ] =
(n!)2

(2n)!
f (2n)(η), η ∈ (0,∞).

Gauss-Hermite:∫ ∞
−∞

e−x
2
f (x)dx =

n∑
k=1

Ak f (xk) + Rn[f ],

Ù¥xk´Hermiteõ�ª��§

Rn[f ] =
n!
√
π

2n!(2n)!
f (2n)(η), η ∈ (−∞,∞).
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��¼ê�È©

O�(ω >> 1) ∫ b

a
f (x)e iωxdx .

b½¼êg÷v ||f − g ||∞ ≤ ε
b−a , K|I (g)− I (f )| ≤ ε.

^p°Ý�©¡õ�ª��¼êg5%Cf . g�È©O(O�"

ef�v
1w�±Ï¼ê§�±^pgn�¼ê5Cq"
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p�Ý/«�þ�­È©

��O�È©

I (m)(f ) =

∫ 1

0
· · ·
∫ 1

0
f (x1, · · · , xm)dx1 · · · dxm.

�In(g) =
∑n

k=1 A
(n)
k g(yk) ´����È©úª"K�±^�¦È�ª

g,����m��¬«�þ�È©úªµ

I
(m)
n (f ) =

n∑
k1=1

· · ·
n∑

km=1

A
(n)
k1
· · ·A(n)

km
f (yk1 , · · · , ykm).

T�{�°Ý���¦Èúª�°Ý�Ó¶

±EÜF/�{�~§o�O�þ�O(nm), °Ý�O(n−2).

±O�þ�gdÝ§K°Ý� 2
m�"

O���Ç��ê�O\eüé¯"Curse of Dimensionality.
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Ä�g�

�ÄO�

I (f ) =

∫
D
f (x)ρ(x)dx

Ù¥
∫
D ρ(x)dx = 1��KVÇ�Ý¼ê§�éA�õ��Å�þ�ξ.

�ξ1, ξ2, · · · , ξN´Õá��ξÓ©Ù�õ��Å�þ§K
f (ξ1), f (ξ2), · · · , f (ξN)

´�f (ξ)Õá�Ó©Ù�õ��ÅCþ" du

E (f (ξ)) =

∫
D
f (x)ρ(x)dx = I (f )

Ï
¤¦�È©�õ��ÅCþ�Ï"� d�ê½Æ�

f (ξ1) + f (ξ2) + · · ·+ f (ξN)

N
P⇒ I (f )

=éu?¿�êε > 0§k

lim
N→∞

P

(∣∣∣∣ f (ξ1) + f (ξ2) + · · ·+ f (ξN)

N
− I (f )

∣∣∣∣ ≤ ε) = 1.
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Ø��O

���

σ2 = E (|f (ξ)− E (f (ξ))|2) =

∫ +∞

−∞
(f (x)− I )2ρ(x)dx

¥%4�½nµ

P

(∣∣∣∣∣
∑N

i=1 f (ξi )

N
− I (f )

∣∣∣∣∣ ≤ λασ√
N

)
=

√
2

π

∫ λα

0
e−x

2/2dx + O(N−1/2)

= α + O(N−1/2).

Ù¥

α =

√
2

π

∫ λα

0
e−x

2/2dx .

��&Y²"
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��~f

O�È©

I =

∫
[0,1]100

exp(0.2(x1 + · · ·+ x100))dx1 · · · dx100.

10
0

10
5

10
−8

10
−6

10
−4

10
−2

10
0

n

R
el

at
iv

e 
er

ro
r
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�Ä�¯K

�½
!:x0, x1, · · · , xnþ�¼ê�f (xk), XÛCqf (m)(xk)?

Ä���{

f ′(x) =
f (x + h)− f (x)

h
+ O(h) = f [x , x + h] + O(h),

f ′(x) =
f (x)− f (x − h)

h
+ O(h) = f [x − h, x ] + O(h),

f ′(x) =
f (x + h)− f (x − h)

2h
+ O(h2) = f [x − h, x + h] + O(h2),

f ′′(x) =
f (x + h)− 2f (x) + f (x − h)

h2
= 2f [x − h, x , x + h] + O(h2).
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��.¦��{

�¼êg´÷v3{xk}nk=0þ£�ÜÚÜ©¤��^��f�Cq¼ê"
��.¦��{-

g (n)(xk) = f (n)(xk).

�pn´ngõ�ª��¼ê"K

f (x)− pn(x) = f [x0, x1, · · · , xn, x ]wn+1(x),

wn+1(x) = (x − x0) · · · (x − xn).

¦�¿3xk:���

f ′(xk)− p′n(xk) = f [x0, x1, · · · , xn, xk ]w ′n+1(xk). (hn)

Ú

f ′′(xk)− p′′n(xk) = 2f [x0, x1, · · · , xn, xk , xk ]w ′n+1(xk) (hn)

+f [x0, x1, · · · , xn, xk ]w ′′n+1(xk). (hn−1)
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�5��

��¼ê�

p1(x) =
x − x1
x0 − x1

f (x0) +
x − x0
x1 − x0

f (x1).

u´
p′1(x) = f [x0, x1].

Cqx0:��ê��c�û§��°Ý¶

Cqx1:��ê����û§��°Ý"
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�Ô��

��¼ê�

p2(x) = f [x0] + f [x0, x1](x − x0) + f [x0, x1, x2](x − x0)(x − x1).

u´

p′2(x) = f [x0, x1] + f [x0, x1, x2](2x − x0 − x1),

p′′2 (x) = 2f [x0, x1, x2].

�å!:�

f ′(x0) =
1

2h
[−3f (x0) + 4f (x1)− f (x2)] + O(h2),

f ′(x1) =
1

2h
[−f (x0) + f (x2)] + O(h2),

f ′(x2) =
1

2h
[f (x0)− 4f (x1) + 3f (x2)] + O(h2),

f ′′(x1) =
f (x0)− 2f (x1) + f (x2)

h2
+ O(h2).
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	í�{

¥:�©úª
f ′(x) ≈ G (h) = f [x − h, x + h].

ì?Ðmª
G (h) = f ′(x) + τ1h

2 + τ2h
4 + · · · .

�±^	íE|"

G1(h) = G (h),

Gm+1(h) =
4mGm(h/2)− Gm(h)

4m − 1
, m = 1, 2, · · · .
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~f

^¥%�ûCqÚRichardson	íO�¼êf (x) = xex3x = 2.0?��
êCq�(h = 0.2)

G1(h) = G (h) =
1

2h

[
(2 + h)e2+h − (2− h)e2−h

]
G (h) = 22.414161

G (h/2) = 22.228787 G2(h) = 22.166996

G (h/4) = 22.182565 G2(h/2) = 22.167158 G3(h) = 22.167168

O(
f ′(x) = (x + 1)ex , f ′(2.0) = 22.167168...
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