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PARR 3 64 2] 2R Aa FL

LR EHRp(x), LR RHES € Clab], HHARL

I(f) = / 1 F(x)dvy = / i £(x)p(x)dx.

Newton-Leiplitz/2 X ?
o p(X)f(x)MREHFEETHRA. KA ...
o REHINT, MRl HHfAIEH1E B

H)3E — A AR T R K F BAK & K 1 XA mAR o7 ik

léJEfL oy A AR R, T ) R B8 ARl VR A T A

ff, I(f)=I(f) = I(f).
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R A 09— AR 2 (B @) ARE— KB R

B TA =Ny H, BAVIL 47" 695 kA BT R 9T R85 09 B &K
BB AR .

% X F$ 4 Cla, b A

S R
I(f) = I(f), VfeP,,

I REAEHELE D Fn. #—F, FHE—AP 1 THBKF EF

1(F) # I(f).
T 64 R EH 5 B A n.

HCHIFRELEEN,
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Newton-Cotes Formulae—The Case with p(x) =1
Composite Quadrature Rules

Romberg's Method

Gauss-type Quadrature Rules

Singular and Oscillatory Quadrature Methods

[@ High-Dimensional Integrals

Monto-Carlo Method

Bl Numerical Differentiation




Newton-Cotes Formulae—The Case with p(x) =1




% M Xohy R GR35

LR ZIEET A (F—2 A ERSKER)
X0 < X1 < - < Xp.

oy B f 8 - RAFAL S T XA

Pa(x) =Y F(xi)Li(x) ~ f(x),

i=0
Hb LAy iR AR R R

n n

1(F) = 1(Pa) = " Flxi)I(Le) = S A (i) ~ I(£).
k=0 k=0

o THUR RAAK: T, A RS R
o BLALFAARH B A 5 AEHA % T KR AR K
o kAL HEFA" T A WAL £

KA WARY



(1% )Newton-Cotes /> KX

B A FBETEFHa=x0<x1 < - <xy=bo BREYRKN
X—Xk
L —
k) / 1—IX —Xk
J#k

= _a/ H—dt—(b— a)c”.
n

J k

Al

In(F) = (b—a) > " F(x).

k=0
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2k Newton-Cotes /A X, £ %

n | weight ns Error Name

1 1 1 2 M5 f(z)(f) Trapezoidal
2 1 4 1 6 K 910 F®(&)  Simpson
3 1 3 3 1 8 583 f 4)(5) 3/8-rule
40 7 32 12 32 7 |90 K SO Milne

CiVeT & £3k4%. n > 8ut, ThREAC" < 08 R;
e nirNewton-Cotes’™ X 89 K E M4 B £V 2 n.
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Newton-Cotes/2 X 89 1% £ T4 75 K,

IR 2 B R
Ri(x) = f(x) — P1(x) = f[a, b,x](x — a)(x — b).

1l

I(f)—h(f) = I(f—P1)=1(R)
b
= /a fla, b, x](x — a)(x — b)dx

+ f”(f) b
= > (x —a)(x — b)dx

1 f”(i)
= oy (b=




Newton-Cotes/A X 491k £ £ #7—Simpson /2 X,

AR 2 B R

Ra(x) = f(x) — Pa(x) = fx0, x1, X2, X](x — x0)(x — x1)(x — x2).

&

Q(x) = /X(t —x0)(t — x1)(t — x2)dt,
MQ(a) = Q(b) =08Q(x) >0. F£
I(f)—h(f) = I(f—P)=1I(Ra)

b
= / fxo0, x1, X2, x]d2(x)
a

= / f[x0, x1, X2, x, x]Q(x)dx




7 7 Newton-Cotes /2 2
FERFETD LA
a=x_1<xp<: - <Xp<Xpy1=Db.
PAXQ, X1, + 5 Xp A HAL T SAF B AE1E % A K P, (x)o AR K
I(F) = (b—2a) Y bV F(x) + Ralf],
k=0

7N
b(n) 1 a / Ik(X)dX k == 0 1 s, N
k ; j ) P )
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b ENX B RIRE

n = 0897 & Newton-Cotes /2> X AR A ¥ & 2 K,
b
/_?o[f] = / f[Xo,X](X—XQ)dX.

£Q(x) = [X(t — x0)dt, MQ(a) = Qb) = 08.Q(x) < 0. FR

b

Rolf] = / Flx0, X]dx)
T b
= —/ f[x0, x, x]Q(x)dx

= [ /Q = S0,

b h=(b—a)/2.
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N

ke —BALE M

o T, R BRI K, nd#iik A (B B W EAK);
o B MHARR — f(x) TR A LR E,
o i&||f — glleo < 8,

112(F) = Tn(@)l = 1Tn(F — &)1 < S_IAL | x |If — gl
k=0

o R HAEM > 01 4F

)

KA WARY



AT e — AL

Tn(F) = ZA(:)f(xk)
R—AHAEA AR R T H— HAzw g, EHALEM > 0L

STIAD <M, .
k=0

A >0, Vk,n, BREHKEE VRO, MARS E— BT,

Newton-CotesAR 5 ik T~ 2 — K AL 2 8, J
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Composite Quadrature Rules




I"_")

EEKRER

e &K %M XA ZERunge L% ;
o Newton-CotesBR ik 2 — KA Z 0,

A RARG B H K TE A T Aokt FAR K 18] 5 mi 35 T 69 X 8] 3474 J
)}I;J.\ﬁ/\o
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a=xp<x1<---<xp=b.

1E,hk = Xk41 — Xk- W) 5 AT XA

I
—

n

h
1(F) = 5 (F(a) + Fxicsn) + Ra(F).
k=0
1T
n—1 hk (n)
To(f) = ) - (F(xk) + f(xk+1)) ZA f (%),
k=0
W R R A
ho ho+h hi+h  hpotha1 hpa
2 Y 2 Y 2 Y 9y 2 Y 2 *

AT A = b a EAMANX—RAER

F A (HF) B RAR S



gé\‘:lj A%\lki_p — ].

=
&

a=xp<x1<---<xp=b.
1E,hk—Xk+1—Xk W) 2 A B R A

n—1
Xk + Xk+1
= thf(kar%) + Ry(f), Xyl = #—’_
k=0
1%
thf Xe1) = O AT (),
k=0
W R 7 KA
ho, h1,--+ , hp_1.

HRS_JAM b g gab B R— R
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h3f” (&k)s &k € [Xu Xuq1]-

0
—~
-
~
=
M“
—_

& #
1 2Tk 2 zn 1h3
@ Fhy=hy = hp_1=h, 1
Ru(f) = 221" ()

o i%h=max]_g hx, M

[Rn(F)] < 7 (n)].
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BAwH o XNigdx &

F BN K0 L3 A — /T &

Xk Xkt
Xk4+1/2 = 5

3
|
-

Ton(f) = hi(f (xk) + 2f (Xxq1/2) + f(Xk41)) /4

11
= O

n—1
h h
= 5 (F00) + F(xkn) + > 5 F(xee2)

o(F) + Ha(F)
T

HEPH, AN E AT S0 K.

k
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2 4-Simpson /-

Fla, b]o mn AN X 18] o AN K JE] _E F] Simpson /s XA 2

I(f) = g(f(xk) +4f (Xx1/2) + F(xk+1)) + Ran(f) = San(f) + Ran(f).

Son(f) = %Tn(f) + %Hn(f) _ 4T2n(f)3— T,,(f).

2=

e H 4&Simpson/A™ X — & A4 € 89 ;
@ REN

\*

bt
Ron
[Ran(F)] = 2880

H P hAy | KRS KA KA

F4 (), n € [a, b,
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BALH T
g

/ e*dx, / e<os(4%) i
0 0

n 8 16 32 64

eX | -2.8380e-001 -7.1087e¢-002 -1.7780e-002 -4.4456e-003
ecos(4x) | _1.7198e-002 -6.2584e-007 4.4409e-016  1.3323e-015
2 AW ARk

n 8 16 32 64

e | -2.8724e-003 -1.8199e-004 -1.1414e-005 -7.1394e-007

ecos(#) | 2 6716e-001  5.7320e-003  2.0861e-007  4.4409e-016
& & Simpson KR &
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Romberg's Method




Hermitef2 2 &

£ K [, B] £ AR A Xt SEAR S

FFRB AT 5 R =K Hermited& 18 % M X R LPWAF(x), N

f(x) = fla]+ flo, o](x — a) + flo, a, B](x — a)?
+f[a7aaﬁ75](x 1 Ct)2(X - /3) + f[CV?O‘aB?BaX](X - a)2(X - 6)2

-« —a)?
10 = 2200+ e+ PP i) - #(9)

B
+/ fla, a, B, B, x](x — a)?(x — B)%dx
b —«

= (#(a) + (8] + L= L[1(0) = F(3)] + -2 (8 — a)PFD (),
2 12 720




BTk R MYk £ AT

# 8 K A [a, b]F 3B 80 B AWM A K. KMA

I(f) = To(f) + %[f’(a) — f'(b)] + b?%oah‘*f(“)(n).

Ap

2
Ra(f) = I(f) — Ta(f) = f—z[f'(a) — f'(b)] + O(h").




1l

f(x1) — f(x0)

L 2
i) = Tol0) + 35 |

13

h[%ﬂmy+3ﬂny+ﬂ&y%+fuwﬂ+

1

I(f) = Ta(f)
h2 , | h2
SIF(a) — F()] - T

o(h*).

h

f(xa) — f(x)

f(xn) —hf(x,,l)}

12

f(xn) — f(Xp-1)

h

h

B 1) + > F(x0)

12

}+mﬁ)

|




— A5 F
it

/ e*dx.
0

R 8 16 32 64
82 6H 2.838(-1) 7.108(-2) 1.778(-2) 4.445(-3)
g 5 A | 5.360(-2) 7.135(-3) 9.211(-4) 1.170(-4)
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Euler-Maclaurin/a 5,

37
KF € C2m+2[a, b, WA

/ F(x)dx = T(f)+Z ol 0@) = DB + i,

HoF To(F) R A AMA AKX, ByHBeroullis,

_ Bamy2 . (2m+2) 2m+2
'm+1 = (2m + 2)| (b a)f (77)/7 ) ne (37 b)

BB o R & T had #7 3t B 4L

(f) ~ T0 —|—7’1h2 —|—7‘2h4 +T3h6 +

To A BA R H a9 80,
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I T ik

1T

Hdng<n < - <ng ik
Tom(h) = ag + a1h® + - - - + aph®™
R—AXTRUmRIEE LA, #HREEEN
Tom(hi) = T(hi), i=0,1,---,m.
ShH T kN ag = Tomm(0)1E 9 M FAAR D 10 89 — AL AR
h = 02 #{K IX 4] 49 513 |
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Neville - i%

R Tu(h) W kRABWS AR (h) it RAAE 4
Tu(h)=T(h), j=i—ki—k+1,-- i

0] (Neville £ )

2 (h* — h?fk)i-i,k—l(h) + (h? - h2)7-i—1,k—1(h)
Tik(h) = pea— :
L

1%
Tik = Ti(0).
7

Tic = Tiko1 + ——

KA WARY



Romberg K A7

é\ .
n; = 2’7
Y
Tik—1— Ti—1 k-1
Tik=Tik-1+ T
Lk = 10,
ATjo— Tie
T, =0~ 7i710

3 )
% %|Simpson/A &, !




182 $AB 77 kA #r it & T
T(h) ~ 7o+ T1h"™ + Toh™ + - -
EPO<y<mp<---. TA
T(h1) ~ 10+ 11h]* + T2h{* + - -
EmbEheR—24 L, N
(T(h) = 10)h]* ~ (T(h1) — 70)h™ + O(h"77?)
ARG

T(hl) 4 T(hl) ] T(h)

KA WARY



— /5 F

51

2 1

hg=1 1| Teo=3

2 1 17 3

hl 4 7—10 = 64 Tll — @

2 1 _ 197 3 I
h - 16 T20 — 1024 T2]_ = f T22 =z




Gauss-type Quadrature Rules




B R AR K AR X

% & AR
b b
I(F) = / F(x)dy = / F(x)p(x)dx, f € Cla,b]
JA A A2 A XA E B AR 2
In(F) = Acf(x)
k=1

£FALFRE, HAHXREHL,
a<xy<---<xp<b

Xk HRH RKART B

KA WARY



— /232

BI(X) A VA1, - xo AHEAERT B0 F kAR R, M EARY

Ae = () = /b B (x)p(x)dx

B 1y () B A E 0 — TR

o A BF Py, Mf=S0_ flx)l(x)e F&

—/<fok/k > Z//k (k) = D Acf(xk) = In(f)
k=1

o LEM: BV Py, ﬁzkzl( (I) — A)F(xi) = 0. #313

Z(l(/k)'—Ak)le(:O,_j:O,l, 7n_1

k=0
F K HEI% R Vandermonde#E 15, A m A, = 1(lk).

HALARSD



" KRB A L
Bwn = (x —x1) - (x = xn). BA

H(w2) > 0= Io(w).

A KARTT B9 KAR X KT ReAREAT E R 2n — 1. )

AE & L 27

Pop—1 = wplPp_1 + Py, f=w,g+h
2
In(f) = In(h) = I(h) = I(f) — I(wng).
E2K1(F) = I(F), WI(wng) =0, BI(wpPp1) = 0.

wp P, 1.

Wi sl SR niR B9 IE 3% A A
A (HF) HALARSD




GaussAR 2~/ X,

Exy, o xgBAER SN (Bp(x)) on(x)8nNAR, WAL A X
W(f) =3 A (), AP = 1(")
k=1

H2n — 1N REAFE, 488692 KR A Gauss/ K., x4 Gauss & o

Gauss KA/ XA —H A2 89, )
B A

AP — (YY) = (1)) > 0, VK, n
H

ST A = (1),
k=1

HALARSD



& i

GaussAR 5~/ X AN LB 6 )

AR A& Weierstrass € 32, *iE&e >0, B 5A XL HplEF

I1f — plloo < €.

% n > deg pht

[(F) = In(F)] < [(F) = In(p)| + [In(P) — In(f)|
< I(F) = (P + [Ia(p) = In(F)]
< 2(W)[If = plloo < 2/(1)e.

KA WARY



GaussAR 2/ R a9 3%+

%7t Gauss A4 /A R 89 A K 5 9%
o RIERZMKNpp;
o KERZMAMIMHx; < -+ < Xp;
o HHA = I(l)
o FRAAX

In(F) = Acf(x).
k=1

KA WARY



Hr1p)

e Gauss-Legendref2 %

e Gauss-Chebyshev#2 4~

KA WARY



Singular and Oscillatory Quadrature Methods







1
/ X2 cos xdx.
0
Al cos(x) 2 K & & T

1 1 1 1 1, 1 1 1
/ X~ 2 cos xdx = / x 21— =x dx+/ x"2 [cosx — 1+ =x?) dx
0 0 2 0 2

8 16 32 64
8 A5HH | -1.8005e-004 -4.5036e-005 -1.1261e-005 -2.8153e-006

KA WARY



% X 18] _E 49 GaussF 4~/ X,

o Gauss-Laguerre:
/ e F(x)dx = > Acf(x) + Ralf],
0 k=1
H ¥ x, 2 Laguerre % 3 X A9 4%,

Rolf] = E)) FeR (), e (0,00).

@ Gauss-Hermite:

/OO efxzf(x)dx = iAkf(Xk) + Rn[f],

- k=1

H P x, & Hermite % 1 X 49 4%,

Ralf] = 2:,(\[) f(2”)( ), n € (—o0,00).

KA WARY



5 A AR

HH(w>>1)
b
/ f(x)e™>dx.
1R Ed g ||F — glloe < 55, M]I(8) — I(F) < e

o MBHEMNA 5 TR g RiBIF. gRFNEHRTH .
o HFHRARIBWEMEI, TR BKZ A HIKRILM.

KA WARY



I[A High-Dimensional Integrals




& Y AR X R ey E AR

BRI HARY

10m) (¢ / /f(xl, X)Xy - - - dxm.

in(g) = 0 AMg () R—A—sARs A Ko WT AR A FARF &
b PR A3 B) — I m 7 S K L R0 AR A K

Ir(1 Z Z A(”) A(n)f yk17"' 7.ykm)'

k=1 km=1

o LT RIS — U KA XAGHF AR ;

o UH AWM ik Apl, E69itHEERHO0(n™), ¥ EH0(n2).
o UitHEAANE, WHENZY.

o T 6B E A Y R AY 3L Ao T & AR B, Curse of Dimensionality.
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Monto-Carlo Method




gt E
/(f):/Df(x)p(x)dx

HF [ p(x)dx = 1A ABLEE Z L4, BT Re 5 EEM@E AL
K&, &, L ENRBREZ AR S R E, N

f(gl)ﬂ f(£2)a t ’f(SN)
AEF(ORZEAR S HG S HEENETE. BT

E(F(€)) = /D F(x)p(x)dx = I(F)

AR Ry A SHEENE N E] b RE T F

f(&) +f(&2) + -+ f(n)
N

Lt))
PPt FAERE e >0, A

Se):l.

N—oo




7 EAR

LN 4 S
N
’ <| E5 A€ _yp

Ao
Aﬁ) - 2 et o)
™ Jo

= Ot—'— O(N_l/z).

Ao
o= g/ e ¥*/2dx.
™Jo

A BEKF. J

N

A




— /Ml
it

ju
&

N
/

| = / exp(0.2(x1 +-+ X100))dX1 -+~ dXx100-
[071]100

Relative error
-
o

10

10 10




Bl Numerical Differentiation




e PRk

U T Bxo, X1, s xn b B FEAEF (xi0), Ao AT AL (x)? ]
P = EHEDZI0) 4 o) = flex+ 1+ O(h),
Fl) = T9= Z(X =) 4 o(h) = flx — hx] + O(h),
) = TF h);hf(x =) L o) = Flx— hyx + K] + O(),
frixy = [xHh) - 2';(;) =) ot~ hx x4+ B+ O().

v

HALARSD



B dg A A 1ok (A3AIS) HH K P a0 FRY I NE B
HERKF T E4L
g () = £ (x).

EppAenk %A XAEELH A N

F(x) = pn(x) = flxo, x1, -+, Xn, X]Wi41(x),
Wnt1(x) = (x = x0) -+ (X = xn).
K FIH X B BULSF
f'(xk) — Pp(xk) = flx0, X1, 5 Xn, X)Wy 1 (Xk)- (h™)
o
f"(xk) = Po(x) = 2f[x0, X1, 5 Xn, Xk, Xk ] W41 (Xk) (h")

~—

+f[X07X17"' Xn,Xk] +1(Xk) (h”*l

KA WARY



& HE1E

RO )

TR

Whxg B 89 54 A =) AT
Whxy B0 FH A G S

[ £
27 -—I%‘# Ko
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e FE 14

FEE L A
p2(x) = fxo] + f[x0, x1](x — x0) + f[x0, x1, 2] (x — x0)(x — x1).
T&

PQ(X) = f[xo0,x1] + fx0, x1, x2](2x — X0 — x1),
py(x) = 2f[xo,x1,x2].

H3EH BN

o) = 5-[-3F(x0) +4F(aa) — F(30)] + O(R)

Fa) = ol o) + Fla)] + O(R),
) = 5p[F(0) — 4(a) + 3F ()] + O(),
Flix) = f(Xo)—Qf(X1)+f(X2)+O(h2)'

h2




P R,
F'(x) ~ G(h) = f[x — h,x + h].

#r it e T X
G(h) = f'(x) + T h* + moh* 4 - .
T VAR ST
Gm+1(h) = 4 Gm(h/z) — Gm(h) m= 1727 e

4m 1 ‘

KA WARY



5

A £ B i FeRichardson sh A i b 2 F (x) = xe* fEx = 2.0 89 F
HAEAMA(h = 0.2) J

G(h) = 22.414161
G(h/2) = 22.228787  Gy(h) = 22.166996
G(h/4) = 22.182565 Gy(h/2) = 22.167158 Gs(h) = 22.167168

B A

f(x) = (x + 1)e*, £/(2.0) = 22.167168...
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