
�5�ê�§|���){

xS<

�u�ÆêÆ�ÆX

czheng@tsinghua.edu.cn



Ä�¯K

A = (aij) ∈ Rn×n, b = (bi ) ∈ Rn. A�ÛÉ. I�¦)Ax = b.
a11 a12 · · · a1n
a21 a22 · · · a2n
· · ·
an1 an2 · · · ann



x1
x2
...
xn

 =


b1
b2
...
bn


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Ä�¯K

A = (aij) ∈ Rn×n, b = (bi ) ∈ Rn. A�ÛÉ. I�¦)Ax = b.

Theorem

Cramer{K: �3��)x = (x1, x2, · · · , xn)T

xi =
1

detA

∣∣∣∣∣∣∣∣
a11 a12 · · · a1(i−1) b1 a1(i+1) · · · a1n
a21 a22 · · · a2(i−1) b2 a2(i+1) · · · a2n
· · · · · · · · · · · · · · · · · · · · · · · ·
an1 an2 · · · an(i−1) bn an(i+1) · · · ann

∣∣∣∣∣∣∣∣
detA = |A| =

∑
j1j2···jn

(−1)τ(j1j2···jn)a1j1a2j2 · · · anjn .

O�þ

(n + 1) ∗ n ∗ n!

n = 20��1021 = 10000 ∗ 1017.
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Ä�¯K
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CqÐ��þz—íþ(residual)

�½���þx , Ùíþ½Â�

r = r(x) = b − Ax .

�éíþµ
‖r(x)‖
‖r(0)‖

=
‖r‖
‖b‖

.
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Outline

1 Action of Matrices

2 Gauss Elimination

3 Stability Analysis

C. Zheng (MATH) �5�ê�§| 5 / 49



Ý
�L«

�
L«µmatlab�{A=zeros(n,n)

A = (aij) =


a11 a12 · · · a1n
a21 a22 · · · a2n
· · ·
an1 an2 · · · ann


(��)DÕL«µA = A(n, nz , row , col , val)

n: �
nz : �"��ê
row : �"�1�I��ê|
col : �"���I��ê|
val : �"����ê|

Ù§(�L«
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Ý
�þ¦{

�
L«µmatlab�{y=A*x

y=zeros(size(x));

n=length(x);

for i=1:n

for j=1:n

y(i)=y(i)+A(i,j)*x(j);

end

end

DÕL«µA = A(n, nz , row , col , val)

y=zeros(size(x));

for m=1:nz

y(row(m))=y(row(m))+val(m)*x(col(m));

end
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¹(�&EÝ


g�Ñu:µ
a× c + b × c = (a + b)× c

$�Ý
��þ¦{µ

�1Ý
 A = (aij), A = uv †, aij = uivj :

y = Ax = (uv †)x = (v †x)u → yi =
∑
j

aijxj =
∑
j

uivjxj = (
∑
j

vjxj)ui

ÛÉ�©)�$�%C—S3DÕ5

A = UΣV ∗ =
∑
i

λiUiV
∗
i

Ù¥UÚV�j


U =
[
U1 U2 · · ·Un

]
, V =

[
V1 V2 · · ·Vn

]
,

Σ = diag(σ1, · · · , σn), σ1 ≥ · · · ≥ σn ≥ 0.
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Ý
�HierarchicalL«

Ý
vkS3DÕ5, ��é��kS3DÕ5µ=

A =

[
A11 A12

A21 A22

]
�A12ÚA21S3DÕ

Ax =

[
A11 A12

A21 A22

] [
x1
x2

]
=

[
A11x1 + A12x2
A21x1 + A22x2

]
Ù¥A11x1ÚA22x248?n.
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DFT

Discrete Fourier Transform (DFT)AÏÝ
:

F = (akj), akj = ω−kj , ω = exp(2πi/n), k , j = 0, 1, · · · , n − 1.

F =


1 1 1 · · · 1
1 ω−1×1 ω−1×2 · · · ω−1×(n−1)

1 ω−2×1 ω−2×2 · · · ω−2×(n−1)

· · · · · · · · · · · ·
1 ω−(n−1)×1 ω−(n−1)×2 · · · ω−(n−1)×(n−1)


Ý
F¥�kn�ØÓ����'X�n = 8�,

F = ω. ∧



0 0 0 0 0 0 0 0
0 7 6 5 4 3 2 1
0 6 4 2 0 6 4 2
0 5 2 7 4 1 6 3
0 4 0 4 0 4 0 4
0 3 6 1 4 7 2 5
0 2 4 6 0 2 4 6
0 1 2 3 4 5 6 7


.
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¯�FourierC�(FFT)�Ä�g�—n = 8

y(j2j1j0) =
∑

k0,k1,k2

x(k2k1k0)ω
−(j2j1j0)(k2k1k0)

=
∑

k0,k1,k2

x(k2k1k0)ω
−j0(k2k1k0)−j1(k1k00)−j2(k000)

=
∑
k0

∑
k1

∑
k2

x(k2k1k0)ω
−j0(k2k1k0)

ω−j1(k1k00)

ω−j2(k000)

x(j0k1k0) ←−
∑
k2

x(k2k1k0)ω
−j0(k2k1k0)

x(j0j1k0) ←−
∑
k1

x(j0k1k0)ω
−j1(k1k00)

x(j0j1j2) ←−
∑
k0

x(j0j1k0)ω
−j2(k000)

�n = 2J�, O�þO(nJ) = O(n log2 n) = O(n ln n).
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_DFT

���yµ
F−1 = (bkj), bkj = n−1ωkj .

Ï

F−1 = n−1F̄ = n−1F ∗.
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FFT—�2�¦�

w,

yj =
n−1∑
k=0

xkω
−jk =

n−1∑
k=0

xkω
−j2−k2+(j−k)2

2 , j ∈ [0, n).

½Â

vk = ω
k2

2 , k ∈ (−n, n), zk = xkv
−1
k , k ∈ [0, n),

K

yj = v−1j

n−1∑
k=0

zkvj−k , j ∈ [0, n).

�2n − 1 ≤ N = 2J . ±0ÿÐS�xkÚvk¿òÙ±Ïz, ±Ï�N. K

yj = v−1j

N−1∑
k=0

zkvj−k , j ∈ [0, n).
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±ÏòÈ�¯�O�

I�¯�O�

αj =
N−1∑
k=0

zkvj−k , j ∈ [0,N).

üà�DFT:

N−1∑
j=0

αjω
−jm
N =

N−1∑
j=0

N−1∑
k=0

zkvj−kω
−jm
N

=
N−1∑
k=0

zkω
−km
N

N−1∑
j=0

vj−kω
−(j−k)m
N

=
N−1∑
k=0

zkω
−km
N

N−1∑
j=0

vjω
−jm
N

αj�O�µügDFT, �g�þ©þÈ, �g_DFT.

C. Zheng (MATH) �5�ê�§| 14 / 49



±ÏToeplitzC�

Theorem

n�Ý
A = (akj)e÷vakj = ck−j , ¿�{ck}´��±Ï�n�S�, K
¡TÝ
�±ÏToeplitzÝ
. ±ÏToeplitzÝ
ÏLDFT�qué�Ý

. =

A = F−1ΛF ,

Ù¥Λ = diag(λ0, · · · , λn−1), ¿�

λk =
n−1∑
m=0

ω−kmcm.

Proof.

PΛ = FAF−1 = (λkj). K(Einstein summation convention)

λkj = n−1ω−kmcm−pω
pj = n−1ω−k(m−p)cm−pω

p(j−k) = n−1ω−kmcmω
p(j−k).
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ToeplitzC�

n�Ý
A = (akj)e÷vakj = ck−j , Ù¥{ck}k∈(−n,n)´��k�S�, K
¡TÝ
�ToeplitzÝ
.

y = Ax −→
[
y
∗

]
=

[
A ∗
∗ ∗

] [
x
0

]
òn�ToeplitzÝ
A*Ð¤?¿��2n�±ÏToeplitzÝ
Ã

Ã =

[
A ∗
∗ ∗

]
.
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Outline

1 Action of Matrices

2 Gauss Elimination

3 Stability Analysis

C. Zheng (MATH) �5�ê�§| 17 / 49



A«´u¦)��¹

A�é�
. xi = bi/aii .O�þO(n).

A�þn�
.

A =


a11 a12 a13 · · · a1n
0 a22 a23 · · · a2n
0 0 a33 · · · a3n
· · · · · · · · · · · · · · ·
0 0 0 · · · ann


Kxn = bn/ann, xi = (bi −

∑n
j=i+1 aijbj)/aii , i = n − 1, · · · , 1. O�

þO(n2).

A���
. Kx = ATb. O�þO(n2). AÏ�¹e, XDFTC�
�§�O(n ln n).
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Ä�g´

òAx = b�¦)¯K=z������d�´u¦)�¯KÃx̃ = b̃.

Ã = LAU, b̃ = Lb, x = Ux̃ .
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Ð�C�Ý


�u, v ∈ Rn, σ ∈ R,¡

E (u, v;σ)
def
= I− σuvT

�¢Ð�Ý
.
�u = (u1, u2, · · · , un)T , v = (v1, v2, · · · , vn)T , K

uvT =


u1
u2
· · ·
un

( v1 v2 · · · vn
)

=


u1v1 u1v2 · · · u1vn
u2v1 u2v2 · · · u2vn
· · · · · · · · · · · ·
unv1 unv2 · · · unvn



E (u, v;σ)E (u, v; τ) = (I− σuvT )(I− τuvT )

= I−
(
σ + τ − στ(vTu)

)
uvT ,

eU-σ + τ − στ(vTu) = 0,=τ = σ
σvTu−1§K E (u, v;σ)−1 = E (u, v; τ).

Ï
Ð�Ý
e�_§Ù_�´£Óa.¤Ð�Ý
"
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Ð�C�Ý
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Ï
Ð�Ý
e�_§Ù_�´£Óa.¤Ð�Ý
"
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Ð�Ý
¢~

evTu = 0,=u�vR�,Kkτ = −σ,

E (u, v;σ)−1 = E (u, v;−σ).

detE (u, v;σ) = 1− σvTu. �Ï3uuvT�¤kA���0ÚvTu.

Ð�ü�
Iij
def
= E (ei − ej , ei − ej ; 1). Ð�ü�
Iij�¦��Ý


L«òTÝ
�1i1Ú1j1p�. Ð�ü�
Iijm¦��Ý
KL
«òTÝ
�1i�Ú1j�p�. I−1ij = Iij .

E (ej , ei ;−α) = I + αeje
T
i �¦��Ý
L«òTÝ
 �1i1�α�

\�1j1þ�. E (ej , ei ;−α) = I + αeje
T
i m¦��Ý
L«òTÝ


 �1j��α�\�1i�þ�.
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Ð�en�


ePlj = (0, · · · , 0, lj+1,j , · · · , ln,j)T ,Ùcj� ©þ�". -

Lj(lj) = E (lj , ej ;−1) = I + lje
T
j =



1 · · · 0 0 · · · 0
...

. . .
...

...
...

...
0 · · · 1 0 · · · 0
0 · · · lj+1,j 1 · · · 0
...

. . .
...

...
. . .

...
0 · · · ln,j 0 · · · 1


Lj(lj)�¦��Ý
L«òj1�lk,j�\�k1þ�,klj + 11�n1.
dueTj lj = 0,·�kLj(lj)

−1 = Lj(−lj).

�i ≤ j�§Li (li )Lj(lj) = (I + lie
T
i )(I + lje

T
j ) = I + lie

T
i + lje

T
j , Ï
��

ü en�
�±�¤

L = L1(l1)L2(l2) · · · Ln−1(ln−1).
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Gauss��{

b��§�

a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1

a
(1)
21 x1 + a

(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2n xn = b

(1)
2

a
(1)
31 x1 + a

(1)
32 x2 + a

(1)
33 x3 + · · ·+ a

(1)
3n xn = b

(1)
3

...

a
(1)
n1 x1 + a

(1)
n2 x2 + a

(1)
n3 x3 + · · ·+ a

(1)
nn xn = b

(1)
n .

ea
(1)
11 6= 0,K�ò111�−a(1)21 /a

(1)
11�\�121þ�, ����#��

§,Ø¹kx1Cþ

a
(2)
22 x2 + a

(2)
23 x3 + · · ·+ a

(2)
2n xn = b

(2)
2

Ó��ò111�−a(1)31 /a
(1)
11�\�131þ�, ����#��§,Ø¹

kx1Cþ
a
(2)
32 x2 + a

(2)
33 x3 + · · ·+ a

(2)
3n xn = b

(2)
3
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Xd���1n1

a
(2)
n2 x2 + a

(2)
n3 x3 + · · ·+ a

(2)
nn xn = b

(2)
n

u´·������§|�d���#��§|

a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1

a
(2)
22 x2 + a

(2)
23 x3 + · · ·+ a

(2)
2n xn = b

(2)
2

...

a
(2)
n2 x2 + a

(2)
n3 x3 + · · ·+ a

(2)
nn xn = b

(2)
n .
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XJa
(2)
22 6= 0,þã?nL§w,�±aq�Ä.·��±����#� �

d��5�ê�§|

a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1

a
(2)
22 x2 + a

(2)
23 x2 + · · ·+ a

(2)
2n xn = b

(2)
2

a
(3)
33 x2 + · · ·+ a

(3)
3n xn = b

(3)
3

a
(3)
n3 x2 + · · ·+ a

(3)
nn xn = b

(3)
n .

XJa
(3)
33 6= 0,þã?n�±UY�������§�¹kCþ xn,

a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1

a
(2)
22 x2 + a

(2)
23 x2 + · · ·+ a

(2)
2n xn = b

(2)
2

a
(3)
33 x2 + · · ·+ a

(3)
3n xn = b

(3)
3

a
(n)
nn xn = b

(n)
n .

ù�·�Bò�¯K=z���XêÝ
�þn�
��5�ê�§|
�¦)¯K.
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Gauss��{�O�þ

3��1k�CþL§¥,·�7L�n− kgØ{,(n + 1− k)(n− k)g¦
{Ú~{, Ï
3����L§¥,¦Ø{gê�

n−1∑
k=1

(n − k) +
n−1∑
k=1

(n + 1− k)(n − k) =
n3

3
+

n2

2
− 5n

6
,

\~{gê�
n−1∑
k=1

(n + 1− k)(n − k) =
n3

3
− n

3
,


£�L§¦Ø{gê�n(n+1)
2 ,\~{gê�n(n−1)

2 ,¤± Gauss��{
o�¦Ø{gê�

n3

3
+ n2 − n

3
≈ n3

3
,

o�\~{gê�
n3

3
+

n2

2
− 5n

6
≈ n3

3
,

Ï
Gauss��{��{E,Ý�n3

3 ,Ù¥n��5�ê�§|�5�.
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Ý
�LU©)

P

A(k) =



a
(1)
11 a

(1)
12 · · · a

(1)
1k−1 a

(1)
1k a

(1)
1k+1 · · · a

(1)
1n

0 a
(2)
22 · · · a

(2)
2k−1 a

(2)
2k a

(2)
2k+1 · · · a

(2)
2n

...
...

. . .
...

...
...

. . .
...

0 0 · · · a
(k−1)
k−1k−1 a

(k−1)
k−1k a

(k−1)
k−1k+1 · · · a

(k−1)
k−1n

0 0 · · · 0 a
(k)
kk a

(k)
kk+1 · · · a

(k)
kn

0 0 · · · 0 a
(k)
k+1k a

(k)
k+1k+1 · · · a

(k)
k+1n

...
...

. . .
...

...
...

. . .
...

0 0 · · · 0 a
(k)
nk a

(k)
nk+1 · · · a

(k)
nn


b(k) = (b

(1)
1 , b

(2)
2 , · · · , b(k−1)k−1 , b

(k)
k , b

(k)
k+1, · · · , b

(k)
n )T ,

lk = (0, 0, · · · , 0, 0, a(k)k+1k/a
(k)
kk , · · · , a

(k)
nk /a

(k)
kk )T

KdXþ�L§��

A(k+1) = Lk(−lk)A(k),b(k+1) = Lk(−lk)b(k).
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Ï
k

A(n) = Ln−1(−ln−1)Ln−2(−ln−2) · · · L1(−l1)A(1),

b(n) = Ln−1(−ln−1)Ln−2(−ln−2) · · · L1(−l1)b(1).

?�Ú,
A(1) = L1(l1)L2(l2) · · · Ln−1(ln−1)A(n).

-L = L1(l1)L2(l2) · · · Ln−1(ln−1),U = A(n), KL�ü en�
(=é�
����ü 1�en�
),U�þn�
.
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n�©)½n

Theorem

(n�©))�ÛÉÝ
A ∈ Rn×n, eÙ^SÌfª

∆i
def
=

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1i
a21 a22 · · · a2i
...

...
. . .

...
ai1 ai2 · · · aii

∣∣∣∣∣∣∣∣∣ , i = 1, 2, · · · , n

þØ�", K�3���ü en�
LÚþn�
U, ¦A = LU.

Proof.

A = L1U1 = L2U2,L
−1
2 L1 = U2U

−1
1 .

þª�>��ü en�
(��O�), �>��þn�
,Ï


L−12 L1 = U2U
−1
1 = I.
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n�©)½n

Theorem

(n�©))�ÛÉÝ
A ∈ Rn×n, eÙ^SÌfª

∆i
def
=

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1i
a21 a22 · · · a2i
...

...
. . .

...
ai1 ai2 · · · aii

∣∣∣∣∣∣∣∣∣ , i = 1, 2, · · · , n

þØ�", K�3���ü en�
LÚþn�
U, ¦A = LU.

Proof.

A = L1U1 = L2U2,L
−1
2 L1 = U2U

−1
1 .

þª�>��ü en�
(��O�), �>��þn�
,Ï


L−12 L1 = U2U
−1
1 = I.
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��LU©)

Ý
A�¤k^SÌfªÑ�",Kk���n�©) A = LU,Ù¥L�
ü en�
,U�þn�
.

L =


1 0 0 · · · 0
l21 1 0 · · · 0
l31 l32 1 · · · 0
...

...
...

. . .
...

ln1 ln2 ln3 · · · 1

 ,�n(n − 1)/2���Cþ

U =


u11 u12 u13 · · · u1n
0 u22 u23 · · · u2n
0 0 u33 · · · u3n
...

...
...

. . .
...

0 0 0 · · · unn

 ,�n(n + 1)/2���Cþ

üÝ
¥���Cþ�ê�n2�Ý
A����ê��,Ï
�±��
dÝ
A(½LÚU.
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O��{

PA(n) = A. �A(k) = L(k)U(k)Ù¥

L(k) =

(
1 0

ln−k+1 L(k−1)

)
, U(k) =

(
un−k+1,n−k+1 uTn−k+1

0 U(k−1)

)
.

u´

A(k) = L(k)U(k) =

(
un−k+1,n−k+1 uTn−k+1

un−k+1,n−k+1ln−k+1 A(k−1) + ln−k+1u
T
n−k+1

)
.

(½u;

(½l ;

�#A, �~�1.
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Cholesky©)

Theorem

�A�¢é¡�½, K�3���é������en�Ý
L, ¦�

A = LL†.

\>Cholesky©){:[
Ai−1 c
c† aii

]
=

[
Li−1 0
h† lii

] [
L†i−1 h

0 lii

]
=

[
Li−1L

†
i−1 Li−1h

∗ h†h + l2ii

]
Ï


Li−1h = c ,

l2ii = aii − h†h.
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Ì�E|(pivoting technique)

£ÁGauss��{.XJ31kÚ,a
(k)
kk = 0, KGauss��{ØUUYe

�.=B XêÝ
A�ÛÉ,nØþ�§|�3��)½´Xd. d	,=
B3��L§¥, a

(k)
kk 6= 0,�´XJ|a(k)kk | << 1,K¬�)�êØ±�ê

��¹,�� ê�)�°Ýeü,k��¬���ý.wXe~f
^3 �?�2:$�¦)

1.00× 10−5x1 + 1.00x2 = 1.00,

1.00x1 + 1.00x2 = 2.00.

))): ù��§|�O()^3 �?�2:êCq�(1.00, 1.00)T .(
1.00× 10−5 1.00

1.00 1.00

)
→

(
1.00× 10−5 1.00

1.00× 105 1.00

)

→

(
1.00× 10−5 1.00

1.00× 105 −1.00× 105

)
1�Ú¦)Ly = b,��y = (1.00,−1.00× 105)T . 1�Ú¦)Ux = y,�
�x = (0.00, 1.00)T .
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�Ì��{

Xþ¤ã(Jk�g,�)û�Y:=31kÚ���c,ÀJ

a
(k)
kk , a

(k)
k+1k , · · · , a

(k)
nk

����X,òÙ¤3 �1�1k1��,,�?1��L§. �Ù¤3�
1ê�ik ≥ k , K \\Xþ?nL§�,·�k

A(k+1) = Lk(−lk)IikkA
(k).

PU = A(n), K

U = Ln−1(−ln−1)Iin−1n−1 · · · L2(−l2)Ii22L1(−l1)Ii11A

u´
A = Ii11L1(l1)Ii22L2(l2) · · · Iin−1n−1Ln−1(ln−1)U
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��n�©)½n

�A�ÛÉ,K�3ü�
P,ü en�
LÚþn�
U,¦�

PA = LU.

-
P = Iin−1n−1 · · · Ii22Ii11, Pk = Iin−1n−1 · · · Iikk ,

k
PT
k Pk+1 = Iikk .

K

PA = Iin−1n−1 · · · Ii22L1(l1)Ii22L2(l2) · · · Iin−1n−1Ln−1(ln−1)U

= P2L1(l1)PT
2 P3L2(l2)PT

3 P4L3(l3) · · ·PT
n−1Ln−1(ln−1)U

= L1(P2l1)L2(P3l2) · · · Ln−2(Pn−1ln−2)Ln−1(ln−1)U.
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Thomas�{

¦)Xe��§ 
b1 c1 0
a2 b2 c2

a3 b3 ·
· · cn−1

0 an bn



x1
x2
·
·
xn

 =


d1
d2
·
·
dn


LU©)�{µ
for k=2 step until n do

ak ←
ak

bk−1
bk ← bk − akck−1

end loop (k)
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Thomas�{

¦)L§µset x = d ;
for k=2 step until n do

xk ← xk − akxk−1

end loop (k)
xn ← xn

bn
for k=n-1 step until 1 do

xk ←
xk − ckxk+1

bk

end loop (k)

Theorem

XJé?¿i , |bi | ≥ |ai |+ |ci |¿
�|b1| > |c1| > 0Ú|bn| > |an| > 0§Thomas�{�)"O�þ�O(n).
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��^S¯K

ØUÏ�3���L§¥§�"��C�"��Ò´`§ÀJÌ��§
��Ø�Ä�Ì����rÝ" ë�J.W.H. Liu, The minimum degree
ordering with constraints, SIAM J. Sci. Stat. Comput., 10(6), pp.
1136-1145, 1989.
Ý
��é���AØÓgdÝ�m�ÍÜ'X§éõ¯K¥§ù«'
Xäké¡5"
��Ý��üS�{µ
begin

G:=�½�é¡ã;
while G is not empty, do
begin
ÀJäk��Ý�:y, |AdjG (y)|, ü3e� �;
G = Gy ;

end;
end
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Outline

1 Action of Matrices

2 Gauss Elimination

3 Stability Analysis
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Ý
�^�ê

3^��{¦)Ax = b�L§¥,du�\Ø���3,7,¬��(J
�)Ø�.Ï
k7�é �U�)�Ø����O.Ï~·�b�3ê�
?n�L§¥O�Ñ´°(�.

Example

�§| (
3 1

3.0001 1

)(
x1
x2

)
=

(
4

4.0001

)
�°()´(1, 1)T .eAÚb�Xe���Cz,(

3 1
2.9999 1

)(
x1
x2

)
=

(
4

4.0002

)
.

Ù°()´(−2, 10)T .êâ���Cz�))�ã�Cz.
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Ý
�^�ê
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,��~f

�§| 
10 7 8 7
7 5 6 5
8 6 10 9
7 5 9 10




x1
x2
x3
x4

 =


32
23
33
31


Ù°()�(1, 1, 1, 1)T .émà�þ����?U

10 7 8 7
7 5 6 5
8 6 10 9
7 5 9 10




x1 + δx1
x2 + δx2
x3 + δx3
x4 + δx4

 =


32.1
22.9
33.1
30.9


Ù°()�x + δx = (9.2,−12.6, 4.5,−1.1)T .eéXêÝ
�����?U

10 7 8.1 7.2
7.08 5.04 6 5

8 5.98 9.89 9
6.99 4.99 9 9.98




x1 + ∆x1
x2 + ∆x2
x3 + ∆x3
x4 + ∆x4

 =


32
23
33
31


Ù°()�x + ∆x = (−81, 137,−34, 22)T .
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)�6Ä½n

Theorem

�A ∈ Rn×n,detA 6= 0,xÚx + δx©O÷v�§|

Ax = b

(A + δA)(x + δx) = b + δb

Ù¥b 6= 0,
�δA¿©�,¦

||δA||
||A||

<
1

cond(A)

Kk
||δx ||
||x ||

≤ ||A||||A−1||
1− ||A−1||||δA||

(
||δA||
||A||

+
||δb||
||b||

)
�A ∈ Rn×n��_
,|| · ||��«lá�Ý
�ê,K

cond(A) = ||A||||A−1||

¡�A�^�ê. Pcond2(A) = ||A||2||A−1||2. aq½Âcond∞(A)Úcond1(A).
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½n�y²

d^��A + δA�_,�

||(A + δA)−1|| ≤ ||A−1||
1− ||A−1||||δA||

.

Ï�
x + δx = (A + δA)−1(b + δb)

dd

δx = (A + δA)−1[b + δb − (A + δA)x ]

= (A + δA)−1[−(δA)x + δb]

||δx || ≤ ||(A + δA)−1||(||δA||||x ||+ ||δb||)

≤ ||A−1||
1− ||A−1||||δA||

(
||δA||
||A||

||A||||x ||+ ||δb||
||b||

||A||||x ||
)

=
||A||||A−1||

1− ||A−1||||δA||

(
||δA||
||A||

+
||δb||
||b||

)
||x ||
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Ý
�éÛÉ5�Ýþ

Theorem

�Ý
A�ÛÉ§K

min
A + δAÛÉ

‖δA‖2
‖A‖2

=
1

cond2(A)
.

�‖x‖2 = 1, ‖A−1x‖2 = ‖A−1‖2. -

y =
A−1x

‖A−1x‖2
=

A−1x

‖A−1‖2
, δA = − xyT

‖A−1‖2
.

Kk‖y‖2 = 1. �
(A + δA)y = 0,

‖δA‖2 = max
‖z‖2=1

∥∥∥∥ xyT

‖A−1‖2
z

∥∥∥∥ =
‖x‖2
‖A−1‖2

max
‖z‖2=1

|yT z | =
1

‖A−1‖2
.
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Äuíþ�Ø��O

���Ax = b���Cq)x̄ , Ùíþ�

r = b − Ax̄ .

�ré”�”�§x̄´Ä´O()���”Ð”�%Cº

�xÚx̄©O�O()ÚCq)"K

1

cond(A)

||r ||
||b||

≤ ||x − x̄ ||
||x ||

≤ cond(A)
||r ||
||b||

.

�Iy²1��Ø�ª"

||x − x̄ || = ||A−1r || ≤ ||A−1||||r || = cond(A)
||r ||
||b||
||b||
||A||

≤ cond(A)
||r ||
||b||
||x ||.
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��~f

�§| 
10 7 8 7
7 5 6 5
8 6 10 9
7 5 9 10




x1
x2
x3
x4

 =


32
23
33
31


XêÝ
�¤kA��� λ1 ≈ 30.2887,λ2 ≈ 3.858,λ3 ≈ 0.8431,λ4 ≈ 0.01015,
�


cond2(A) =
λ1
λ2
≈ 2984

�Ñ�~fb = (32, 23, 33, 31)T ,δb = (0.1,−0.1, 0.1,−0.1)T ,δx =
(8.2,−13.6, 3.5,−2.1)T , °()�x = (1, 1, 1, 1)T , ¤± ¢S��éØ��

||δb||2
||b||2

≈ 0.003332,
||δx ||2
||x ||2

≈ 8.198 ≈ 2460
||δb||2
||b||2
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^�ê�5�

�A ∈ Rn×n,A�ÛÉ,Kk

1 cond(A) ≥ 1,cond(A) = cond(A−1),

cond(αA) = cond(A),∀α ∈ R, α 6= 0

2 eA���
,K
cond2(A) = 1

3 eU���
,K

cond2(A) = cond2(AU) = cond2(UA)

4 �λ1�λn�U���Ú���A��,K

cond(A) ≥ |λ1|
|λn|

eé¡,Kcond2(A) = |λ1|
|λn| .
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¾�Ý


^�ê��Ý
¡�¾�Ý
" HilbertÝ
´��Í¶�¾�Ý
,P
�

Hn =


1 1

2 · · · 1
n

1
2

1
3 · · · 1

n+1
...

...
. . .

...
1
n

1
n+1 · · · 1

2n−1


§´���½�n × n�Ý
.

n 3 5 6 8 10

cond2(Hn) 5× 102 5× 105 1.5× 107 1.5× 1010 1.6× 1012

^�ê�ê�°Ý

oÑ/`,XJ^��{£XÌ��{¤)�§|Ax = b,�AÚb���
O(� s êi,�cond(A) ≈ 10t ,Ù¥t < s,KO�)�þ�©þ��
ks − t êi�O(Ý.
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f¾��5�ê�§|�¦)

Ì�´ÏL·��C�§ü$XêÝ
�^�ê"

Example

�§| (
10 100000
1 1

)(
x1
x2

)
=

(
100000

2

)
�O()�x1 = 1.0010001 · · · , x2 = 0.99989998 · · · , Ú
\D1 = diag(10−5, 1),�¦�§��(

0.0001 1
1 1

)(
x1
x2

)
=

(
1
2

)
XJÑ^3 �?���Ì���{¦),��§|)
�x = (0.00, 1.00)T ,
���§|)�x = (1.00, 1.00)T . c��§Xê
Ý
�2-^�ê�1× 105,
���§XêÝ
�2-^�ê�2.6184.
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