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�þS��'5�

Definition

�{x (k)}∞k=0´D��m(Rn, || · ||) ¥��þS�.e�3x ∈ Rn,¦�

lim
k→∞

||x (k) − x || = 0,

K¡{x (k)}Âñux ,P�limk→∞ x (k) = x .

Remark

þ¡½Â�Âñ5L¡þw5�6uRn¥��ê,�duk���5�
m ¥�¤k�êÑ´�d�,�þS��Âñ5Ø�6u�ê�ÀJ.
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Theorem

�x (k) = (x
(k)
1 , x

(k)
2 , · · · , x (k)n )T , x = (x1, x2, · · · , xn)T ,K

lim
k→∞

x (k) = x ⇐⇒ lim
k→∞

x
(k)
i = xi , ∀i = 1, 2, · · · , n.

½=�þS�Âñ�duÙ©þS�Âñ.

Proof.

lim
k→∞

x (k) = x ⇐⇒ lim
k→∞

||x (k) − x ||∞ = 0

⇐⇒ lim
k→∞

max
i=1,2,··· ,n

|x (k)i − xi | = 0

⇐⇒ lim
k→∞

|x (k)i − xi | = 0,∀i = 1, 2, · · · , n

⇐⇒ lim
k→∞

x
(k)
i = xi , ∀i = 1, 2, · · · , n.
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Ý
S�

½Â
�ê|| · ||��mRn×n¥,e�3A ∈ Rn×n,¦�

lim
k→∞

||A(k) − A|| = 0,

K¡Ý
S�{A(k)}ÂñuA,P�limk→∞ A(k) = A.

Theorem

�A(k) = (a
(k)
ij ),A = (aij),K

lim
k→∞

A(k) = A⇐⇒ lim
k→∞

a
(k)
ij = aij , ∀i , j = 1, 2, · · · , n.

½=Ý
S�Âñ�duÙ©þS�Âñ.
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Theorem

limk→∞ A(k) = 0�¿�^�´

lim
k→∞

A(k)x = 0, ∀x ∈ Rn.

Proof.

é?�Ý
�lá�êk

||A(k)x || ≤ ||A(k)||||x ||.

7�5�y.,��¡

|a(k)ij | = |eTi A(k)ej | ≤ ||A(k)ej ||∞ → 0,∀i , j = 1, 2, · · · , n.
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�Ý
S�

e¡?Ø�«AÏ�Ý
S�:{Bk}∞k=0,Ù¥B ∈ Rn×n. e¡n�·K�
d:
(1) limk→∞ Bk = 0.
(2) ρ(B) < 1.
(3) ���3�«lá�Ý
�ê|| · ||,¦||B|| < 1.

Proof.

(1) =⇒ (2) ��,eBk�A��λ,÷v|λ| ≥ 1, KkA��
þx 6= 0,÷vBx = λx .dd

||Bkx || = |λ|k ||x || 6→ 0.

�(1)gñ.

(2) =⇒ (3) d½n�y.

(3) =⇒ (1) ||Bk || ≤ ||B||k → 0, k →∞.
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�B ∈ Rn×n,|| · ||�?¿�ê§K lim
k→∞

||Bk ||
1
k = ρ(B).

Proof.

ρ(B) = [ρ(Bk)]
1
k ≤ ||Bk ||1

1
k .

,��¡,é?¿�ε > 0,P

Bε = [ρ(B) + ε]−1B,

Kkρ(Bε) < 1,l
klimk→∞ Bk
ε = 0. �
�3N = N(ε) > 0,¦�

�k > N�,k

||Bk
ε || =

||Bk ||1
[ρ(B) + ε]k

< 1.

�
�k > N�

ρ(B) ≤ ||Bk ||
1
k
1 ≤ ρ(B) + ε.

Ï
limk→∞ ||Bk ||
1
k
1 = ρ(B). 2d�ê��d5=�y"
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�5½~S�

��5�ê�§|
Ax = b

k��).b½�§
x = Bx + f

�3��),¿�T)�Ax = b�)�Ó, K·��±�E��½~��
5S�úª

x (k+1) = Bx (k) + f , k = 0, 1, · · ·

Ù¥x (0)�½,B¡�S�Ý
.eXd�)�S�{x (k)}∞k=0k4�x∗,
Kx∗��§Ax = b�),¿�`XþS�úª´Âñ�.
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Âñ5©Û

ØÂñ�S�{´Ãd��.·��Ñ½~��5S�{Âñ�^�.
�x∗´x = Bx + f�),KS�úª�

x (k+1) = Bx (k) + f , k = 0, 1, · · ·

Pe(k) = x (k) − x∗,Kk

e(k+1) = Be(k), k = 0, 1, · · ·

l

e(k) = Bke(0)

�
S�{Âñ¿�X

lim
k→∞

e(k) = lim
k→∞

Bke(0) = 0,∀e(0) ∈ Rn.

e¡�·K�d
(1) S�{x (k+1) = Bx (k) + fÂñ.
(2) ρ(B) < 1.
(3) ���3�«lá�Ý
�ê|| · ||,¦�||B|| < 1.
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Ø��O

�x∗´�§x = Bx + f���),|| · ||ν´�«Ý
�ê, éA�lá�Ý

�ê||B||ν < 1,KkS�{

x (k+1) = Bx (k) + f , k = 0, 1, · · ·

�)��þS�{x (k)}÷v

||x (k) − x∗||ν ≤ ||B||ν
1− ||B||ν

||x (k) − x (k−1)||ν

||x (k) − x∗||ν ≤ ||B||kν
1− ||B||ν

||x (1) − x (0)||ν
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Âñ�Ý

yb�S�{x (k+1) = Bx (k) + fÂñ,=ρ(B) < 1,·�?ØS��Âñ
�Ý¯K. Pe(k) = x − x (k). du||e(k)|| ≤ ||Bk ||||e(0)||.y�e(0) 6= 0,K
k

||e(k)||
||e(0)||

≤ ||Bk ||

S�kg�,²þzgS�Ø��ê����ê� ||Bk ||1/k . XJ�¦S
�kg�

||e(k)|| ≤ σ||e(0)||
Ù¥σ > 0���ê.duρ(B) < 1,�
||Bk || → 0, k →∞. u´·��
±ÀJv
��k,¦�

||Bk || ≤ σ.
éu¤k¦||Bk || < 1�k ,þª�du

k ≥ − lnσ

− 1
k ln ||Bk ||

= − lnσ

− ln ||Bk ||1/k

Rk(B)
def
= − ln ||Bk ||1/k¡�S�{�²þÂñÇ.
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— Y

Xþ�½Â¿ØÐ?n.5¿�

lim
k→∞

||Bk ||1/k = ρ(B).

R(B)
def
= − ln ρ(B)

¡�S�{�ì?ÂñÇ,½ì?Âñ�Ý.
w,R(B) = limk→∞ Rk(B),�R(B)�Bþ�Û«�ê 9S�gêÃ
'.§�NS�gêªuÃ¡�S�{�ì?5�.�
��¤ I��°
Ý,�±^

k ≈ − lnσ/R(B)

��S�gê��O.
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RichardsonS�

�{ü�S��ª

xi+1 = xi + (b − Axi ) = xi + ri = (I − A)xi + b.

d�RichardsonS�"Âñ�^��

ρ(I − A) < 1.

=σ(A) ⊂ B(1, 1).5¿�

ri+1 = (I − A)ri , x
∗ − xi+1 = (I − A)(x∗ − xi ).

u´
ri+1 = (I − A)i+1r0, x

∗ − xi+1 = (I − A)i+1(x∗ − x0).

5¿µ

xi+1 = x0 + r0 + · · ·+ ri = x0 +
i∑

j=0

(I − A)j r0 ∈ x0 + Span{r0, · · · ,Ai r0}.
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Krylovf�m

�A´���"N��
, v´���"N-��þ. ^A�E�^uv :

v , Av , A2v , A3v , · · · .

�½m ≥ 0, Krylovf�mKm(v)�¹�=�¹e¡���µ

m−1∑
k=0

akA
kv .

w,k
K1(v) ⊂ K2(v) ⊂ · · · ⊂ Km(v) ⊂ · · ·

þã¤k�m����ê¡�v('uA)�Ý"

5�

XJKm(v) = Km+1(v), KKm+1(v) = Km+2(v).
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ý?nÝ


�Ý
M�_, �M−1´A_Ý
���“Ð”Cq"w,k

M−1Ax = M−1b.

éd�§^RichardsonS�µ

xi+1 = xi + M−1b −M−1Axi = xi + M−1ri .

ri = b − Axi¡�íþ£residual¤. Ý
M¡�ý?nÝ
£½
öM−1?¤.

ý?nÝ
�ÀJ�â:

”ÐO�” — easy to compute

”ÐCq” — good approximation
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²;¢~

�A = D − L− U.
Dµé�Ü©"−L:î�en�Ü©"−U:î�þn�Ü©"

1 JacobiS�µM = D

x
(k)
i+1 =

1

akk

bk −
k−1∑
j=1

akjx
(j)
i −

n∑
j=k+1

akjx
(j)
i


2 Gauss-Seidel(GS)S�µM = D − L.

x
(k)
i+1 =

1

akk

bk −
k−1∑
j=1

akjx
(j)
i+1 −

n∑
j=k+1

akjx
(j)
i


3 SOR(Successive Overrelaxation)�{: M = 1

ω (D − ωL)

x
(k)
i+1 = (1− ω)x

(k)
i + ω

 1

akk

bk −
k−1∑
j=1

akjx
(j)
i+1 −

n∑
j=k+1

akjx
(j)
i


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J{ÚGS{Âñ���¿©^�

eA = (aij) ∈ Rn×n,÷v

|aii | >
n∑
j=1

j 6=i

|aij |

¡A�î�é�Ó`Ý
.eA÷v

|aii | ≥
n∑
j=1

j 6=i

|aij |

�Ù¥��k��î�Ø�ª¤á,K¡A�fé�Ó`Ý
.

eA ∈ Rn×n,ØUé�ü�Ý
P,¦�

PTAP =

(
Ā11 Ā12

0 Ā22

)
Ù¥Ā11ÚĀ22þ��
,¡A�Ø��Ý
.
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Theorem

eA = (aij)î�é�Ó`,Kaii 6= 0, i = 1, 2, · · · , n,�A�ÛÉ.

aii 6= 0, i = 1, 2, · · · , nw,.�AÛÉ,K�3�"�þx ,¦�
Ax = 0.�|xj | = ||x ||∞,K

0 =

∣∣∣∣∣
n∑

k=1

ajkxk

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣ajjxj +
n∑

k=1
k 6=j

ajkxk

∣∣∣∣∣∣∣∣ ≥ |ajj ||xj | −
n∑

k=1
k 6=j

|ajk ||xk |

≥ |xj |

|ajj | − n∑
k=1
k 6=j

|ajk |

 > 0

Theorem

eAØ��fé�Ó`,Kaii 6= 0, i = 1, 2, · · · , n,�A�ÛÉ.
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Theorem

eA�î�é�Ó`½Ø��fé�Ó`Ý
,K �§|Ax = b�J{
ÚGS{þÂñ.

éuJ{,�BJ = D−1(L + U)k�A��λ,Ù��Ø�u1. Kd

det(λI − D−1(L + U)) = 0

�
det(D − λ−1(L + U)) = 0.

eA�î�é�Ó`½Ø��fé�Ó`Ý
,KD − λ−1(L + U) �´î�é�
Ó`½Ø��fé�Ó`Ý
.gñ. aq,éuGS{,�BG = (D − L)−1Uk�
A��λ,Ù��Ø�u1.

det(λI − (D − L)−1U) = 0

�
det(D − L− λ−1U) = 0.

eA�î�é�Ó`½Ø��fé�Ó`Ý
,KD − L− λ−1U �´î�é�

Ó`½Ø��fé�Ó`Ý
.gñ.
C. Zheng (MATH) �5�ê�§| 20 / 24



SORÂñ�7�^�

Theorem

é?¿�A ∈ Rn×n,�Ùé�����",Ké¤k¢êω,k

ρ(Lω) ≥ |ω − 1|

�λ1, λ2, · · · , λn´Lω�n�A��,K

λ1λ2 · · ·λn = detLω = det(D − ωL)−1 det[(1− ω)D + ωU]

= detD−1 det[(1− ω)D] = (1− ω)n

Ï

|ω − 1|n ≤ (max |λi |)n,

?

ρ(Lω) = max

i
|λi | ≥ |ω − 1|

Theorem

SORÂñ���7�^�´|1− ω| < 1,=0 < ω < 2.
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é¡�½Ý
SORÂñ�¿©7�^�

Theorem

�A ∈ Rn×n�é¡�½Ý
,�0 < ω < 2,K)Ax = b�SOR�{Âñ.

�λ´Lω�?�A��, éA���A��þx .Kdu

Lω = (D − ωL)−1 [(1− ω)D + ωU] ,Lωx = λx

[(1− ω)D + ωU] x = λ(D − ωL)x.

þªü>�x�SÈ,K�
(1− ω)(Dx, x) + ω(Ux, x) = λ[(Dx, x)− ω(Lx, x)] (1)

Ï�A�½,�D�½,Pp = (Dx, x),l
p > 0.qP(Lx, x) = α + iβ,K

(Ux, x) = (x,UH x) = (x, Lx) = (Lx, x) = α− iβ.

d(1)=�

λ =
(1− ω)p + ωα− iωβ

p − ωα− iωβ
, |λ|2 =

[p − ω(p − α)]2 + ω2β2

(p − ωα)2 + ω2β2

du
[p − ω(p − α)]2 − (p − ωα)2 = p(2− ω)ω(2α− p)

,	,dA�½�
0 < (Ax, x) = p − (α + iβ)− (α− iβ) = p − 2α

l

[p − ω(p − α)]2 − (p − ωα)2 < 0

�|λ| < 1. ρ(Lω) < 1.
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�`tµÏf

Theorem

�A´é¡�½�né�
,Kρ(BG ) = [ρ(BJ)]2 < 1,�SORS�{��
`tµ Ïf�

ωopt =
2

1 +
√

1− [ρ(BJ)]2

�
ρ(Lopt) = ωopt − 1.
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��~f

�Ä�§|  4 3 0
3 4 −1
0 −1 4

 x1
x2
x3

 =

 24
30
−24


Ù°()�x = (3, 4,−5)T .eL�ÑØÓS�{¤I��S�gê

J GS SOR0.8 SORopt SOR1.8

ρ 0.791 0.625 0.746 0.240 0.800
1

− log10 ρ
9.8 4.9 7.9 1.6 10.3

< 10−3 37 14 18 7 41

< 10−5 56 23 34 11 61

< 10−7 76 33 50 14 82

< 10−9 95 43 65 17 102

ωopt =
2

1 +
√

1− [ρ(BJ)]2
≈ 1.24
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