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iyﬂ;x(k) = (X{k)7X§k)7 o 7Xr(1k))T' X = (X17X27 o 7Xn)T'D]I]
lim X(k) = x <= |im Xi(k) =x;, Vi=1,2,---,n.
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Proof.
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lim ||JAK) — A =0,
k— 00

W 148 1 5 51 { AR Yl 8k F A Fe im0 AK) = A

Theorem
#AM = (a),A = (ay), 1)

kI|_>mooA(k)—A<:> lim afj)—a,-j, Vi, j=1,2,---,n
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limg_yoo AKK) = 009 72 & 512

lim AK)x = 0,vx € R".
k—o00

Proof.
I — 4 [ 69 & SE R

| N\

[[A%)x|| < [|AB]][|x].
b B AFIE. G —F ®

|a] = |eT AW g| < ||AN gl — 0,Vi,j = 1,2, , .
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O lim B¥ =0.

@ p(B) <1

© EAE—FAE ALY | 12]B] < L.

Proof.

(1) = (2) RX, EBH — 4R8N H |\ > 1, MAHIER
®x # 0, & Bx = Ax. § it

1B x| = [AI“]IxIl  o.

5(1)% /.
(2) = (3) W& HIRIE.
(3) = (1) ||BX|| < [IB]|* = 0, k — oo.
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Proof.

p(B) = [p(BX)]* < ||B¥||1*.
B — 7 @ S Z e > 0,78

B. = [p(B) + €| 'B,

MA p(B) < 1L,Afm A limy_oo BK =0. ¥ A LN = N(e) > 0,4£7F
Lk > NIt A
|1B¥||1

k| —
1B11= Ry +

< 1.

Hm Yk > NIt 1
p(B) < ||B¥||f < p(B) +e.

1
B flimi—yo0 || B[ = p(B). & 364060 % 4k B 34 o O
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hoE—f AR TAE
x=Bx+f
AR — g IR L% 5 Ax = b RRAR R, W &AT T AM)IE — /A2 H 69 &
% AR K
x*k+D) = Bx(K) 4 f k=0,1,--

H b x5 BAR A ik KRAE . 5 4m e = A 69 5 ) {x(K) 120 A AR X,
W x* 9 T A2 Ax = b9 fR, 3 B if 4 L ik XA X R A8y
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TSy i Rk A MGG RAVE = 69 Zbk ik KRl s ey 4.
Ex* A x = Bx + fa9fE, Nk R XA
xkF) = x4 f k=01,
el = x(k) — x* mA
ektl) = ge(k) k=01,
A i
(k) — Bke(0)
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lim eX) = |im B*el® =0,vel® e R".

k—o00 k—o0
T & ey &AM
O %K iEx(kt) = Bx(K) 4 Filisk.
@ p(B)<1.
© E VAl BRI |, 3B < 1.
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Rx* R T AEX = Bx + A9 —,|| - ||, A —FP4E S0, 32 69 A8 89 4E
MSEE|| B, < 1,0 A %K iE

xkt) = Bx(K) 4 f k=0,1,--
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W _ o < Bl @y o
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AR E R Xk = Bx(K) 4 ik B p(B) < 1,&A3 8% R A9 M8k
# g R A itelk) = x — x(K) & F||e(R)]] < ||B¥||||e©@)]]. 5% e® £ 0,1]
A

[1e™]] k
O] <|1BYl
BRKKSG TR EREEEROKKRERA ||BY|VE. bRkt
RkR B
1] < o]
Hdo>0h—#H dFp(B) < 1,#m||B¥|| = 0,k — oco. TRKAMT
VAR RS K0k AT

1B4]| < o
st FHTA A% ]| BX|| < 189k, £ XS M T
Ino Ino
“—Lin||BK| — —In||BK|[/k

Re(B) & —In || BX||M/* i o i AX ik 4 F- 2 i o 25

C. Zheng (MATH) 25 Pk AR 3 A2



dm & L RAF A R E B

iim [|BX|[/% = p(B).
k— 00

R(B) % ~Inp(B)

ARy 1 AR ok 0 7 SR Sk B, R ISR
BAR(B) = limy_o0 Re(B), LR(B) 5 B LT a4k A ik KRR HK L
*.C B RIERREAT LT EREGSHERIR AT RBNPT E 204
J&, 7T VA A

k~—Ino/R(B)
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Richardsoni% 4X,

& 7 3 a1 XA K
Xip1 =X +(b—Ax;)) =xi+ri= (I — A)x; + b.
3 A Richardsoni% Ko A8y A
p(l — A) < 1.
Bro(A) C B(1,1).i% &3]
fir = (1= Ay, x* = xis1 = (1 — A)(X* = x;).

TA , _
ri+1 = (/ — A)’+1r0, x* — Xi+1 = (I — A)’+1(X* - Xo).

ER

1
Xiy1=Xo+rn+---+ri :Xo—i—Z(l —A)jrg € xo + Span{r, - - ,Airo}.
j=0
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Krylov = 18]
HAR—ANEENG 7T, vE—AEEN-ZEmE. HAREERTv:
v, Av, A%v, Alv, ...

%em >0, Krylov T Z B Cp(v) L2 LR AT @ TE:

ey

3

akAkv.
0

=
|

EARA
K1(v) C Ka(v) C -+ C Km(v) C -
LR TR R AR R ERARA v(X T A) .

&U%Km(V) = ’Cm+1(V), D]']Km+1(V) = ICm+2(V).
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RIEEMT %, EM LR A 46 0 — A7 0. BRA
M~1Ax = M~1b.
*F gt 77 42 F Richardsoni% 4X. :
Xiz1 =xi + M71b— M7YAx; = x; + M~ r,.

ri=b— Axi#r A% = (residual) . #E%EMAR A AL FLEE (3
M-1?) .
TR 4k 3 46 [% 0 £ R AR 3B

e "t H" — easy to compute

@ "JFiLML" — good approximation
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HA=D—-L—-U.
D: stAH0. —LET=ZAN0. —U /& L=ZAH.
@ JacobirX: M =D
K _ 1 . j
/(+)1 = Akk (bk N Zakl + ; aijI_(J))
J=k+1

@ Gauss-Seidel(GS)iEXK: M =D — L.

(k) i (kaakj X — Z aix; )

Jj=k+1

© SOR(Successive Overrelaxation) % : M = (D — wl)

’(J’i)l = (1-wx 4w !a (ka% Xi¥1 — Z ki Xj )]

a
kk j=k+1
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FA=(ag)PH3T A &K Ma; £0,i=1,2,-- ,n,BAJEF 7.

ai #0,i=1,2,--- , nR AR RAFF VN ELFEREx AL
Ax = 0.3&|xj| = |[x]|oo,

n n
0= =g+ S awx| = lalbgl — Y laillxd

k=1 k=1
k#j k#j

n
E ajie Xk
k=1

n
> Pl | lagl = lawl | >0
k=1

EART L3553 A bk Ma; #0,i=1,2,--- ,n LAJEFF.
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FAF AT A BRI T 295538 A b ARAEE N AL AX = b8y Sk
A GSik 3k

3+ F )ik, By = DL+ U — i\, AR F1. 0 d

det(\l = D7}(L+ U)) =0
o

det(D — \7YL+ U)) =0.
AR A B SR T L 855 A b AR AEIE D — AL(L+ U) R A3 A
EREIT LA A EHAEE T . K003 TGSik,i%Bg = (D — L) *UA —
AN, AR F L

det(M — (D — L)"*U) =0
Fn

det(D — L —\"'U) =0.

EAAFAEST B SRR T L5553 A SRAEE ND — L — \71U &2 Z 3T A
GBI T L5534 A B ALFEE T /.
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SORJL Sk bl b B 5 -

MHAEZHA € R R E T A F FAER, WA R Hw, A

p(Ly) 2 |w —1|
'i)‘ﬂ()\]_, )\2, Tty )\nf%ﬁwé@ n/]\#é:/fﬂ:-'fﬁ,ﬂ']
)\1)\2 .ol /\n —

det £, = det(D — wL) tdet[(1 — w)D + wU]
= det D 'det[(1 —w)D] = (1 —w)"
& #

jw = 1|7 < (max |A])",

K
3

p(Ls) = max|Ai] > | 1]

SORMSR A — AN B 5 2|1 — w] < L0 < w < 2.
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3 AR AR 2 4B MESORAL S 9 770wl & 5 1F

KA € R EZFEE HO < w < 2,WMAx = b8 SORTy F ISk,

EARL e — AR, 35 89 —ANMFEE S Ex 0 & T

w=([D—-wl) 1= wD+wl], Lox = Ax
[(1 — w)D +wU]x = A(D — wl)x.

£ XML B x A AR, M7
(1 — w)(Dx, x) + w(Ux, x) = A[(Dx, x) — w(Lx, x)] (1)

B AAER HDER Ep = (Dx, x),hfp > 0.138(Lx, x) = « + i3,

(Ux, x) = (x, UHX) = (x, Lx) = (Lx,x) = a — iB.

o (1) P 4%
(1—w)p+wa —iwB A2 = Ip — w(p — ) + w?p?
p— wa — iwB ’ N (p — wa)? + w2p2

A=

W F ) ,
[p—wlp—a)]” = (p— wa)® = p(2 — w)w(2a — p)

% HALER Jo
0< (A, x)=p—(a+iB)—(ax—iB)=p—2a

M R "
[p—wlp—a)” = (p—wa) <0

HIN| < 1. p(Lo) < 1.
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2 AR AN Fe F] T

AR A 69 =34 A 1% p(Bg) = [p(By)]2 < 1, BLSORi& K ik 89 %
NG BT H

2

R A-DBP

p(ﬁopt) = Wopt — 1.
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XS AL
4 3 0 X1 24
3 4 -1 X2 = 30
0 -1 4 X3 —24

HATIR A x = (3,4, —5)T. T £ 51 th TR £ AR H 2 49 i KoK $

J GS | SORys | SORupt | SORy g

p 0.791 [ 0.625 | 0.746 | 0.240 | 0.800
ey | 98 | 49 7.9 1.6 103
<1073 | 37 14 18 7 41
<107 | 56 23 34 11 61
<1077] 76 33 50 14 82
<107° ] 95 43 65 17 102

2

~ 1.24

R L VA-DBP
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