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�Ä�¯K

�f�§µ

Ax = b ∈ V ,
Ù¥A´��é¡�_�f£�éu,�Hilbert�mV¥�SÈ¤µ

(Ax , y) = (x ,Ay), ∀x , y ∈ V ,

(Ax , x) ≥ 0, ∀x ∈ V ,

(Ax , x) = 0⇔ x = 0.

~f

Rn¥�SÈ(�ÚN-�é¡�½Ý
�3��éA. ?¿�½(�Au
ë�SÈ(�)SPDÝ
M, Xe½Â
��#�SÈ

(x , y)M = (Mx , y).
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RitzC©¯K

�Ä�g¼êϕ : V → R,½Â�

ϕ(x) =
1

2
(Ax , x)− (b, x).

1 é��x ∈ V ,
δϕ(x) = Ax − b, δ2ϕ(x) = A

2 é��x , y ∈ V ,α ∈ R,

ϕ(x + αy) = ϕ(x) + α(Ax − b, y) +
α2

2
(Ay , y)

3 ϕe�k.. �x∗ = A−1b�Ax = b�),K

ϕ(x∗) = −1

2
(b,A−1b) = −1

2
(Ax∗, x∗)


�é��x ∈ V ,k

ϕ(x)− ϕ(x∗) =
1

2
(A(x − x∗), x − x∗) =

1

2
‖x − x∗‖2

A.
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Theorem

�Aé¡�½, Kx∗�Ax = b�)�¿©7�^�´x∗÷v

ϕ(x∗) = min
x∈V

ϕ(x)

���)"Ù¥

ϕ(x) =
1

2
(Ax , x)− (b, x).

S�ÀJüÑ

�O��üÚS��{�g�µ�½x (k), (½x (k+1), ¦�

ϕ(x (k+1)) < ϕ(x (k)).
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Outline

1 Subspace Method

2 Steepest Descent Method

3 Conjugate Gradient Method

4 Preconditioning
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f�m|¢

�x + Φ´����²¡. �Ä

y∗ = arg min
y∈Φ

ϕ(x + y).

Kdu

ϕ(x + y)− ϕ(x∗) =
1

2
‖x + y − x∗‖2

A,

k
[x∗ − (x + y∗)]⊥AΦ.

u´
[b − A(x + y∗)]⊥Φ.
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��4�|¢�{

�x (k)®²��"�½|¢��p(k) 6= 0. �Ä��4��¯Kµ

αk = arg min
α
ϕ(x (k) + αp(k)), x (k+1) = x (k) + αkp

(k).

1 )�±wª��

αk =
(r (k), p(k))

(Ap(k), p(k))
, r (k) = b − Ax (k).

2 XJ(r (k), p(k)) 6= 0, K

ϕ(x (k+1)) < ϕ(x (k)).

3 dþ��(Ø
r (k+1)⊥p(k).
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��eü{

|¢��ÀJ�x (k):¼êϕ“ÛÜ”eü�¯���p(k) = r (k)"
��eü{:

1 À�x (0) ∈ Rn

2 ék = 0, 1, · · ·

r (k) = b − Ax (k)

αk =
(r (k), r (k))

(Ar (k), r (k))

x (k+1) = x (k) + αk r
(k)
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��eü{�5�

1 ��üg|¢��´���,=

(r (k+1), r (k)) = 0

2

r (k+1) = r (k) − αkAr
(k) = (I − αkA)r (k).

3 {ϕ(x (k))}´üNeüke.�S�,§�34�,¿�

lim
k→∞

x (k) = x∗ = A−1b

4 Pe(k) = x (k) − x∗, K√
(Ae(k), e(k)) ≤

(
λ1 − λn
λ1 + λn

)k√
(Ae(0), e(0))

Ù¥λ1Úλn©O´é¡�½�fA�����A��.
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y²

Pe(k) = x (k) − x∗, KAe(k) = −r (k).u´

||e(k+1)||2A = ||e(k) + αk r
(k)||2A

= ||e(k)||2A + ||αk r
(k)||2A + 2αk(e(k), r (k))A

= ||e(k)||2A + ||αk r
(k)||2A − 2αk ||r (k)||2

= ||e(k)||2A −
||r (k)||4

||r (k)||2A

= ||e(k)||2A

(
1− ||r (k)||4

||r (k)||2A||r (k)||2
A−1

)

Lemma

�B´é¡�½�f§K

(Bx , x)(B−1x , x)

(x , x)2
≤ (λmax + λmin)2

4λmaxλmin
, ∀x 6= 0.
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y²
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��ÄBkk�:Ì��¹"�||x || = 1 � x = (x1, x2, · · · , xn)T . K

(Bx , x)(B−1x , x)

(x , x)2
=

n∑
i=1

x2
i λi

n∑
i=1

x2
i

1

λi

du
1

λi
≤ 1

λmin
+

1

λmax
− λi
λminλmax

K

(Bx , x)(B−1x , x)

(x , x)2
≤

n∑
i=1

x2
i λi (

1

λmin
+

1

λmax
−
∑n

i=1 x
2
i λi

λminλmax
)

≤ (λmax + λmin)2

4λmaxλmin
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Outline
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�ÝFÝ{Conjugate Gradient

·��´æ^��4�|¢��{, �Ø2÷k��5�r (0), r (1), · · ·�
�?1|¢,
´÷X,�|�þ�� p(0), p(1), · · · . �®²
÷p(0), p(1), · · · , p(k−1)�
kg��|¢, ¦�
x (k),r (k) = b − Ax (k).e
�Ú(½|¢��p(k),2ÏL¦) ��4�¯K

x (k+1) = arg min
x∈x(k)+span(p(k))

ϕ(x)

5(½x (k+1). ®�µ

αk =
(r (k), p(k))

(Ap(k), p(k))
,

x (k+1) = x (k) + αkp
(k),

r (k+1) = b − Ax (k+1) = r (k) − αkAp
(k).
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|¢��p(k)�(½

m©���p(0) = r (0);

��k ≥ 1�p(k)�(½,·�F"Xe��4�|¢�)

x (k+1) = arg min
x∈x(k)+span(p(k))

ϕ(x)

Ó�´Xe�õ�4�|¢¯K�)

x (k+1) = arg min
x∈x(0)+span(p(0),p(1),··· ,p(k))

ϕ(x).

Too ambitious! Is it possible?
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õ�f�m|¢¯K

�x ∈ x (0) + span(p(0), p(1), · · · , p(k)),K�P¤

x = x (0) + y + αp(k), y ∈ span(p(0), p(1), · · · , p(k−1)), α ∈ R

Ï
k

ϕ(x) = ϕ(x (0) + y + αp(k))

= ϕ(x (0) + y) + α(Ay , p(k))− α(r (0), p(k)) +
α2

2
(Ap(k), p(k))

þª¥Ñy
���.�{z¯K,g,��Ä¦

(Ay , p(k)) = 0,∀y ∈ span(p(0), p(1), · · · , p(k−1))

=�¦

(Ap(j), p(k)) = 0, ∀k = 1, 2, · · · ,∀j = 0, 1, · · · , k − 1.

÷vXþ^���þ|¡�A-���þ|
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y3b�|¢��{p(0), p(1), · · · }´A-���" �x (k)�c�Ú4�¯
K�),=

ϕ(x (k)) = min
x∈x(0)+span(p(0),p(1),··· ,p(k−1))

ϕ(x)

Ï


min
x∈x(0)+span(p(0),p(1),··· ,p(k))

ϕ(x) = min
y ,α

ϕ(x (0) + y + αp(k))

= min
y
ϕ(x (0) + y)

+ min
α

[
α2

2
(Ap(k), p(k))− α(r (0), p(k))

]
1��4�z¯K�)�y = x (k),1��¯K)

α = αk =
(r (0), p(k))

(Ap(k), p(k))
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Ï�x (k) ∈ x (0) + span(p(0), p(1), · · · , p(k−1)),
�(Ax (k), p(k)) = (Ax (0), p(k)),¤±

αk =
(r (0), p(k))

(Ap(k), p(k))
=

(b − Ax (0), p(k))

(Ap(k), p(k))
=

(b − Ax (k), p(k))

(Ap(k), p(k))
=

(r (k), p(k))

(Ap(k), p(k))

oN�{�
1 p(0) = r (0).
2 lx (k)Ñu,÷Xp(k)�����4�|¢,��

x (k+1) = x (k) + αkp
(k)

Ù¥

αk =
(r (k), p(k))

(Ap(k), p(k))

¿�(½
r (k+1) = r (k) − αkAp

(k)

3 (½p(k+1) ,e§�¤kp(0), p(1), · · · , p(k)A-��,=�1�Ú.
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CG{|¢���(½

�âf�m|¢�5�, ·�o´k

(r (k), p(j)) = 0, ∀j = 0, 1, · · · , k − 1.

er (k) 6= 0, K{r (k), p(0), · · · , p(k−1)}�5Ã'. CG{�

p(k) = r (k) −
k−1∑
j=0

(r (k), p(j))A
(p(j), p(j))A

p(j).

5�

(r (k), p(j))A = 0, j = 0, 1, · · · , k − 2.

P
Φk = span(p(0)

, p(1)
, · · · , p(k−1)) = span(r (0)

, r (1)
, · · · , r (k−1)).

Kr (k)⊥r (j), j = 0, 1, · · · , k − 1. Ï


Ap(j) =
1

αj

(r (j+1) − r (j))⊥r (k)
, j = 0, 1, · · · , k − 2.

-p(k) = r (k) + βk−1p
(k−1), βk−1 = − (r (k),Ap(k−1))

(p(k−1),Ap(k−1))
.

C. Zheng (MATH) �5�ê�§| 19 / 30



αk�,�L�ª

£��{�þ���|¢����§k

(r (k), p(k)) = (r (k), r (k) + βk−1p
(k−1)) = (r (k), r (k))

u´�k

αk =
(r (k), r (k))

(p(k),Ap(k))

d	

βk = −(r (k+1),Ap(k))

(p(k),Ap(k))

= −
(r (k+1), α−1

k (r (k) − r (k+1)))

(p(k),Ap(k))

=
α−1
k (r (k+1), r (k+1))

(p(k),Ap(k))

=
(r (k+1), r (k+1))

(r (k), r (k))
.
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���CG�{

1 ?�x (0) ∈ V ,

2 r (0) = b − Ax (0),p(0) = r (0),

3 ék = 0, 1, · · ·

αk =
(r (k), r (k))

(p(k),Ap(k))

x (k+1) = x (k) + αkp
(k)

r (k+1) = r (k) − αkAp
(k)

βk =
(r (k+1), r (k+1))

(r (k), r (k))

p(k+1) = r (k+1) + βkp
(k)

3O��L§¥,�r (k) = 0�,O�¥�.
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Ø��O

�λ1Úλn©O�A���Ú��A��, K

||x (k) − x∗||A ≤ 2

[√
λ1 −

√
λn√

λ1 +
√
λn

]k
||x (0) − x∗||A.

Proof.

||x (k) − x∗||A
||x (0) − x∗||A

= min
pk−1∈Pk−1

‖pk−1(A)r0 − A−1r0‖A
‖A−1r0‖A

≤ min
pk−1∈Pk−1

sup
y 6=0

‖pk−1(A)Ay − y‖A
‖y‖A

= min
pk∈Pk ,pk (0)=1

sup
y 6=0

‖pk(A)y‖A
‖y‖A

= min
pk∈Pk ,pk (0)=1

max
λ∈ρ(A)

|pk(λ)| ≤ min
pk∈Pk ,pk (0)=1

‖pk‖C [λ1,λn]

C. Zheng (MATH) �5�ê�§| 22 / 30



Ø��O

�λ1Úλn©O�A���Ú��A��, K

||x (k) − x∗||A ≤ 2

[√
λ1 −

√
λn√

λ1 +
√
λn

]k
||x (0) − x∗||A.

Proof.

Pα = λn

λ1
, �(Tk�Chebyshevõ�ª)

p∗k (x) =
Tk( 2x−(1+α)

1−α )

Tk(− 1+α
1−α )

.

K

‖p∗k‖L∞(α,1) =
1

Tk(− 1+α
1−α )

.

du

Tk(t) =
1

2

[(
t +

√
t2 − 1

)k
+
(
t −

√
t2 − 1

)k]
, |t| ≥ 1,
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Ø��O

�λ1Úλn©O�A���Ú��A��, K

||x (k) − x∗||A ≤ 2

[√
λ1 −

√
λn√

λ1 +
√
λn

]k
||x (0) − x∗||A.

Proof.

Ï


Tk(t) '
1

2

(
|t|+

√
t2 − 1

)k
, |t| ≥ 1.

?


‖p∗k‖L∞(α,1) ≤ 2

1 + α

1− α
−

√(
1 + α

1− α

)2

− 1

k

= 2

(
1−
√
α

1 +
√
α

)k

.
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ý?n�­�5

lØ��O√
(Ae(k), e(k)) ≤ 2

[√
λ1 −

√
λn√

λ1 +
√
λn

]k√
(Ae(0), e(0)).

�±wÑ, CG{��Çr��6uÝ
A�����A���'Ç.

�A'uSÈ(·, ·)´SPD�. �½'udSÈ�,��SPDÝ
M.
K

Ax = b ⇔ M−1Ax = M−1b.

Ý
M−1A'uSÈ
(x , y)M = (Mx , y)

´SPD�.
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éý?n���§A^CG�{

1 ?�x (0) ∈ V ,
2 r (0) = M−1(b − Ax (0)), p(0) = r (0),
3 ék = 0, 1, · · ·

αk =
(r (k), r (k))M

(p(k),M−1Ap(k))M

x (k+1) = x (k) + αkp
(k)

r (k+1) = r (k) − αkM
−1Ap(k)

βk =
(r (k+1), r (k+1))M

(r (k), r (k))M

p(k+1) = r (k+1) + βkp
(k)

4 3O��L§¥,�r (k) = 0�,O�¥�.
5 Ø�©Û(µ1Úµn´M−1A�����A��)√

(M−1Ae(k), e(k))M ≤ 2

[√
µ1 −

√
µn√

µ1 +
√
µn

]k√
(M−1Ae(0), e(0))M .
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éý?n���§A^CG�{

1 ?�x (0) ∈ V ,
2 r (0) = M−1(b − Ax (0)), p(0) = r (0),
3 ék = 0, 1, · · ·

αk =
(r (k), r (k))M
(p(k),Ap(k))

x (k+1) = x (k) + αkp
(k)

r (k+1) = r (k) − αkM
−1Ap(k)

βk =
(r (k+1), r (k+1))M

(r (k), r (k))M

p(k+1) = r (k+1) + βkp
(k)

4 3O��L§¥,�r (k) = 0�,O�¥�.
5 Ø�©Û(µ1Úµn´M−1A�����A��)√

(Ae(k), e(k)) ≤ 2

[√
µ1 −

√
µn√

µ1 +
√
µn

]k√
(Ae(0), e(0)).
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O�r

1 ?�x (0) ∈ V ,

2 r (0) = b − Ax (0),p(0) = M−1r (0),

3 ék = 0, 1, · · ·

αk =
(r (k),M−1r (k))

(p(k),Ap(k))

x (k+1) = x (k) + αkp
(k)

r (k+1) = r (k) − αkAp
(k)

βk =
(r (k+1),M−1r (k+1))

(r (k),M−1r (k))

p(k+1) = M−1r (k+1) + βkp
(k)

4 3O��L§¥,�r (k) = 0�,O�¥�.
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ý?nÝ
�ÀJÚ�O

�O�K: ÐO�, ÐCq

�ê�{:
A = LL†

�yL�DÕ5, CqLU(Cholesky)©):

A ≈ L̃L̃† = M

©Û�{: Ì�d

c1(Ax , x) ≤ (Mx , x) ≤ c2(Ax , x), ∀x

K
λ(M−1A) ∈ [c−1

2 , c−1
1 ].
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