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Ax=beV,
HAPAR —AMARTELTFT (483 T EAHilbert = BV H 4§ R 4R) -
(Ax,y) = (x, Ay), ¥x,y € V,
(Ax,x) >0, Vx € V,
(Ax,x) =0« x=0.
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(X y)m = (Mx, y).

C. Zheng (MATH) 25 Pk AR 3 A2



FERZKREHKe: V- RELH
1
Px) = S(Axx) — (bx)

@ sT—Iix eV,
Sp(x) =Ax — b, §p(x)=A

@ —ix,y € V,a€R,

2
Plx+ay) = p(x) + a(Ax = b.y) + - (Ay)
© o THAR. #&x* = AthhAx = bayfig, N
1 1
p(x7) = =5 (b, ATIb) = —>(Ax",x")

mAst—dx e V&
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BRAMTARIEZ, W x* ) Ax = b R0 50 ob B 5o x* i 2
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p(xITY) < p(x1).
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Subspace Method
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Ex+ O — M 5-Fa. FE

*=argmino(x + y).
y gy€¢w( y)

) & F .
MX+M-¢U§Z§W+y—XW1
H
[x* — (x 4+ y")]La®.
FT&

[b— A(x + y*)] Lo.
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(r(9), ptk)

NP ) (k) — Ak
(Ap(k),p(k))’r = b — Ax\Y.

A —

(2] —}(a%(r(k)7p(k)) £ 0, )
p(xE) < p(x1).

© WLt
Pl ) | (k).
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Steepest Descent Method
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HE ek A xK) B B TRk e pk) = k),
IR T &k

0 #£mx(0 cR”

® *tk=0,1,---
r) = p— Ax(K)
(,(k)yr(k))
Qp = v
(Ar(k)7 r(k))
XD (K)o 0
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(rk+1) Dy =0

2]
P — () — a AFR) = (1 — oy A)r(R).

0O {p(x)} R ERT A TRAF T, A LM, H A

lim x(K) = x* = A~1p
k—00

0 te) — x() _x+

k
J(Aelh), e < Gl F i) (Ae(0), ¢(0))
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H PN Ao\, 0 A AT AR E R T AR KRR

C. Zheng (MATH) 25 b K3 A2



e = x() —x*, mAek) = —(0) F %
1% D5 = | + a5
= [1eM% + [lakr®3 + 20 (e®), ) 5
= [1e®I[3 + ™15 — 20 [P

(k)[4
e~ el
11

— ”e(k)Hi 1— ||r(k)||4
1ESA A [
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el = x(k) _ x+ M Ae(k) = _ (k) F2
1% H D5 = []e®) + ar®|3
= [1eM% + [lakr®3 + 20 (e®), ) 5
= [1e®I[3 + ™15 — 20 [P

(k)[4
e I
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— ”e(k)Hi 1— ||r(k)||4
1ESA A [
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(Bx,x)(B™1x,%x) _ (Amax + Amin)?
(X7 X)2 4)\max)\min
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Bx, x)( xx 5 1
( ( ) ZX)\ZX

BT
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)\I T )\mm )\max )\mm)\max
n
(Bx, x)(B~1x, x) ) 1 ST X2
< )\ — =17
(X’X)2 — ZX m|n * )\max >\min)\max )
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Conjugate Gradient Method
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224 B % Conjugate Gradient

BAVLE KR — M Rk B RF S B0 D) 5
M TEE RALES—maEsE p@ pM) ... ke

Bp@ p) oo pk Vg T ok — it &, K43 T xR ) = p— Ax(K) T
— AR & g e p) Bl it K — M) PR

xF1) = arg min o(x)
x€x(k)+span(pk))

42 x(kt1) g 4a.

(r*), p4)
Q= A
(Ap(k), plk))
rkt) = p— Ax(RD) = () — o Ap(R),
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3% 77 @ pl) ey oy =

o FF458+ T p(0) = ((0).
o — Ak > 10 p(K) #y 5 2  HEANA Bde T — 4N I8 & 09 7

xKF1) = arg min o(x)
x€x(K)+span(p(k))

Rl B 2 4o T 89 % AN R & I AL R

xk+1) = arg min o(x).
x€x(®+span(p(®),p),. p(k))

@ Too ambitious! Is it possible?
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%x € x(O 4 span(p®, p(1) ... | plk)) W] =T 32, 5%,

x=x+4y+ap®,yespan(p®, pM), ... pkD) a R
EREF:

p(x) = oD +y+ap®)

2
o(xO + y) + a(Ay, p¥) — a(r®, pW) + %(Ap(k), pth)
EXFHRT IR A RREA, A ARTH g

(Ay7 p(k)) = O,Vy S Span(p(O)) p(l)a e )p(k_l))
AP &K

(ApY) pk)y =0, vk =1,2,--- Vj=0,1,--- , k—1.
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p(xt)) = ()

min
x€x(©span(p®,p®),-- pk=1))
i

i = mi (0) (k)

min = mihp(x*/ +y+a«a
Xex(O)J,»span(p(o),p(1)7~-- 7p(k)) 90 y,x 80( y p )
= minp(x( +y)

2
+ min %(Ap(k),p(k))—a(r(o),p(k))

= AR ARG 8 Ay y = X9, 55 = AN 9] A2 fig

(r(®, pt)

O A0, plh)
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E‘:] j"jx(k) c X(O) —+ Span(p(o)7 p(l)’ ‘e 7p(k_1)),
# (AxF) p(k)) = (Ax(O) p(k)Y F 1A
(() P“U _(b- Axm),xn) (bA,AXw)an) @4m,pwn
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¥
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(rB) pUy =0, vj=0,1,--- ,k—1.
o %) £ 0, M{r) pO ... pk-DYZipt £ £ CGEIR

Al Zm v,
Jj=

(k) _
ptt = P
o (pW), p()) 5

PR
k j _ 2 —
(rR p =0, j=0,1,---  k—2. |
i
o) = span(p(o),P(l), . 7p(k_l)) = span(r(o), r(l), sec g f(k_l))4
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EFRrmE S — R EITRMAR, A
(P8, p9) = (190, 19 4 Gy plk D) = (9, 1))

(r(k)7 r(k))
RN CONER)
g A0
k) Aplk
‘ (P19, Ap(¥))
B (r(k+1), a;l(r(k) i r(k+1)))
(ptk), Ap(K))
a;l(r(kJrl), r(k+1))
(P9, Ap(¥))
(r(k—&-l)’ r(k+1))
(r(k), r(R)Y
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0 £3xO e v,
@ rO — p_ A p0) — (O

© *k=0,1,--
(r(k)7r(k))
Yk T 0 Apk)
(ptR), Aplk))
k1) (k) —akAp(")
(r(kJrl)7 r(k+1))
Bk = ———m
(r(k) | r(K))
p(k+1) T r(k+1)_'_6kp(k)

ftFegitAzd % (k) = onf it Ak
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9 —lla <2 [ =] o e

v

|[x6) — x*|| A _ e Pk—1(A)ro — Alro ||
||X(0) — x*||a Pxk—1€Pk—1 |A=1ro0] A
_1(A)Ay —
< min sup [Pk-1(A)Ay — ylla
Pk—1€Pk—1 y=£0 lylla
[Pk(A)y|la
PkGPkypk(O):l y#0 lylla

PrEPiP(0)= 1A@(A)' 2 pkePk,pk(o)q” lepu
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169 — x| [“_ v

M)

Proof
Wa = :\\—; B ( Tk % Chebyshev % 7 X

| \

Ty (27U

-«

Pi(x) =
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VA=Vl o
X = x*] .

(k) *
l lla < [\/)\1—1—\/)\”

Proof.
[

Ti(t) 2

(el +vE=1)", 121

1
2

k

l1+a 1+a)? 1-—+a k
il (e <2 - -1] =2 .
[Pl Lo (1) < (1_a <1_a> ) (14—\/5)

EEil
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Preconditioning
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o MR E &1t

Actk) o) [f“] Ael0), €(0)).
( ) < NoTERw ( )
TAAH, CGEM R F R IR T4EF AN | K DAFALA G bb
o HAX T HM(,, )ZSPDH. 42 X T WA 5 —/NSPDAE M.
]
Ax = b e M 1Ax = M~ 1.
sEMEM-LTAXTF R4z
(x,¥)Im = (Mx, y)
AZSPD#y.
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0 £:x0 c v,
g r(o) — M_l(b |- AX(O)), p(o) — r(o)'

© k=01, -
(r(k)a r(k))M
o =
(P, M=1Ap(K))
8, — (r(k+l)’ r(k+1))M
R CON )

O rLitHeyidAed %) = ond i H Pk
© EE M (A, A M LA R KR DR AEE)

V(M14el0), ey, <2[¢\C+ﬁ] V(M14€0), ®),.
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0 £:x0 c v,
g r(o) — M_l(b |- AX(O)), p(o) — r(o)'

© k=01,
. (r(k), rk))
‘ (P, Ap(K))
8, — (r(k+l)’ r(k+1))M
G ORO)

O rLitHeyidAed %) = ond i H Pk
© EE M (A, A M LA R KR DR AEE)

1/ (Aelk) elk)) < 2 [\/\/:+ ﬁ] (Ae(0), e(0)),
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0 £3xO e v,
@ O = p_ Ax(© p0) = Y10,

@ k=01,
(r(k)’ M_lr(k))
O = S
(P, Ap(K))
AR ) g a0
(r(k+1)’ MAlr(kJrl))
b = (r(), M~17(k))
p(k+1) _ M*lr(k+1) _’_ka(k)

e /Ei+—rgié{3ii7fiq2,§r(k) :Oﬁﬁ-,i‘}--ﬁ-‘c}:l}:
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FAH RN A, ST
o R¥#Fik:
A=LLT

PRAE LG A FbE, LU (Cholesky) 4 %
AxlIlt=Mm
o NIk EFMH
c1(Ax, x) < (Mx, x) < o(Ax, x), Vx

]
AMMA) € [et, oY
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