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�Ä�¯K

b½F´��(��5)ëY(1w)�N�: F : Ω ⊂ Rn → Rn.

�½g ∈ Rn, Ïéx ∈ Ω, ÷v

F(x) = g.

÷vþã�§�x¡����(root).

Ø��g = 0. Ï�F̃ (x) = F (x)− g=�.

;.�~f

F (x) = f (x) = a0 + a1x + · · ·+ anx
n.

'%�¯K
�35
���ê
O��{
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S��{

S��{´¦)��5�ê�§�­��{.

Eâ´�
f (x) = 0 −−−−→ x = ϕ(x , x , · · · , x)y y

root −−−−→ ′′fixed point′′

ØÄ:S�
xi+1 = ϕ(xi , xi−1, · · · , xi−m)

XJm = 0, ¡�üÚ�{§ÄK¡�õÚ�{.

xS< (êÆ) ��5�§ 3 / 31



Âñ�

b½limn→+∞ xn = x . -εn = xn − x . XJ

0 < lim
n→+∞

|εn+1|
|εn|p

≤ lim
n→+∞

|εn+1|
|εn|p

< +∞,

K¡S�xn´p�Âñ�. e

lim
n→+∞

|εn+1|
|εn|p

< +∞,

K¡S�xn´��p�Âñ�. e

lim
n→+∞

|εn+1|
|εn|p

= 0,

K¡S�xn´�p�Âñ�. ep = 1, �5Âñ. ep = 2, ²�Âñ.

xS< (êÆ) ��5�§ 4 / 31



~f

S�{ 1
n} Ú {a

n} (|a| < 1) �5Âñ.

S� {e−n2} ��5Âñ, �é?¿σ > 0,ÑØ´�1 + σ�Âñ�.

S�{e−en}´e�Âñ�.

xS< (êÆ) ��5�§ 5 / 31



Âñ�Ç

�x´�¦�þ, {xn}^,��{�)�Âñux�S�. ÙÂñ�
´p. �O�z�xn�O�þ´θ(Ø�6un).

½ÂÂñ�Ç�
EI = p

1
θ

Âñ�Ç´�ü O�þe�{�ÂñÇ.

í�L§

θ → p = e ln p

2θ → p2 = e2 ln p

3θ → p3 = e3 ln p

u´
1→ e

1
θ

ln p = p
1
θ

xS< (êÆ) ��5�§ 6 / 31



üÚS��{

�Ð©�O�x0, �gO�

xi+1 = ϕ(xi ).

XJxi → x∗, Kx∗ = ϕ(x∗). Û�Âñ?
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Ø N��n(�NÂñ5)

b½ëY¼êϕ÷v

ϕ([a, b]) ⊂ [a, b];

�3��~êL ∈ [0, 1), ¦�é?¿x1, x2 ∈ [a, b]

|ϕ(x2)− ϕ(x1)| ≤ L|x2 − x1|.

Ké?¿x0 ∈ [a, b], S�S�{xi} Âñ����ØÄ:x∗§d	

|xi − x∗| ≤ 1

1− L
|xi+1 − xi |, |xi − x∗| ≤ Li

1− L
|x1 − x0|.

Proof:

|xi+p−xi+p+1| = |ϕ(xi+p−1)−ϕ(xi+p)| ≤ L|xi+p−1−xi+p| ≤ Lp|xi −xi+1|,

|xi − xi+p| ≤ |xi − xi+1 + xi+1 − · · · − xi+p| ≤ (1 + L + · · · )|xi − xi+1|

XJ|ϕ′(x)| ≤ L < 1é?¿x ∈ [a, b], þã(Øw,¤á.
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ÛÜÂñ5

�x∗´¼êϕ = ϕ(x)���ØÄ:" ¡x∗´ϕ = ϕ(x)���ÛÜÂñ�
ØÄ:, XJ�3x∗���+�U, ¦� é?¿x (0) ∈ U,

x (k+1) = ϕ(x (k)) ∈ U, ∀k ≥ 0;

x (k) → x .

d�, ¡U�x∗���ÛÜÂñ�. �ó�, ØÄ:x∗¡�´ÛÜÂñ�
��=�Ùäk��ÛÜÂñ�.

xS< (êÆ) ��5�§ 9 / 31



üÚ{�Âñ�

Theorem

XJϕ3ÙØÄ:α�����þv
1w. KüÚS�{3α:
´p(> 1)�ÛÜÂñ�¿�^�´

ϕ(j)(α) = 0, j = 1, 2, · · · , p − 1, ϕ(p)(α) 6= 0.

�5ÛÜÂñ(p = 1)���¿©(�7����)^�´|ϕ′(α)| < 1.

Proof.

xi+1 = ϕ(xi ) = ϕ(α)+·+ 1

(p − 1)!
ϕ(p−1)(α)(xi−α)p−1+

1

p!
ϕ(p)(η)(xi−α)p,

Thus

|xi+1 − α| =
1

p!
|ϕ(p)(η)| · |xi − α|p

xS< (êÆ) ��5�§ 10 / 31



Úî{

b½xi´�§f (x) = 0��x∗���Cq. K

0 = f (x∗) = f (xi ) + f ′(xi )(x∗ − xi ) +
f ′′(η)

2
(x∗ − xi )

2.

Ñ�ùÚ�

x∗ ≈ xi − (f ′(xi ))−1f (xi )
def
= xi+1

Úî{: xi+1 = xi − (f ′(xi ))−1f (xi ) ≡ ϕ(xi ).

xS< (êÆ) ��5�§ 11 / 31



ÛÜÂñ5

b½f ′(x)3�x∗:ëY, � f ′(x∗) 6= 0. K�3x∗�����S , ¦� é
?¿x0 ∈ S , ÚîS�S�xi ∈ S , �xi ��5Âñ�x∗. ?
, efv

1w, KÂñ����2.

Proof.

ϕ(x)− x∗ = x − x∗ − f (x)

f ′(x)
=

1

f ′(x)

(
f ′(x)(x − x∗)− f (x)

)
=

1

f ′(x)

(
f ′(x∗)(x − x∗)− f (x) + (f ′(x)− f ′(x∗))(x − x∗)

)
= o(x − x∗)

If sufficiently smooth, then

ϕ(x)− x∗ = O((x − x∗)2).

xS< (êÆ) ��5�§ 12 / 31



õÚS��{—��{

±�ûf [xi , xi−1] =
f (xi )−f (xi−1)

xi−xi−1
�OÚî{¥��êf ′(xi )�� ��{

xi+1 = xi −
xi − xi−1

f (xi )− f (xi−1)
f (xi )

xS< (êÆ) ��5�§ 13 / 31



��{�Âñ½n

�f (x∗) = 0, f ′(x∗) 6= 0. 
�, f (x)3«m∆ = [x∗ − δ, x∗ + δ]þ�gë
Y��, ¿�

M =
maxx∈∆ |f ′′(x)|
2 minx∈∆ |f ′(x)|

< +∞.

Ké?¿x0, x1 ∈ [x∗ − δ1, x
∗ + δ1]÷v δ1 < min(δ, 1/M), ��{

xi+1 = xi −
xi − xi−1

f (xi )− f (xi−1)
f (xi )

1+
√

5
2 �Âñ�x∗.

xS< (êÆ) ��5�§ 14 / 31



{y

Pei = xi − x∗. K

ei+1 = ei −
f (xi )− f (x∗)

f [xi , xi−1]
= ei

(
1− f [xi , x

∗]

f [xi , xi−1]

)
= ei

f [xi , xi−1]− f [xi , x
∗]

f [xi , xi−1]

Then

ei+1 = eiei−1
f [xi , xi−1, x

∗]

f [xi , xi−1]
= eiei−1

f ′′(ξ)

2f ′(η)
.

Thus
|ei+1| ≤ |ei ||ei−1|M ≤ |ei |(Mδ1)

ei at least converges linearly. For any ε > 0 and sufficiently large i , we have

|ei+1| ≈ |ei ||ei−1|M∗, M∗ =
|f ′′(x∗)|
2|f ′(x∗)|

log(|ei+1|M∗) ≈ log(|ei |M∗) + log(|ei−1|M∗)

log(|ei+1|M∗) ≈ c1

(
1 +
√

5

2

)i+1

+ c2

(
1−
√

5

2

)i+1

≈ c1

(
1 +
√

5

2

)i+1

xS< (êÆ) ��5�§ 15 / 31



Úî{Ú��{'�

��{Ø^¦�

�Cq)�Cý)��\Ø�é��{�K�'��

��{��Ç

EI1 =
1 +
√

5

2

Úî{��Ç

EI2 = 2
1
θ1

Ù¥θ1´O�f ′(x)��éO�þ£��©'�¤. XJ

θ1 > 1.44

��{��Ç'�p.

xS< (êÆ) ��5�§ 16 / 31



­��¹

�x∗´r -­�§XJ f (x∗) = f ′(x∗) = f (r−1)(x∗) = 0 � f r (x∗) 6= 0.

Newton’s Method

ϕ(x) = x − f (x)

f ′(x)

= x −
f (x∗) + f ′(x∗)(x − x∗) + · · ·+ 1

r ! f
(r)(ξ1)(x − x∗)r

f ′(x∗) + f ′′(x∗)(x − x∗) + · · ·+ 1
(r−1)! f

(r)(ξ2)(x − x∗)r−1

= x − 1

r

f (r)(ξ1)

f (r)(ξ2)
(x − x∗)

Thus

|ϕ(x)− x∗| =

∣∣∣∣∣1− 1

r

f (r)(ξ1)

f (r)(ξ2)

∣∣∣∣∣ |x − x∗|

xS< (êÆ) ��5�§ 17 / 31
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?�Úî�{

Example

�x∗�f (x)���r -­�. K

xi+1 = xi − r
f (xi )

f ′(xi )

²�Âñ.

Example

-
u(x) = f (x)/f ′(x).

Kx∗´u(x)���ü�. éu(x)^Úî{

xi+1 = xi −
u(xi )

u′(xi )

xS< (êÆ) ��5�§ 18 / 31



Aitken�∆2-\��{

O�ϕ(x)�ØÄ:^XeS��ª

xi+1 = ϕ(xi )

(½��S�{xi}. b½0 < |ϕ′(x∗)| < 1�

xi → x∗, xi 6= x∗.

KÂñ�Ý��5�. du

xi+2 − x∗ = ϕ(xi+1)− ϕ(x∗) = ϕ′(ξ)(xi+1 − x∗) ≈ ϕ′(x∗)(xi+1 − x∗)

�
xi+1 − x∗ ≈ ϕ′(x∗)(xi − x∗).

üª�~�

ϕ′(x∗) ≈ xi+2 − xi+1

xi+1 − xi
.

u´

x∗ ≈
xixi+2 − x2

i+1

xi+2 − 2xi+1 + xi
= xi −

(∆xi )
2

∆2xi
= xi −

(xi+1 − xi )
2

xi+2 − 2xi+1 + xi
xS< (êÆ) ��5�§ 19 / 31



\��J

XJ�3~êk, |k | < 1, ¦�S� {xi}, xi 6= x∗,

xi+1 − x∗ = (k + δi )(xi − x∗), lim δi → 0.

½Â

x ′i = xi −
(∆xi )

2

∆2xi
= xi −

(xi+1 − xi )
2

xi+2 − 2xi+1 + xi
.

K�i¿©��, x ′ik¿Â, ¿�

lim
x ′i − x∗

xi − x∗
= 0.

xS< (êÆ) ��5�§ 20 / 31



Steffensen�{

�
yi = ϕ(xi ), zi = ϕ(yi ),

-

xi+1 = xi −
(yi − xi )

2

zi − 2yi + xi
=

xizi − y2
i

zi − 2yi + xi
=

xiϕ(ϕ(xi ))− ϕ(xi )
2

ϕ(ϕ(xi ))− 2ϕ(xi ) + xi

Ú

Ψ(x) =
xϕ(ϕ(x))− ϕ(x)2

ϕ(ϕ(x))− 2ϕ(x) + x

Theorem

Ψ(x∗) = x∗ ¿�X ϕ(x∗) = x∗. ��, e ϕ(x∗) = x∗ ¿� ϕ′(x∗) 6= 1 �
3, K Ψ(x∗) = x∗.

xS< (êÆ) ��5�§ 21 / 31
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y²

d

Ψ(x) =
xϕ(ϕ(x))− ϕ(x)2

ϕ(ϕ(x))− 2ϕ(x) + x

��
(x −Ψ(x))(ϕ(ϕ(x))− 2ϕ(x) + x) = (x − ϕ(x))2

Ï
Ψ(x∗) = x∗íÑϕ(x∗) = x∗. ��, L’Hôpital {K�Ñ

Ψ(x∗) =
ϕ(ϕ(x∗)) + x∗ϕ′(ϕ(x∗))ϕ′(x∗)− 2ϕ(x∗)ϕ′(x∗)

ϕ′(ϕ(x∗))ϕ′(x∗)− 2ϕ′(x∗) + 1

=
x∗ + x∗ϕ′(x∗)2 − 2x∗ϕ′(x∗)

1 + ϕ′(x∗)2 − 2ϕ′(x∗)
= x∗.

xS< (êÆ) ��5�§ 22 / 31



Steffensen�{�Âñ�

�ϕ´��S��{�ØÄ:¼ê. eÂñ��p�p > 1, K�A�S�
¼ê Ψ(½
��2p − 1��{. XJϕ′(x∗) 6= 1, Steffensen�{��
´2��.

Ψ− x∗ =
(x − x∗)(ϕ(ϕ)− x∗)− (ϕ− x∗)2

ϕ(ϕ)− x∗ − 2(ϕ− x∗) + x − x∗

xS< (êÆ) ��5�§ 23 / 31



�þ�¼ê

�þ�¼êF´��N� D ⊂ Rn → Rm

F(x) =


f1(x1, x2, · · · , xn)
f2(x1, x2, · · · , xn)

· · ·
fm(x1, x2, · · · , xn)


Ù¥fi´õC��Iþ¼ê.
F¡�3x0 ∈ D:ëY§e∀ε > 0, ∃δ > 0 ¦�

∀x ∈ B(x0, δ) ⊂ D

eª¤á
||F(x)− F(x0)|| < ε.

xS< (êÆ) ��5�§ 24 / 31



�þ�¼ê��ê

�F : D ⊂ Rn → Rm, x ∈ D. XJÝ
 A(x) ∈ Rm×n÷v

lim
h→0,x+h∈D

||F (x + h)− F (x)− A(x)h||
||h||

= 0,

K¡F3:x��. A(x)¡��ê, ��P� F′(x) = A(x) = ∂F
∂x (x).

� �ê�'X

F ′(x) =



∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn

...
...

. . .
...

∂fm
∂x1

∂fm
∂x2

· · · ∂fm
∂xn


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�þ�¼ê��ê
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� �ê�'X
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...

. . .
...

∂fm
∂x1
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∂xn


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Ø N��n(�þ/ª)

�ëY¼êϕ : D ⊂ Rn → Rn÷v

444555: D´48;

NNNSSS555: ϕ(D) ⊂ D;

ØØØ   555: �3L ∈ [0, 1), ¦�é?¿x1, x2 ∈ D

‖ϕ(x2)− ϕ(x1)‖ ≤ L‖x2 − x1‖.

Ké?¿x0 ∈ D, S�S�{xi} by

xi+1 = ϕ(xi )

Âñ�ϕ���ØÄ:x∗. d	,

‖xi − x∗‖ ≤ 1

1− L
‖xi+1 − xi‖,

‖xi − x∗‖ ≤ Li

1− L
‖x1 − x0‖.
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Ø 5�6u�ê�ÀJ

Pϕ(x) = Ax , Ù¥

A =

(
0.1 0.9
0 0.1

)
du||A||2 =

√
ρ(ATA) ≤ 0.83, XeØ 5¤á

||ϕ(x)− ϕ(y)||2 ≤ ||A||2||x − y ||2 ≤ 0.83||x − y ||2.

�´

||ϕ([1, 1])− ϕ([0, 0])||∞ = ||[1, 0.1]||∞ = 1 = ||[1, 1]− [0, 0]||∞,

Ï
3Ã¡�êeØ´Ø �.
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ÛÜÂñ

�x∗´ϕ(x)���ØÄ:. XJ�3x∗�����S ⊂ D, ¦�

∀x (0) ∈ S , x (k) = ϕ(x (k−1)), x (k) ∈ S , x (k) → x∗,

K¡x∗´ÛÜÂñ�ØÄ:.

Theorem

XJ�3α ∈ (0, 1)Ú,��ê, ¦�

||ϕ(x)− ϕ(x∗)|| = ||ϕ(x)− x∗|| ≤ α||x − x∗||, ∀x ∈ S = S(x∗, δ)

Kx∗´ÛÜÂñ�.

��¿©^�

ϕ3x∗:��§��3���f�ê

||ϕ′(x∗)|| < 1.

xS< (êÆ) ��5�§ 28 / 31



ÛÜÂñ

�x∗´ϕ(x)���ØÄ:. XJ�3x∗�����S ⊂ D, ¦�

∀x (0) ∈ S , x (k) = ϕ(x (k−1)), x (k) ∈ S , x (k) → x∗,

K¡x∗´ÛÜÂñ�ØÄ:.

Theorem

XJ�3α ∈ (0, 1)Ú,��ê, ¦�

||ϕ(x)− ϕ(x∗)|| = ||ϕ(x)− x∗|| ≤ α||x − x∗||, ∀x ∈ S = S(x∗, δ)

Kx∗´ÛÜÂñ�.

��¿©^�

ϕ3x∗:��§��3���f�ê

||ϕ′(x∗)|| < 1.

xS< (êÆ) ��5�§ 28 / 31



ÛÜÂñ

�x∗´ϕ(x)���ØÄ:. XJ�3x∗�����S ⊂ D, ¦�

∀x (0) ∈ S , x (k) = ϕ(x (k−1)), x (k) ∈ S , x (k) → x∗,

K¡x∗´ÛÜÂñ�ØÄ:.

Theorem

XJ�3α ∈ (0, 1)Ú,��ê, ¦�

||ϕ(x)− ϕ(x∗)|| = ||ϕ(x)− x∗|| ≤ α||x − x∗||, ∀x ∈ S = S(x∗, δ)

Kx∗´ÛÜÂñ�.

��¿©^�

ϕ3x∗:��§��3���f�ê

||ϕ′(x∗)|| < 1.

xS< (êÆ) ��5�§ 28 / 31



Úî{

éXe�§��
F(x) = 0.

�x (k)´����“Ð”��O. du

F(x) ≈ F(x (k)) + F′(x (k))(x − x (k))

k

x∗ ≈ x (k+1) def
= x (k) − F′(x (k))−1F(x (k)).

Úî�{

�½x (0);

ék = 0, 1, · · · , O�

F′(x (k))∆x (k) = −F(x (k)),

x (k+1) = x (k) + ∆x (k).
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?��Úî{

Úî{���wÍ":´I��EO��êÝ
F′.

/���{, r�êÝ
F′(x (k))O��÷vXe^��Ý
A(k)

A(k)(x (k) − x (k−1)) = F(x (k))− F(x (k−1)).

?��Úî{:

A(k) = A(k−1) + ∆A(k−1), rank(∆A(k−1)) = m ≥ 1.
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Broyden�1�{

-p(k−1) = x (k) − x (k−1), q(k−1) = F(x (k))− F(x (k−1)). �
∆A(k−1) = u(k−1)(v (k−1))T���1Ý
. du(�û5�)

(A(k−1) + ∆A(k−1))p(k−1) = q(k−1),

=
(A(k−1) + u(k−1)(v (k−1))T )p(k−1) = q(k−1),

�v (k−1) · p(k−1) 6= 0�, k

u(k−1) =
1

(v (k−1))Tp(k−1)
[q(k−1) − A(k−1)p(k−1)]

-v (k−1) = p(k−1), K

∆A(k−1) = [q(k−1) − A(k−1)p(k−1)]
(p(k−1))T

||p(k−1)||2

Broyden�1�{: {
A(k) = A(k−1) + ∆A(k−1),

x (k+1) = x (k) − (A(k))−1F(x (k)).
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