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~�©�§Ð�¯K

��Ð�¯KJ{
y ′ = f (t, y), t ∈ [a, b], y ∈ Rd ,

y(a) = ỹ0

g£(autonomous)¯K
y ′ = f (y), t ∈ [a, b], y ∈ Rd ,

y(a) = ỹ0
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��~f:Hamilton�§

�½��mRd × Rdþ���Hamiltonþ

H = H(x , p), x ∈ Rd , p ∈ Rd .

Hamilton�§: ẋ = Hp(x , p),

ṗ = −Hx(x , p).

NÚ��f

eH = p2

2m + κx2

2 , K

ẋ =
p

m
,

ṗ = −κx .

Ù)�(Ú\�ªÇω =
√

κ
m )

x(t) = x0 cosωt +
p0

m

sinωt

ω
, p(t) = p0 cosωt − κx0

sinωt

ω
.
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��5p�~�©�§Ð�¯K

J{

y (n) + F (t, y , · · · , y (n−1)) = 0, t ∈ [a, b],

y(a) = y0, y ′(a) = y
(1)
0 , · · · , y (n−1)(a) = y

(n−1)
0 .

e-Y = [y z1 z2 · · · zn−1]
>, K

Y ′ =


0 I 0 · · · 0
0 0 I · · · 0
· · ·
0 0 0 · · · I
0 0 0 · · · 0

Y +


0
0
...
0

−F̃ (t,Y )

 .

Ù¥

F̃ (t,Y )
def
= F (t, y , z1, · · · , zn−1).
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~�©�§Ð�¯K

��Ð�¯K 
y ′ = f (t, y), t ∈ [a, b], y ∈ Rd ,

y(a) = ỹ0

Theorem

ef (t, y)3[a, b]× RdþëY,�'uy÷v:

‖f (t, y1)− f (t, y2)‖ ≤ Lf ‖y1 − y2‖, ∀y1, y2 ∈ Rd

Ù¥Lf´Ø�6ut�~ê(Lipschitz~ê). Kéu?¿Ð�ỹ0, �§k�
�)y = y(t) ∈ C 1[a, b].

·�o´b�fäkþã5�.
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­½5

¡Ð�¯K´(")­½�, XJ�3�~êK ∗Úη∗, ¦�é?¿ε ≤ η∗,
�

‖y0 − ỹ0‖ < ε

‖f (t, y)− f̃ (t, y)‖ < ε, ∀t ∈ [a, b], ∀y ∈ Rd .

�, eÐ�¯K 
v ′ = f̃ (t, v), t ∈ [a, b]

v(a) = y0

k)�3, K7÷v

‖y(t)− v(t)‖ ≤ K ∗ε, t ∈ [a, b].
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Why“"”­½???

?¿�½¿©�η, é?¿ε ≤ η, �

‖y0 − ỹ0‖ < ε

‖f (t, y)− f̃ (t, y)‖ < ε, ∀t ∈ [a, b], ∀y ∈ Rd .

�, eÐ�¯K {
v ′ = f̃ (t, v), t ∈ [a, b]

v(a) = y0

k)�3, K�3~êK ∈ (0,∞]÷v

‖y(t)− v(t)‖ ≤ Kε, t ∈ [a, b].

�Kη´÷vXþ^��ê�e(.. �,k

‖y(t)− v(t)‖ ≤ Kηε, t ∈ [a, b].

Kη'uη > 0üNO(­½~ê). "­½�K0+ <∞, £ã6Äþªu"
��ìC­½5.
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Ð�¯Kê�)

�
a = t0 < t1 < t2 < · · · < tN ≤ b

´«m[a, b]¥�eZ:, Ð�¯K�ê�){ =´¦y(tm)�Cq�, Ï
~P�ym, Ù¥hi = ti − ti−1¡�Ú�. ehi = h, ¡��Ú�. ±eØ�
¿�Ä�Ú���¹. P

h = max
i

hi .
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©
£�—�mÚ? time marching

�±òÐ�¯K©¤Xe�eZ¯K
y ′ = f (t, y), t ∈ [tn, tn+1]

y(tn) = y(tn), n = 0, 1, · · · ,N − 1.

k�Ä1��¯Kn = 0.eh1¿©�

y(t1)− y(t0)

h1
≈ y ′(t0) = f (t0, y(t0)),

ey0´y(t0) = ỹ0�Cq,K�-

y1 = y0 + h1f (t0, y0).

��y(t1)�Cq�.
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Euler�{

2�Ä1��¯Kn = 1.�h2¿©��

y2 = y1 + h2f (t1, y1)

A�´y(t2)���Cq. Xd?1e�,=��Eulerò�{

yn+1 = yn + hn+1f (tn, yn), n = 0, 1, · · ·

7L'5�n�¯K:

1 �h→ 0�, supm |um − u(tm)| → 0, =Âñ5¯K.

2 e�{Âñ, ÙÂñ��Ý¯K.

3 ¢SO��, �3�\Ø�, §�K�UÄ��3�½��S, =­
½5¯K.

xS< (êÆ) ODE Solver 10 / 29



lê�È©�Ñ�Ù§�{

�±�Ä�§ 
y ′ = f (t, y), t ∈ [tn, tn+1]

y(tn) = y(tn), n = 0, 1, · · · ,N − 1,

��dÈ©/ª

y(t) = y(tn) +

∫ t

tn

f (τ, y(τ))dτ, n = 0, 1, · · · ,N − 1.

yO�y(tn+1).
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Euler�{

e^�Ý/¦ÈúªCqmàÈ©,

y(tn+1) = y(tn) + hn+1f (tn, y(tn)) + Rn+1,

Ù¥Rn+1�È©{�. ��§,¿^ynCqy(tn), �

yn+1 = yn + hn+1f (tn, yn), n = 0, 1, · · · ,N − 1.

d=�Eulerúª.
e^mÝ/¦ÈúªCqmàÈ©,

y(tn+1) = y(tn) + hn+1f (tn+1, y(tn+1)) + R̃n+1,

�

yn+1 = yn + hn+1f (tn+1, yn+1), n = 0, 1, · · · ,N − 1.

d=���Eulerúª. ù´��Û�ª.
xS< (êÆ) ODE Solver 12 / 29



F/úª

e^�ê°Ýp���F/¦ÈúªCqÈ©,

y(tn+1) = y(tn) +
hn+1

2
(f (tn, y(tn)) + f (tn+1, y(tn+1))) + Rn+1

��F/úª

yn+1 = yn +
hn+1

2
(f (tn, yn) + f (tn+1, yn+1)), n = 0, 1, · · · ,N − 1.

���Euler�{��, F/�{´��Ûª�{;

F/�{�Euler�{Ñ´üÚ�{;

lê�È©��Ý5w, F/�{�°Ý�Ð.
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üÚ{���/ª

Ð�¯K�üÚ{äke¡/ª

yn+1 = yn + hn+1ϕ(tn, tn+1; yn, yn+1; f ), n = 0, 1, · · · ,N − 1.

Oþ¼êϕ = ϕ(t, τ ; u, v ; f )'ut, τ, u, vëY, ¿÷v

ϕ(t, τ ; u, v ; 0) = 0

Ú

‖ϕ(t, τ ; u1, v1; f )− ϕ(t, τ ; u2, v2; f )‖ ≤ Lf (‖u1 − u2‖+ ‖v1 − v2‖).

eϕw¹yn+1, ¡�Ûª�{; ÄK�wª�{.
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�ÚØ�

¡y = y(t)´�^È©­�, XJÙ´e¡�§���)

y ′ = f (t, y), t ∈ [a, b].

½Â

�y = y(t; tn, yn)´:(tn, yn)¤3�È©­�. ^üÚ{

yn+1 = yn + hn+1ϕ(tn, tn+1; yn, yn+1; f )

��yn+1. ¡
R̃n+1 = y(tn+1; tn, yn)− yn+1

��ÚØ�.
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ÛÜ�äØ�

�y = y(t)´?�^È©­�, ¡

Rn+1 = y(tn+1)− y(tn)− hn+1ϕ(tn, tn+1; y(tn), y(tn+1); f )

�3tn+1:�ÛÜ�äØ�.

eüÚ{�wªüÚ{,=

ϕ = ϕ(t; u, h; f )

KRn+1L«yn = y(tn)�, T�{¤����ÚØ�.
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�N5��N�

é?¿È©­�y = y(t), e

R(h) = y(t + h)− y(t)− hϕ(t, t + h; y(t), y(t + h); f ) = o(h)

K¡�{´�N�.

üÚ{�N�¿�^�´f (t, y(t)) = ϕ(t, t; y(t), y(t); f ).

e

‖y(t + h)− y(t)− hϕ(t, t + h; y(t), y(t + h); f )‖ ≤ Mhp+1,

K¡�{��p��N,Ù¥M´Ø�6ut��~ê. ÷vþã^���
���êp¡��{��, ¿¡�{´p��N�. eÛÜ�äØ��±
Ð¤

R(h) = ψ(t; y)hp+1 + O(hp+2),

¡ψ(t; y)hp+1�ÛÜ�äØ��Ì�, ½ÌÛÜ�äØ�.
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~f

Euler�{

y(t + h)− y(t)− hf (t, y(t)) =
h2

2
y ′′(t) + O(h3),

Ï
§´�����{, ÌÛÜ�äØ��h2

2 y ′′(t).

F/�{

y(t + h)− y(t)− h

2
(f (t, y(t)) + f (t + h, y(t + h))) = −h3

12
y (3)(t) +O(h4)

5�

éuÛª�{, ÛÜ�äØ�Ú�ÚØ�k�Ó�Ì�.

xS< (êÆ) ODE Solver 18 / 29



�NØ��O

Pen = y(tn)− yn. e¼êϕ÷vc¡^�, K�3h0 > 0 Ú C > 0, ÷v
�0 < h ≤ h0�, k

‖en‖ ≤ C

(
‖e0‖+ sup

m

‖Rm‖
hm

)
.

?�Ú, e�{´p��N�, K

‖en‖ = O(‖e0‖+ hp).
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Âñ5

üÚ{¡�´Âñ�, XJ

sup
n
‖y(tn)− yn‖ → 0, � h→ 0+, e0 → 0.

Âñ5½n

e�{´�N�, ¿�
y0 → ỹ0, h→ 0+,

K�{´Âñ�. ey0 − ỹ0 = O(hp)��{´p��N�, KÂñ��p.
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­½5

�\Ø�éO�(J�K�'�E,.�«{ü��Ä�{´b½Ð©
êâk�6Ä,3 ¥mO�°(��¹e,�ÄT6ÄUÄ���.

üÚ{

yn+1 = yn + hn+1ϕ(tn, tn+1; yn, yn+1; f ), n = 0, 1, · · · ,N − 1

¡�´"­½�, XJéu�½��müz«m(0,T ], �3~êh0ÚK ,
¦��

0 < h ≤ h0

�, ?¿üê�)÷v

max
tn≤T

|yn − zn| ≤ K |y0 − z0|.

üÚ{­½5½n

üÚ{´"­½�.
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Taylor?êÐm{

Rn+1 = y(tn+1)− y(tn)− hn+1ϕ

= hn+1y ′(tn) + · · ·+
hp
n+1

p!
y (p)(tn)− hn+1ϕ+ O(hp+1

n+1)

��¦ÛÜ�äØ�´p��, ��¦

ϕ = y ′(tn) +
hn+1

2!
y ′′(tn) + · · ·+

hp−1
n+1

p!
y (p)(tn) + O(hp

n+1)

=�. �{ü�, �

ϕ = y ′(tn) +
hn+1

2!
y ′′(tn) + · · ·+

hp−1
n+1

p!
y (p)(tn)

cn�O�Xe

y ′ = f ,

y ′′ = f1 + ff2,

y (3) = f11 + 2ff12 + f 2f22 + f1f2 + ff 2
2 .
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Runge-Kutta�{

,��a�{¡�Runge-Kutta�{,Ù��/ª�

yn+1 = yn + hn+1

s∑
i=1

biki

Ù¥

ki = f (tn + cihn+1, yn + hn+1

s∑
j=1

aijkj),
s∑

j=1

aij = ci

Ù�{´^s�:��Ç��5|Ü5Cq²þ�Ç. 
z��:�(½

qÑ�Ù§:�'. ��¤L�/ª.

c1 a11 a12 · · · a1s
c2 a21 a22 · · · a2s
...

...
...

...
cs as1 as2 · · · ass

b1 b2 · · · bs

XJÝ


A = (aij)é��9Ù±þ�����", KÙ�wª�ª. eé��±
þ����", K¡��Ûª�ª.
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�d/ª

Runge-Kutta�±�¤Xe��d/ª

yn+1 = yn + hn+1

s∑
i=1

bi f (tn + cihn+1,Yi )

Yi = yn + hn+1

s∑
j=1

aij f (tn + cjhn+1,Yj), i = 1, 2, · · · , s

Ï
Yi = Yi (yn), =Yi�±w¤´yn��ê¼ê.

P

Rn+1 = y(tn+1)− y(tn)− hn+1

s∑
i=1

bi f (tn + cihn+1,Yi (y(tn)))

�1n + 1ÚÛÜ�äØ�. ÷v

Rn+1 = O(hp+1
n+1)

�����êp¡�TRunge-Kutta�{��,¿¡Ù´p��N�.
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wª�{

���

b1 + b2 = 1,

b2c2 =
1

2
.

n��

b1 + b2 + b3 = 1,

b2c2 + b3c3 =
1

2
,

b2c2
2 + b3c2

3 =
1

3
,

b3c2a32 =
1

6
.
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wª�{

o��

b1 + b2 + b3 + b4 = 1,

b2c2 + b3c3 + b4c4 =
1

2
,

b2c2
2 + b3c2

3 + b4c2
4 =

1

3
,

b3c2a32 + b4(c2a42 + c3a43) =
1

6
,

b2c3
2 + b3c3

3 + b4c3
4 =

1

4
,

b3c2
2a32 + b4(c

2
2a42 + c2

3a43) =
1

12
,

b3c2c3a32 + b4(c2a42 + c3a43)c4 =
1

8
,

b4c2a32a43 =
1

24
.
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~^����{

���,ü�~^��{´

1 b1 = 0, b2 = 1, c2 = 1/2, d�

yn+1 = yn + hn+1f

(
tn +

hn+1

2
, yn +

hn+1

2
f (tn, yn)

)
.

Ù�¥:{, ½¡�?��Euler�{.

2 b1 = 1/2, b2 = 1/2, c2 = 1, d�

yn+1 = yn +
hn+1

2
(f (tn, yn) + f (tn+1, yn + hn+1f (tn, yn))).

Ù�U?Euler�{, ½wªF/�{.
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~^�n��{

1 b1 = 1/4, b2 = 0, b3 = 3/4, c2 = 1/3, c3 = 2/3, a32 = 2/3, d�

Heun :



yn+1 = yn +
hn+1

4 (k1 + 3k3),

k1 = f (tn, yn),

k2 = f (tn +
hn+1

3 , yn +
hn+1

3 k1),

k3 = f (tn +
2hn+1

3 , yn +
2hn+1

3 k2).

2 b1 = 1/6, b2 = 2/3, b3 = 1/6, c2 = 1/2, c3 = 1, a32 = −2, d�

Kutta :



yn+1 = yn +
hn+1

6 (k1 + 4k2 + k3),

k1 = f (tn, yn),

k2 = f (tn +
hn+1

2 , yn +
hn+1

2 k1),

k3 = f (tn + hn+1, yn − hn+1k1 + 2hn+1k2).
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~^�o��{

²;Runge-Kuttao��{:

yn+1 = yn +
hn+1

6 (k1 + 2k2 + 2k3 + k4),

k1 = f (tn, yn),

k2 = f (tn +
hn+1

2 , yn +
hn+1

2 k1),

k3 = f (tn +
hn+1

2 , yn +
hn+1

2 k2),

k4 = f (tn + hn+1, yn + hn+1k3).
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