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W W T AR AR

— B A0 E B AR ik

y' =f(t,y), te[ab], y € RY,

y(a) = ¥o

f 74 (autonomous) 7] #2

yI:f(y)’ te[avb]a yERda

ODE Solver



— /M5 F:Hamilton 77 42

oz 4w BRI x R L& —/~Hamilton®
H = H(x,p), xR peRY

Hamilton 77 42

x = Hp(x, p),
p= _HX(X7p)-
A 3R T
EH=L +52 0l
_ P
X =
m
p = —kX
EBAGINAREWw = /E)
Nt _
X(t) = Xp coswt + (O AN g p(t) = pocoswt—/@xosmw
m w

ODE Solver



Y+ F(t,y,- yY) =0, t€[a b],

Y(a) = Yo, yl(a) — yél)’ e y(nfl)(a) _ yén—]_)'

%/“'\Y = [_y Z1 2o zn—l]T, m,]

o / 0 --- 0 0

o o/ --- 0 0

Y =| ... Y 4 5

o 00 --- |/ 0

0 00 --- 0 —IN:(t7 v)
A

r def

F(tu Y) = F(t7y,Z]_7--- 7zn_1)‘

ODE Solver



W W T AR AR

— B A0 4E 12 AL

y'=f(t,y), t€lab], y € R,

y(a) = ¥o

Theorem
Ff(t,y)#[a, b] x RY L% %, H X Fyith &

| A\

1f(t,y1) — F(t,y2)ll < Lellys — yall, Vy1,y2 € R?

HoF L & TR T t89 % 2 (Lipschitzi %% ). Wt FTAE &ALy, 7 42H R
—fi#y = y(t) € Cl[a, b].

A\

BAVE AABAIXSf B A LR

ODE Solver



Y &

AR A (R R 89, do B Ao B3 K o, HAFAAE e < 1,
%

Yo — Joll <€
’lf(tay) T f(tay)H <€ vVt € [av b]7 vy € Rd'

B, E AR A .
vi=1f(t,v), t € a,b]

v(a) =)o
H A, W) okt 2

ly(t) = v(t)]| < K", t € [a, b].

ODE Solver



Why “&" £452 777

LRI Iy, AEFe<n, 5

lyo — Yol <€
If(t,y) — f(t,y)|| <e, Vt € [a,b], Vy € RY.

B, A4 A

A HA, WA LT K € (0,00]i# 2

ly(£) = v(t)ll < Ke, t € [a, b].
RK, A it et LA R T AR, S RA

ly(t) = v(t)]l < Kye, t € [a, b].

K,k Fn> 08 (REFR). BRLHK < oo, MEXANZATE
H%ﬁkﬁ&ﬁ

ODE Solver



A7) R AABAE

i

a=fh<thh<b<---<ty<b
&R I [a, b] P 695 T 5, AV AL 60 HAR AR B Ky (6,) 093 UM, 38

WiehEym, EFh =t — i1 FRAT K. Fhi=h HRAFFK. AT
EEEF S RGEI. T

h = max h;.

ODE Solver



& Z —BF 8] 47 # time marching

T AR AR 9] AL 2 pk4e T 9 35 T 19 AL

y/ = f(taY)7 te [tm tn+1]

y(tn) = y(tn), n=0,1,--- /N — 1.

RFJEFH—/NFERN = 0.5 A5

y(t1) — y(to)
h

~ y'(to) = f(to, y(to)),
FEyoRy(to) = Jo ki fik, 1 T4
Y1 =Yoo+ h]_f(to’yo)'

T Ay (1) 69 240

ODE Solver



Euler7 i%
BEEE AP An=1%hhAy» I

y2 = y1 + hof (t1, 1)

B %Ry ()8 — AL deHe i AT F &, B4 8] Eulerdr 4 %

Yn+1 = Yn + hn+1f(thn)a n= 07 ]-7 1

LI K EH Z AP

O Lh— 08, sup,, [um — utm)| — 0, BPACSR M 2 AL

@ 77 FAS, AR E IR AL

© SIRiTHN, AEANKRE, CHYMRTERE—CTLEAA, B
P 8] AL

ODE Solver



AEAEAR T H 0 L€

T AE JE T AR

yl = f(t?y)v te [tnv tn+1]

y(tn) = y(tn), n=0,1,--- ;N —1,
By S AT X
t
y(t) = y(ta) + / F(r.y(7))dr, n= 0,1, N —1.
th

ﬂ,—*i"—ﬁr‘)/(tn+l)'

ODE Solver



Euler7 &
&R SRS K AN KA PA A 3B AR
Y(tn+1) = }/(tn) + hn—i—lf(tnay(tn)) + Rn—l—l,

EF R AR R &5 H Ay, &by (t,), 7

Yn+1 = Yn + hn+1f(tmyn)7 n= 0317"' aN_ 1. J

SLEP 4 Euler A
% R A FE G R AR KA S5 AR

)’(thrl) - )’(tn) + h,,+1f(t,,+1,y(t,,+1)) + 'T?nJrl,

I}

-\

Yn+1 ZYn+hn+1f(tn+17yn+l)v n:0,1,--- aN_]-' J
HLBP A ) G Eulers K. iX & — ANtk X

A (F) ODE Solver



LI ZNEN

& B REAE B B — I B9 6 95 R AR XA gy,

V(tns1) = ¥(t0) + "5 (F(tn,y(80)) + (b1, ¥ (t0:1))) + Rt

RELL AN

h
n+1 (f(tna}/n) + f(tn+1a}’n+1)) n=0,1,--- ,N—1.

Ynt+1 = Yn +

o 5 EEuleriyik—4, B kA —ATa X Tk,
o M ik 5Euler kAR A E b Ty ik
o MEAEAR 69 A B R A, Mo 7 ik b4 B 47

ODE Solver



¥ 3 kb — AL X

AR R B kAR T @ X

Y1 = Yo+ hoi1@(tn, tos1i Yo, Yoi1i f), n=0,1,--- N —1.
¥ e =o(t,m;u,v, F)ATtmu viEs, HiHL
o(t,7;u,v;0)=0
Fa

lo(t, 75 ur, vi; £) — @(t, 75 uz, vo; F)|| < Le([Jur — w2 + |[vi — val]).

EoR By, AKX T &, ENA LTk J

ODE Solver



—J ik E

Ty = y(t)R— ARt &, 4o R IR T @ 50—

y'=f(t,y), t€la b

& X
Ry = y(t; tn, yn) 2 E(tn, yo) T EG RS E &, AEF kK

Ynt+1 =Yn+ hn—i—lSO(tn; tht1; Yn, Yni1; f)

'f‘%‘iljyn+1. ﬁﬁ:

Rn+1 = )’(tn+1; tny,Vn) — Yn+1
H—FiEE.

ODE Solver



o 3 R 2

Ry = y(t) RAE—ERH B L&,

Rnt1 = y(tnr1) — y(tn) — hny10(tn, tay1; y(tn), y(tas1): f)
A ARt 1 509 B AR £

¥ Pikh B XE P&k PP
o =o(t;u, h; f)
W Ry 1 &k Ty, = y(tn) 0, B A EHFEG—FRE.

ODE Solver



AR 20 5 A8 25
SHEER S H &Ry = y(t), &

R(h) = y(t+ h) = y(t) = ho(t, t + b y(t), y(t + h); f) = o(h)
R A 77 ik AR 2249,

By R R B EERL(L,y(t) = o(t, ty(t), y(t); f). |

%
ly(t -+ h) = y(t) = hp(t t + hiy(t), y (¢ + h)i f)]| < MR,

W AR 7 ik 2 1 pi AR 2, 2 oF MA TR T 49 B % 30 % Lk S e R

K R pAR Ay Tk I, AR T kR pI AR B Ay 3 B3R R £ T L

JE A
R(h) = ¢(t; y)hPT + O(hPT2),

Frap(t; y) WP B3 TR £ 69 291, R 3 a3 TR £

ODE Solver



¥

2
y(t+h) — y(1) — (e, ¥ (1) = (1) + O,

B @ E R—A—Wrik, 2 AHMGREN Ly (b).

W 7 ik

N

~

"
A\

(E+ )= V(£ = Dy )+ £+ hoy(e+ W) =~y @(e) + O(h)

v

3 F e Xk, BBk 24— F R £ H AR 6 L.

ODE Solver



FARIR 2 A5t

e, = y(tn) — yn. BB EHZAT@E S, WAL >0 C >0, #HL
L0 < h< hoit, A

R,
IMKC@M+w”ﬂ>
m  hm

#—, F7EAphAmEey,

lenll = O(lleol| + A°).

ODE Solver



& i

o BAR Ky R, o B

sup |ly(tn) — yal| =0, % h— 0", e — 0.

NS PE 32
&7 EAAEE, L

Yo — Yo, h— 07,
W 7 ik RS,y — Jo = O(hP) 77 ik & plrAa 2269, WACEL I A p.

v

ODE Solver



BNREMN T HE ROV B R — AR F 0 F BT ERB A
HABEA—HA A F R EAREAGF LT, F %I R T A ds 4.
¥k

Yn+1 = Yn + hn—i—lSO(tny tha1; Yny Yna1; f): n= 07 ]-7 Ty N-—1

AR TR 4, o B T4 090 FUR ALK (0, T], 242 % Hcho K,
2135

0< h<hg
iE R E S SRR

= < Klyg — .
tTSa§|yn zy| < Klyo — 2o

VAR R R T

Ho R

Yk RTAGT .

A (F) ODE Solver




Taylor R £ & 71 %

Rot1 = y(tnt1) = y(tn) — hntaep
hP
= hniay/(ta) + -+ Y P(6n) = i+ O(RELY)

KAE oy AR BT IR £ R pUr ey, AR

p—1

hn h
o= y/(tn) + 2f1 //(tn) R ;”le(p)(tn) 4 O(hﬁ_ﬂ)
BPT. s E 4y, B
Bt Wl
Y= y'(t,,) + ';_ H(tn) +eee ;lle(p)(tn)
WMEANtHE AT
y' = f,
Y = R+,

,\
&
|

fir + 2fho + F2F + fify + f5.

ODE Solver



Runge-Kutta7r &

% — K K T5 kAR A Runge-Kutta 7 ik, — AL X A

S
Ynt1 = Yn+ hny1 Z biki
i=1

A

S S
ki = f(tn + ihni1, Yn + hnya Z ajjk;), Z aj = ¢
j=1 =1

R AER A A A FFE QR A S REMFHHE. mE— a5

€| a1 a2 - dis
C | a1 a2 - dazs
SAE L EEKX TEREGHKX. | ; D dmRE
Cs | ds1 ds2 - dss
by by --- b

A = (ag) A B AL LR AR E T, N LA L R K. E A A KX
LR E AR, MARA E A K.

& ODE Solver




= NS TEN

Runge-Kutta T VA 5 s e T 64 5 475 X

s
Ynt1 = ynt hn+1 Z bif(tn + Cihn+1a Yl)
i=1

S
Yi = yn+hn+1Za,~J~f(t,,+cjh,,+l,y.)’ i=1,2,---,s
j=1

A& Y; = Yi(ya), B YT AR R Ay, 89 REE 2.
i

Rt = y(ta1) = ¥(tn) = b1 > bif (tn + Cinsr, Yily(tn))
i=1

HEn+ 15 BEBRRE HE
Rns1 = O(h21Y)

89 3 K i H p#R A % Runge-Kutta 77 ik 69 W AR 22 pl 48 2549 .

ODE Solver



By

b1 + by =1,

b2C2 = —.

N

= MrBf

b1+ by + b3 =1,

byco + b3cs =

)

I

WlRNI=

byc3 + b3cs =
1
b3C2332 = 6

ODE Solver



V9 Y B

bi+by+ by + by =1,
1
b2C2 + b3C3 =+ b4C4 = 57

1
bac} + bsc] + bacf = 3,
1
bscoasy + by(cpas + czasz) = ol
1

b2cg + b3C:§ + b4C2 = 2

1
bsciasy + ba(cBan + c3as3) = =
1
bscpczasy + ba(cpany + c3as3)cy = 5
bacrazpass = 1
4C2d32d43 — 24

ODE Solver



R Mk

ZM B AT R 6 T kA
@ b =0 by=1 c=1/2 ki

h h
Ynt1 = Yn+ hpaf (tn =+ n2i+1’Yn =+ %lf(tnayn)> .

H APk, RARASIEEuler 7y &,
@ by =1/2, bp=1/2, o =1, sbt

hn+1
2

R A BEEulery ik, BB XA 7 ik,

Yn+1 =Yn+ (f(tn7Yn) + f(tn+17}/n + hn+1f(tn7)’n)))'

ODE Solver



& R = 7 ok

@ by =1/4, by=0,b3=3/4 c=1/3, c3=2/3, azp = 2/3, sLBf

Heun :

Yor1 = Yo 22k + 3ks),

ki = f(tn yn)s

ke = f(ty+ 2y, + M),
ks = fty+ 2oy, + o).

@ by =1/6,bo=2/3, b3=1/6, 2 =1/2, c3 =1, azp = —2, stif

Kutta :

Yn+1

ky

Y+ 2 (ky + 4ko + ks),

I

f(tn, ¥n)s

= f(ta+ 222y, + "2 k),

f(tn + hn+17}/n | hn+1kl + 2hn+1k2)'

ODE Solver



RN 7k

2 1 Runge-Kutta®@ % 77 7%

( Vor1 = Yo+ "L (ki + 2k + 2ks + Ka),

kl = f(tm.yn)a

p— hn+1 hn+l
ko = f(ta+ 252,y + "5 k),
ks = flta+ "2y, + k)
3 n 5> s Yn 5 K2),

ke = f(ta+ hpr1,¥n+ horiks).

ODE Solver



