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"­½5

£ÁüÚ{
yn+1 = yn + hϕ(h, yn, yn+1; f ).

XJ

|ϕ(h, yn, yn+1; f )− ϕ(h, y ′n, y
′
n+1; f )| ≤ L(|yn − y ′n|+ |yn+1 − y ′n+1|),

Ké?¿

0 < h ≤ h0 <
1

L
,

k
max |yn − zn| ≤ C (h0L)(b−a)L|y0 − z0|.

Ù¥

C (x) =

(
1 + x

1− x

) 1
x

,

�O¼ê, C (0+) = e2, C (1/2) = 9, C (1) = +∞.
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M-^�­½

Definition

�M > 0. �½��(½�ODEÐ�¯K. ¡��äN�ê��{'uÚ
�h0´M-^�­½�, ´� ∀ h ∈ (0, h0], ü�ê�){yn}Ú{zn}÷v

max
n≤ b−a

h

|yn − zn| ≤ Mb−a|y0 − z0|.

Mb−a¡�­½~ê.

h0´M-^�­½�, �½�´M + ε-^�­½�. Ï
�3���
~êM, ¦�h0´^�­½�. PTê�M(h0). M(h0)´��ê�
�{'uh0^�­½��� ü «m­½~ê.

M(h0)Ø=�¯K�', ��ÀJ��{�'.

“Û5”��¯K, M(h0)���.

M(h0)´h0�O¼ê.

"­½´��3��Ú�h0, ¦�h0´^�­½�.
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y¢�¯K

�½�{, �½Ú�h0, �½M > 0, T�{?n���½¯K�, Ú
�h0´Ä´ M-^�­½�? �Ò´`, ´Äk

M(h0) ≤ M?

)ûù�¯K, I�O�½�OM(h0). ��5`, é'�E,�X
Ú, ù´Ø�U�"

��«g´...

�½�{, �½Ú�h0, �½M > 0, é�o��¯K, Ú�h0´ M-^�
­½�?

­½~êMb−a, é«m�Ý´�ê�6�. �Ñ«m�K�, ��
M = 1− ε.
¯KZÛz%, XÛé¯K�«aÚ5���©a?
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��~f

�ÄÁ��§ 
y ′ = λy , t ∈ [a, b]

y(a) = ỹ0

e^Euler{¦),K��

yn = (1 + hλ)yn−1

u´ü)��÷v

yn − zn = (1 + hλ)n(y0 − z0).

ü «m­½~ê

M(h0) = sup
h∈(0,h0]

|(1 + hλ)1/h|

�{´1− ε-^�­½�, ¿�^�´|1 + h0λ| < 1.
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��~f

�ÄÁ��§ 
y ′ = λy , t ∈ [a, b]

y(a) = ỹ0

e^F/{¦),K��

yn =
2 + hλ

2− hλ
yn−1

�{´1− ε-^�­½�, ¿�^�´|2 + h0λ|/|2− h0λ| < 1.
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ýé­½5

��ê��{^u¦)λ-Á��§, é?¿�Ð�, eé�½�Ú
�h���ê�)yn, �n→∞�, yn → 0,K¡T�{é(h, λ)´ý
é­½�.

é¤k��{, (h, λ)±¦È��ªÑy3­½5©Û¥. hλ3E²
¡� �:�8Ü¡�ýé­½«�.

Ù�¢¶��¡�ýé­½«m.

�n→∞�ynÃ.,K¡T�{ê�Ø­½.

�{­½5`�

�½Ú�h. XJ�{A��{B�', é�õ�Á��§ýé­½, K·
�`�{A�­½5�Ð.

oÑ
ó, ýé­½�“�”�­½5Ð.
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��o��ÄÁ��§

é?¿¼êf (t, y). �½:(t0, y0). ÛÜþk

f (t, y) ≈ f (t0, y0) + ft(t0, y0)(t − t0) + fy (t0, y0)(y − y0)

= fy (t0, y0)y + g(t).

5¿fy (t0, y0)�A���U¬��: ��ØÓ�Éé�, ØÓ�A�
��É��Ué�.
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üÚ{�ýé­½5

üÚ{^u¦)Á��§��

yn+1 = E (hλ)yn

Kýé­½�^�´
|E (hλ)| < 1.

p = 1, −2 < hλ < 0,

p = 2, −2 < hλ < 0,

p = 3, −2.51 < hλ < 0,

p = 4, −2.78 < hλ < 0.
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Ä�Ûª�{�ýé­½5

A�Ä��Ûª�{�ýé­½«m�

1 �òEuler�{.−∞ < hλ < 0Úhλ > 2.

2 F/�{.−∞ < hλ < 0.
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õÚ{�ýé­½5

�5õÚ{^u¦)Á��§��

k∑
i=0

(αi − hλβi )yn+i = 0.

P
Π(ξ;µ) = ρ(ξ)− µσ(ξ)

¡�­½5õ�ª.

éu�½�µ,eÙk����Ñ�u1,KÙ´ýé­½�.
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wªAdams�ª�ýé­½«�

éuAdamsúª,wª�ª�ýé­½«�Xã¤«.
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ÛªAdams�ª�ýé­½«�

Ûª�ª�ýé­½«�Xã¤«.
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(Ø

Ûª�ª­½5Ðuwª�ª;

p�wªRK�{­½5Ðu$�;

p�w«õÚ{­½5�u$�;

p�ÛªõÚ{­½5�u$�;
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�{ÀJ¨¨~

�ÄXe�Ð�¯K

y ′ = λy + cos t, y(0) = ỹ0.

ØJ�y,d�§�È©­�x�

y(t) = ceλt +
−λ cos t + sin t

λ2 + 1
.

y�Ä^ê��{¦),Kd­½5�¦,�λ = −100 << 0�,Ú�A�
���~�. 'X^o��Runge-Kutta�{,K

h < −2.78/λ = 0.0278.

ecé�§­½5�¦p�¤©��^�~�, %�Ú��
ér��
��
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f5(stiff)¯K

���, eXÚ�)¥�3ü���é��ºÝ, ¿�éAu¯CºÝ
�“©þÜ©”é¤¦)�&EK�é�, K¡XÚ´f5�.

e��ê��{�ýé­½��¹hλ²¡�����Ü©, K¡dê�
�{´A-­½�.

n��·^u¦)f5�§�ê��{AT´A-­½�. �ù���ª
é�.

wª�5õÚ{Úw«Runge-Kutta�{ÑØ�U´A-­½�;

A-­½�Ûª�5õÚ{��Ø�L2;

32�Ûª�5õÚ{¥,Ø�~ê���´F/úª.
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°ÝÚ­½5

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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°ÝÚ­½5–4��§ε→ 0+

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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°ÝÚ­½5—ÛªEuler

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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°ÝÚ­½5—ÛªF/

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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°ÝÚ­½5—ÛªF/

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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°ÝÚ­½5—ÛªF/

�Ä

dx

dt
= −2ey + 5 sin(2πt), x(0) = 0,

dy

dt
=

x − y

ε
, y(0) = 1.
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